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1. Introduction

Wreath products combine any two structures S and 7 in multiple nonequivalant ways to make
a third algebraic structure using action of one algebraic structure T on the T copies on other
structure S. The general products have been acknowledged as tools to form algebraic structure
from two algebraic structures S and T using actions on each other. These two constructions
has been used by group theorists for many years, and in the last years it used widely in the
study of semigroups. In [2] the authors bringing together the definitions of general product and
(restricted) wreath products of monoids A®? and B®4 and then gave a presentation and some
other results of the main theories in terms of finite and infinite cases for this generalization
“general products of wreath products” which can be thought as a generalization of results in [6]
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and [9]. We denote this generalization by A®E 4 >y B®4  In this paper, we give some algebraic
properties of this generalization. For convenience of the reader we begin by recalling some basic
definitions:

Let A and B be monoids the monoid B is said to act on the left on the monoid A by
endomorphisms if for every b € B, there is a map (b,a) —? a from A to itself satisfying the
following two axioms for all b1,b9 € B and for all a1,a2€ A:

(SM1) °(ajaz) = (1a1)®ray);
(SM2) “192q; =b1 (P2ay);
(SM3) Bg=qaforallacA.

Axioms[(SM1) and [([SM2)|(respectively, [(SM1), [(SM2) and ([SM3)|are equivalent to the existence of
a homomorphism (respectively, monoid homomorphism) from B to the monoid of endomorphisms

of A. Then A x B is the semidirect product of A and B
AxB={a,b):acA,beB}
with multiplication defined by:
(a1,b1)(az,b2) = (a1(°'as),b1by).
Dually, suppose that the monoid A acts on the right on B by endomorphisms; that is for

every a € A, there is a map b — b“ from B to itself satisfying axioms
(SM1') (b1b2)* =b7'by};

(SM2') (b1)*1?2 = (b{")?2;

(SM3') (b)!4 =5 for all b €B.

That is there exists a monoid homomorphism from A to the monoid of endomorphisms of B,

then we form the reverse semidirect product
BxA={a,b):acA,beB}

with multiplication
(a1,b1)(az,b2) = (a1a2,b7b2).

For the monoids A and B, the (restricted) wreath product A!B is the semidirect product of
A®B % B where A®B is the direct product of B copies of A which can be think of the set of all
functions from B to A with finite support, that is, having the property that (x)f = 14 for all but
finitely many x in B. The (restricted) wreath product is the set A®® x B with multiplication
defined by

(f,b)g,b) = (f bg,bb"),
where ®g: B — A is defined by
(y)’g=(yb)g, (ye€B).

It is also a well known fact that this wreath product is a monoid with identity (1,1g), where
y1=1y4 for all y e B.
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Dually the (restricted) wreath product Bl A is the semidirect product of B®4 x A where B®4
is the direct product of A copies of B which can be think of the set of all functions from A to B
with finite support, that is, having the property that (x)f = 1p for all but finitely many x in A.
The (restricted) wreath product is the set B®4 x A with multiplication defined by

(a,h)a',h) = (aa',h%h)
where h? : A — B is defined by
(x)h* =(ax)h, (x€A).

It is also a well known fact that this wreath product is a monoid with identity (I,14), where
x1=1p forall x€ A.

The general product of the (restricted) monoid A®2 by the (restricted) monoid B®4 denoted
by A®B 5 ><y, B ®4 defined on the set A®B x B®4 with multiplication defined by

R = "FLRT R, (F,f € A®P and h,h' € B®)
where 6 : B®A — 7(A®B), (f")6, =" " and y : A®E — 7(B®4), (h)y = h!" are defined by, for a € A
and b € B,
et =t 1 and bl = pC.
Also, for x € A and y € B, we define
()R® = (ax)h and (y)°f' = (yb)f’
such that, forallc€ A, