Communications in Mathematics and Applications

Vol. 11, No. 4, pp. BT3H528} 2020 RGN

ISSN 0975-8607 (online); 0976-5905 (print)

Published by RGN Publications http://www.rgnpublications.com

DOI:110.26713/cma.v11i4.1421

| Research Article |

An Accelerated Popov’s Subgradient Extragradient
Method for Strongly Pseudomonotone Equilibrium
Problems in a Real Hilbert Space With Applications

Nopparat Wairojjana’**, Habib ur Rehman?™, Nuttapol Pakkaranang®™" and
Chainarong Khanpanuk*3

1 Applied Mathematics Program, Faculty of Science and Technology, Valaya Alongkorn Rajabhat University
under the Royal Patronage (VRU), 1 Moo 20 Phaholyothin Road, Klong Neung, Klong Luang,
Pathumthani, 13180, Thailand

2 Department of Mathematics, Faculty of Science, King Mongkut's University of Technology Thonburi (KMUTT)
126 Pracha-Uthit Road, Bang Mod, Thung Khru, Bangkok 10140, Thailand

8 Department of Mathematics, Faculty of Science and Technology, Phetchabun Rajabhat University,
Phetchabun 67000, Thailand

*Corresponding author: iprove2000ck@gmail.com

Abstract. In this paper, we introduce a subgradient extragradient method to find the numerical
solution of strongly pseudomonotone equilibrium problems with the Lipschitz-type condition on
a bifunction in a real Hilbert space. The strong convergence theorem for the proposed method is
precisely established on the basis of the standard cost bifunction assumptions. The application of
our convergence results is also considered in the context of variational inequalities. For numerical
analysis, we consider the well-known Nash-Cournot oligopolistic equilibrium model to support our
well-established convergence results.

Keywords. Subgradient extragradient method; Strongly pseudomonotone equilibrium problems;
Lipschitz-type condition; Strong convergence theorem

MSC. 65Y05; 65K15; 68W10; 47HO05; 47TH10

Received: July 7, 2020 Accepted: November 12, 2020

Copyright © 2020 Nopparat Wairojjana, Habib ur Rehman, Nuttapol Pakkaranang and Chainarong Khanpanuk.
This is an open access article distributed under the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


http://doi.org/10.26713/cma.v11i4.1421 
https://orcid.org/0000-0001-8750-3732
https://orcid.org/0000-0003-2659-8226
https://orcid.org/0000-0002-0224-4661
https://orcid.org/0000-0003-3556-2591

514 An Accelerated Popov’s Subgradient Extragradient Method for Strongly. ..: N. Wairgjjana et al.

1. Introduction

Let C cH be a convex and closed set of a real Hilbert space H. The inner product is denoted by
(-,-y and the norm is denoted by || - ||. Let / be a bifunction f :H x H — R with EP(f,C) denotes
the solution set of an equilibrium problem over the set C and p* is any random element of
EP(f,C). Let consider the following definitions of a monotonicity of a bifunction (see [5, 6] for
details). Let a bifunction f:H xH — R on C for y > 0 is said to be:

(i) strongly monotone if
F@EN+F3,80 < -ylE-FI?, V&yeC
(ii) monotone if
&9 +[f(y,%=<0, VijyeC;
(iii) strongly pseudomonotone if
f&H)=20 = fG,0=-ylE-I°, Vi5eC;

(iv) pseudomonotone if
f&,39)=0 = f(y,¥)<0, VXx,yeC;

(v) satisfying the Lipschitz-type condition on C if two real numbers c1,co > 0, such that
f& 8 —cll&=F1*—callj - 21> < fF&, N+ [(3,5), Vi532¢€C.

For given C to be a nonempty closed and convex subset of a real Hilbert space H and let
f :HxH — R be a bifunction through f(x,x) =0, for every x € C. The equilibrium problem (6, 8]
for f over C defined as follows:

Find p* € C such that f(p*,y)=0, V yeC. (EP)

Equilibrium problem (EP) had various mathematical problems as a particular case especially
the variational inequality problems (VIP), optimization problems, the fixed point problems,
complementarity problems, the Nash equilibrium of non-cooperative games, saddle point and
vector minimization problems (for further details see e.g., [6,7,12]). To the best of our knowledge,
the term “equilibrium problem” in specific format introduced in 1992 by Muu and Oettli [13]
and has been further studied by Blum and Oettli [6]. The problem of equilibrium is also
acknowledged as the famous Ky Fan inequality [[8]. One of the most interesting and effective
research fields in equilibrium problem theory is to construct new iterative schemes and modify
the existing methods and also study their convergence analysis. A number of methods have
previously developed to approximate the solution of an equilibrium problem in both finite and
infinite-dimensional spaces, i.e., the extragradient methods [11}/15,/16,19,27-31] and others in
[1,[2)[10,18,21-26].

Hieu [9] proposed an extragradient method to solve strongly pseudomonotone equilibrium
problems in a real Hilbert space. It is mandatory to solve two minimization problems on a
closed convex set for each iteration of the sequence generated by the method in [9]], and an
appropriate step size sequence is required for each minimization problem. An iterative sequence
{x,} generated as follows:
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Let x,,,y, € H such that
Xn+1 = argmin{lnf(yn,y) + 3 [l —yllz},
yeC

Yn+1= argmin{/lrwlf(yn:y) + %”xn+1 _y||2},
yeC

(1)

where {1,} € (0,+0c0) be a non-increasing sequence having following conditions:
+00
(Cd1): lim 1,=0 and (Cd2): ) A,=+oo. (2)
n—+oo n=1

In this work, we study well-established projection methods that are easy to implement due to
their easy and smooth numerical calculations. We propose a modified subgradient extragradient
method to resolve strongly pseudomonotone equilibrium problems in real Hilbert space in order
to improve the convergence speed of the iterative sequence. Our result is based on the two-step
inertial subgradient extragradient method for finding a numerical solution to the strongly
pseudomonotone equilibrium problems and the strong convergence of the proposed method
based on the mild conditions.

This paper is organized in the following manner: Section 2 includes some definitions and
basic results that will be needed in this paper. Section (3| gives an inertial-type algorithm with
convergence studies. Section |4] set out some application of our main results. Section 5| sets
out experimental investigations to confirm algorithmic behaviour for both standard problems
designed based on the Nash-Cournot equilibrium model.

2. Preliminaries

In this section, some basic definitions and important lemmas are provided in order to study the
convergence analysis.

A normal cone of C at x € C is defined by
Ne@)={weH: (w,y—%)<0, V yeC}.
A projection Pc(x) of X onto a closed, convex subset C of H is

Pc(x) = argmin{||y — ¥|}.
yeC

Assume that g:C — R is a convex function and subdifferential of g at % € C is defined by

0gX)={weC:g(y)—gx)=(w,y—%x), VY yeC}h.

Lemma 2.1 ([20]). Let C be a non-empty, closed and convex subset of a real Hilbert space H and
g :C — R be a convex, subdifferentiable and lower semicontinuous function on C. Then, peCisa
minimizer of a function g if and only if 0 € 0g(p) + Nc(p), where 0g(p) and N¢(p) denotes the
subdifferential of g at p and the normal cone of C at p, respectively.

Lemma 2.2 ([4]). For X,y € H and 0 € R, then the following relationship is holds:
19% + (1 - )11 = DlI%lI% + (L - DI F* - 3L - )l - 711
Lemma 2.3 ([3]]). Let a,, b, and c, are sequences in [0,+00) and
+00

Ani1San+bp(@n—an-1)+cy, V=1, with ) c,<+oo
n=1
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with b>0and 0<b, <b<1, V neN. Then, the following results are established.

+00
(i) X lap—an-1]+ <oo, with [s]; := max({s,0};
n=1

(i) lim a, =a* €[0,00).
n—+oo

+ +00
Lemma 2.4 ([14]). Let {¢},{v,} < [0, +00) are sequences and Zoo(pn =+oo with ), ¢y, < +oo,
n=1 n=1

then 1,%9&2010% =0.

3. Main Results

The proposed algorithm is an inertial algorithm solve strongly pseudomonotone equilibrium
problem. However, the advantage of this algorithm is that there is no need to know about the
strongly pseudomonotone constant y and Lipschitz constants c1, ca.

Assumption 1. Assume that f :H x H — R satisfies the following conditions:
(C1) f(x,x)=0,V xeC and [ is strongly pseudomontone on C;
(C2) f satisfy the Lipschitz-type condition on H with constants c; and cg;

(C3) f(x,-) is sub-differentiable and convex on H for each fixed x € H.

Algorithm 1 (Two-step algorithm for strongly pseudomonotone equilibrium problem).

Initialization: Choose x_1,x0,y0 € H, 0 < 9, <9 < v5-2 and a sequence {1,} satisfying the
following conditions:

+00
(Cd1l): lim A,=0 and (Cd2): Z Ap = +00.
n—+oo n:1
Set

) 1 . 1
x1= argmln{/lof(yo,y) + —llwo —yllz}, y1= argmln{/hf(yo,y) + —llwy —yllz},
yeC 2 yeC 2

where wq = x¢ + 9¢(xg —x_1) and w1 = x1 + 91(x1 — x9).
Iterative steps: Given x,_1,Yn—1, Xn, Yn for n = 1. Construct a half space
H, ={zeH: (wy —ApVUn-1—Yn,2 — yn) < O},
where v,,_1 € 02f (Yn—1,¥n)-
Step 1: Compute
Xp+1=(1=Pp)wn + Pnzn,
where w,, = x, + 9,(x, —x,_1) and
2n = argmin{ﬂtnﬂyn,yn o, —y||2}.
yeH, 2
Step 2: Compute
Yn+1 = argmin{/ln+1f(yn,y)+ 1IIwn+1 —yIIQ},
yeC 2
where wy 11 =%,41+0p41(Xp41 —%5).

Step 3: If x,,+1 = w, = yn, STOP. Otherwise set n:=n+ 1 and go to Step 1.
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Lemma 3.1. Let f :H xH— R be a bifunction satisfying the conditions Assume that
the EP(f,C) is non-empty. Then, for all p* € EP(f,C), we have

I2n = P12 < llwp — p* 12 = (A= de1 Al wn — yall2 = (1 = 2¢2A,) 12, — yall?
+4ciAnllwn — yn 112 =2y Anllyn — 0112

Proof. By the use of z,, and Lemma [2.1, we have

1
0€0s {Anf(yn,y)‘F Ellwn _y||2}(zn)+NHn(zn)-

Thus, for w € 921 (y,,2,) there exists w € Ny, (2,) such that
Apw+2z,—w,+w=0.

This implies that
(Wp—2n, Y =2p) = Anlw,y —2n) + W,y —2p), YV yeH,.

Since w € Ny, (z,) then (w,y—z,) <0 for all y € H,,. It means that

AW,y —2y) 2{Wn — 25,y —2n), YV y€eH,. 3
Due to w € 0f (yy,2,), we have

fDn, )= f(yn,2n) 2w,y —2,), Y yeH. (4)
From (3) and (4) we have

Mf Oy ¥) = Anf (Yns2n) = (Wn — 20,y —2n), ¥V y€Hp. (5)

Due to z, € H,, implies that (w, — A,Vn-1—Yn,2n — ¥Yn) < 0. Thus, we get
AUn=1,2n = Yn) = (Wn — Yn,2n — Yn)- (6)
Since v,,_1 € 02f (yn_1,¥n), we have

fOn-19)—fYn-1,¥0) = Un-1,y—yn), VYV yeH.

By substituting y = z,,, we have

fOn-1,2n) = f(¥n-1,¥n) 2 (Un-1,2n = yn), VYV yeH. (7
From (6) and (7) we obtain

AnAf n-1,20) = F(Yn-1,¥n)} Z Wn = Yn,2n = ). €S)
By substituting y = p* into (5)), we obtain

AnfGn>D™) = Anf (Yn,20) 2 (Wn =20, p" —25), Y y€Hny. 9

Since p* € EP(f,C) then f(p*,y,) = 0. Thus f(y,,p*) < —ylyn, — p*ll due to strong pseudo-
monotonicity of a bifunction f. From (8) we get

Wn=2n,2n = D) = Anf (n,20) + Y Anllyn — ™11 (10)
Due to the Lipschitz-type continuity of bifunction f we have
FWn-1,20) < Fn-1,5n) + FOn,2n) + €11 Yn-1 = I + c2llyn — 2al1%. (11)
From and we get
Wn=2n,2n = P") 2 An{fYn-1,20) = F(Yn-1,¥n)}
—c1nl¥n-1=Ynl® = calnllyn — 2nl* + YAnllyn — p*I%. (12)
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Combining expressions (8) and (12), we obtain

(Wn —2n,2n—D") 2 (Wn = Yn,2n — Yn)

— 1 Anlyn=1=yall® = c2Anllyn = 221> + Y Anllyn — p* 11 (13)

We have the following facts:

—2(Wp —2p,2n — P*) = —lWn — D 12 + 25 —wall® + 1z, — p* 1%,

2(Wn = Yns2n — Yn) = W = Yn I + 120 = yull? = lwp — 2,11

We also have the following inequality

15n-1 =¥l < (I3n-1 = wall + lwn = yal)? < 20 yn-1—wn 2 +21wn — yulI2.

The above two facts and last inequality, completes the proof. O

Next, we can prove the strong convergence of Algorithm

Theorem 3.2. Let f :H xH — R be a bifunction satisfying the conditions Assume that
{x,} is a sequences in H generated by Algorithm |1} Moreover, the sequence 9, is non-decreasing
with 0<9, <9< V5-2and B, is non-increasing with 0 < B < B, < 1. Then, {x,}, {y} and {wy}
strongly converge to an element p* in EP(f,C).

Proof. Since A, — 0, there is an ng € N such that
3-20-19%2-6

< and 0<9,<9<V5-2, (14)
" B(1- 02+ 2e1(1+ 0+ 02+ 03) "

0<A

where 0 <6 < % —-29 - %192 and b = max{4c1,2cs}. By value of x, .1 gives that
21 =P 1% = (L= Bu)wn — p*) + Bulzn — p ™I
= (1= B)llwn—p* 12+ Bulizn —p* 112
= lwn = p* I = Pn(1 = de1An)lwn — yu I = Br(1 = 2c2An)l|z — ynll”
+4c1AnBrllwn — Yn-11? = 2YAnBullyn — p*I1%. (15)
By the use of w, and Lemma [2.2] we obtain
lwn —p* %= (1 +9,)xn — p*) = O (xp—1—p)II
=1+ O+ lotn = p* 12 = Onllatno1 = p* 12 + 01+ )l — 211>, (16)
By the use of w,+1 and Lemma [2.2] we obtain
lwn+1 = Yull® = 12n+1+ Ons1(Ens1 — 2n) — yu?
= (1 + s ) %41 = YulI? = Opst 120 — yu I? + O 1 (1 + ) 1 tp 1 — %117
< 1+ Opr DIn+1 = Yu I + Onr1(L+ Ons )l 1 — 2 12
<@ +)[lwn = yal®+ 2 = yu %] + L+ Ol xpr1 — x> an
Combining (15), and (17), we obtain
lxtn+1 = 2 1% + 4c1An Brs1llwns1 — yall®
<1+ s lxn = p 12 = Onlln_1 — p* 1% + (L + O)llxp, — X1
+4c1AnBrllwn — yn-11% = Bn(1 = de1 A lwn — yulI® = Br(1—2e2An)llzy — ynI?

Commaunications in Mathematics and Applications, Vol. 11, No. 4, pp.[513 , 2020



An Accelerated Popov’s Subgradient Extragradient Method for Strongly...: N. Wairgjjana et al.

519

+4c1 00 Bn(L+ D [Ilwn — yull® + 120 — ¥ull?] +4c1 A0 B O + D2y 41 — 2,11
<A+ s D% = p* 1% = O llxn-1— p* 12 + 9L+ Dllacy, — 25— 111

+4ciAnBrllwn — yn_112 +4c1 2,91 + O)xps1 — xn 1

_ %(1 —bAy — e (L + O lns1 — wnll?,
where b = max{4c1,2c9} and
241 = wall® = y2 12, —wyl.
By using Cauchy inequality, we have
1241 — wall? = X011 — %5 — On(atn — 2n-1)1?
= llotn41 = Xn 12+ 02l — %1112 = 20, (Xn+1 — X, Xn — Xn—1)
> 41— %1% + 0% 126 — %n—11% = 205 1%n+1 — Xl 120 — 2r—1
> (1= ) %41 — 2n 12 + (0% = )l — %1112
From and (2I), we have
l2n+1— D12 = Ops1llcn — p* I + 41 An Brs1lwns1 — yull?
<% =D 1% = Onllxn-1 = p* 12+ A+ Dlxn — %5112 +4c1An B llwn — yn-1l?
+4c1 A, 91 + Dl|xns1 — 2417 = 05 [(L = D241 — 2 1% + (9% = Dy, — 2,-117],
where o0, := %(1 —bA,—4c1A,(1+9)) =0, for all n =ngy. Let consider that
Dy, = l|xn = p* 12 = Onllxn—1— 2 * 1 + 4c1AnBrllwy — yu-1l®.
The expression (22) implies that
D1 <P+ R llotn —%n-11% = Qullxns1 — %n 12,
where R, :=9(1+9)+0,9(1—-19) =0 for all n =ng, and
Q. =0,(1-9)—4c11,9(1+9).
Furthermore, we also take
W, = llxn = p* 12 = Onllxn-1— P 11>+ 4c1An B llwn — Yn-111® + Ry llxn — 211l
It follows from and such that
i1 — V= =8lps1— 2120, n=no.
The above means that {¥,} is nonincreasing for n = ng. By ¥, we have
ln = I* < W + anltp—1— p* I
<V, +alx,—1—p*I?
< o<W (@0 4+ D+ T, — p 12

no — 2
< il +a" " xp, —p* "

By the use of ¥,,,1 and we obtain
Vo1 <ansilxn —p* ”2

2
<allx, —p”l
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¥,
<a 0 +an—n0+1

2
[Eey M

¥,

0 2

<a——+llxp, —p" I
1-a

It is the result from and that
k
8 Y Nxnse1=2nll” < Wny = Praa

n=ng

In
0 2
< \Pno +C¥T+ IIan —p*”

v, <19
= ﬁ‘i' lxn, —p 117,
By letting £ — oo implies that

Y lxns1— %0l < +oo implies that [lx,+1—2,] — 0, as 7 — oco.
n

From the expressions and we obtain
lxn+1—wnll — 0 asn—oo.
By implies that

¥,
0 2 2
Oy < am + ”xng _p)k 1“+Rps1llxpe1 —xn 117

Since 0 < f< B, <1 with 0<a, <a < v5—-2, we can re-write for n = ng, such that

B =bAn, —4c1An(L+ ) [lwn = yal? + 125 — yal?]
<@, —Dpyy +a(l+a)xy, —xn_112 +4c1 Ana(l+ a)lxp1 — %, 112

Fix k> ng and for n=ng,no+1,---,k. Summing up them, we obtain

k
BL=bAny —4C1Ang(1+@) Y [lwn =yl + 125 - al?]

n=no
k 2 k 2
SO - Qprp+a(l+a) Y Iy —xpo112 +dcidn, @l +a) Y llxpe1 — 2nll
n=nyg n=ngo

Yoo
2 2 2
S Ortag— + g =717+ o+ a)lxpss — i

k k
2 2
+a(l+a) Z e, — 271l +401An0a(1+a) Z llxr+1 —xnll
n=ng n=ng

= Ms.
By letting £ — +o0o implies that
Y llzn=ynl® <+oo and Y llwp = ynll® < +oo,
n n
and
lim ||z, =y, |l = lim [[w, — y,Il = 0.
n—oo n—00
By using (17), and gives that

2
Z lwn+1—ynll” < +oo.
n
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By using expressions (15), (16), (29), and Lemma [2.3|implies that
lim ||x, —p*l =1. 37)
n—oo
Next, we show that the sequence {x,} strongly converges to p*. For all n = n(, the expression
gives that
2YAnllyn = P17 < =lxns1 = p* 12+ L+ an)llxn — p*1* = anllxn-1 - p* I
+ an(1+ ap)ln = xn-111” + 4c1An |lwp — yn-1ll®
< (l%n = p* I = I%n 11— p* 1) + 2atll2p, — 211
+(@pllxn = p*11? = @n-1llxn-1 = p*I*) +4c1Anllwy — yn-11%. (38)
From expression (38) implies that

k
Y 2y Anllyn —p*I?

n=ng

k
2 2 2
< (Ixng =P I° = 241 =P I9) +2a Y 2y — 251l
n=nyg

401

k 2
Y lwn = yatl

2 2
+(arllxr —p*lI* = ang-1l2ne-1— 0" 1) +
2024'4cln:n0

k 4 k
2 2 2 C1 2
< llxn, —p " I* +allxr —p*I* + 2a Z lxn —2xp-1l" + ———— Z lwn = yn-1ll

n=ng 2024'4cln=n0
<My, (39)

for some M4 = 0. It gives that

+00

Y 2yAnllyn —p*I” < +oo. (40)

n=1
By Lemma[2.4]and such that

liminf |y, — p* | =0. (41)
Finally, and gives ,}im lx, — p*Il = 0. This complete the proof. O

—00

4. Application to Variational Inequality Problem

An operator F' : C — H is define by
(1) strongly pseudomonotone on C if for 1 > 0 such that

(F(x1),%9 —x1) = 0 = (F(x9),x1 — x2) < —7llxy —x21?, V x1,22€C;

(2) L-Lipschitz continuous on C if
1F(x1) = F(x2)ll < Lllxy —x2ll, V x1,x2€C.

A variational inequality problem is defined as follows:

p” €C such that (F(p*),y—p*)=0, V yeC.

Note. If f(x,y) := (F(x),y —x) for all x,y € C, then equilibrium problem turn to variational
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inequality problem with % = c¢1 = cg. The value of z, rewritten as

. 1
Zn = argmln{ﬂtnf(yn,yH —llwn, —yll2}
yeH, 2

. 1
= argmln{in<F(yn),y_yn> +—llwn _yHQ}
yeH, 2

. 1
= argmm{ﬂtn(F(yn),y —wp)+=|lw, —y||2 + An(F(yn), w, —yn)}
yeH, 2

(1 A2

= argmm{—ny—(wn —ﬂtnF(yn)nQ} — 2IF(y)I?
yeH, 2 2

= PHn(wn - AnF(yn)) 42)

Corollary 4.1. Assume that F : C — H is strongly pseudomonotone and L-Lipschitz continuous
on C with solution set VI(F',C) is non-empty. Choose x_1,x0,Yo and compute

x1 = Pc(wo —LF(y0)), y1=Pc(wi—2A1F(y9)),
where wo = xo + Jo(xg —x_1) and w1 = x1 + 91(x1 — x9).

(1) Given x,-1,%n, Yn-1, ¥Yn for n = 1. Set w, = x, + 9,(x, — x,—1) and compute

Xn+1=(1-Brw, + Bnzn,
where z, = Py (W, — A, F(y,)) and
H,={zeH:(w, — A, Fw, —yn,z—yn) <0}.

(i1)) Compute
Yn+1 = Pc(Wpni1 = Ans1F(yn)),

where wy+1 = Xp+1+ n+1(Xne1 —x,) and B, € (0,11 with A, satisfy the condition (2). Moreover,
c1=cC9= % and 0 <19, <0< V5—2. Then the sequence {x,}, {w,} and {y,} strongly converge to
the solution p* of VI(F,C).

5. Numerical lllustration

Numerical findings are presented in this segment to demonstrate the performance of our
proposed methodology. The MATLAB code have been operating in MATLAB edition 9.5 (R2018b)
on the Intel(R) Core(TM)i5-6200 Processor PC @ 2.30GHz 2.40GHz, RAM 8.00 GB.

5.1 Nash-Cournot oligopolistic equilibrium model

We take into account the enhanced version of the Nash-Cournot oligopolistic equilibrium
model [17]. Assume there are n companies that manufacture the same commodity. Let x
represent a vector where each element x; specifies the quantity of the commodity generated by
the company i. The price function P for each individual company is define as P;(S) = ¢; —vy;S,
where ¢; >0, ¥; >0 and S = f x;. The function of income F;(x) = P;(S)x; —¢t;(x;), while ¢;(x;)

i=1
is the value tax and fee for producing x;. The strategy framework for the entire concept is
taking the form of C:=Cy x Cg x --- x C,, where C; = [x]"",x"**]. In addition, each firm strives
to achieve its optimum profit by taking into account the subsequent amount of demand on
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the basis that the output of all the other companies would be an input parameter. A point
p*eC=CyxCqyx---xC, is an equilibrium point of the model if
Fi(p*)=F;(p*lx;]), Vx;€C;, Vi=1,2,--- ,n,
where p*[x;] represent the vector get from p* by taking x* with x;. Let f(x,y) := ¢(x, y) — ¢(x,x)
with ¢(x,y) = — ilF,-(x[yi]), and the problem of finding the Nash equilibrium point is
i=

Find p*eC: f(p*,y)=0, V yeC.
The bifunction f could be taken in the following form

fx,y)=(Px+Qy+q,y—x),
while ¢ € R* and P, @ are matrices of order n and @ is symmetric positive semi-definite
and @ — P is symmetric negative definite through Lipschitz constants ¢; = c2 = %IIP - QI

(see [16]). Two matrices P, are randomly generatecﬂ and vector ¢ randomly generated [—n,n].
The feasible set C cR" is

C:={xeR":-2<x; <5}.

We use x_1 = x9 = o = (1,1,---,1,1)7. The findings are seen in the Table with with
Algorithm [I[Algo1) and Algorithm 3.1 (Algo3.1) in [9].

Table 1. Experiment Comparison of Algorithm |1|and Algorithm 3.1 in [9]

Algo3.1 Algol

n An I Br TOL Iter. CPU(s) Iter. CPU(s)
5 (n+171 0.12 0.80 1076 270 3.6617 190 2.4359
10 (n+1)71 0.12 0.80 1076 365 5.2656 240 4.1639
20 (n+1)71 0.12 0.80 1076 441 6.9567 342 5.7361
50 (n+1)71 0.12 0.80 1076 586 7.5834 416 6.1619

Table 2. Experiment Comparison of Algorithm (1)and Algorithm 3.1 in [9]

Algo3.1 Algol
n An I Bn | TOL | Iter. CPU(s) | Iter. CPU(s)
5 (n+1)71 0.12 | 0.85 | 1072 | 1192 25.3000 | 788  20.5985
5 (n+1)705 0.12 | 0.85 | 1072 | 2631 53.2534 | 1630 41.4862
5| (n+1)togh(n+3) | 0.12 | 0.85 | 1072 | 1305 27.5130 | 1010 25.1062
5| (n+1)110g(n+3) | 0.12 | 0.85 | 107 | 1935 42.7673 | 1554 36.4381
5 log%(n+3) 0.12 | 0.80 | 1072 | 2596 58.4369 | 2133 50.6567
5 log X(n+3) 0.12 | 0.80 | 1072 | 3186 72.7256 | 2411 54.3991

Discussion About Numerical Experiments: The following observation was obtained from
Table [1H2l
(i) No previous knowledge for Lipschitz-constant cq,co is needed for Matlab running
equations.

LChoosing two diagonal matrices randomly A; and Ay with entries from [1,n] and [—n,0], respectively. Two
random orthogonal matrices B; and By are able to generate a positive semi definite matrix M; = B1A 13{ and
negative semi definite matrix My = BgAng. Finally, set @ = M1 + M{, S =M, +M§ and P=Q -S.
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(i1) Indeed, the convergence rate of algorithms probably depends on the convergence rate of
the step-size sequences A,. For certain instances, the step-size sequence converges quickly
to zero which would be more efficient for our situation.

(iii) The convergence rate of the iterative sequence often depends on the nature of the problem
and the scale of the problem.

(iv) Due to the variable step-size sequence, a different step-size value that is not suitable for
the current iteration of the process also creates ambiguity and hump in the actions of the
iterative sequence.

6. Conclusion

This paper proposes a new algorithms to solve problems of strong pseudomonotone equilibrium.
The primary advantage of this algorithm is that the stepsize, in this case, is independent of
the constants of the Lipschitz type and strongly pseudomonotone. The reasonable explanation
is that we use a stepsize sequence that is non-summable and non-increasing. Numerical
experiments have also been considered for looking at the overall impact of the stepsize sequence
on the convergence of an iterative sequence.
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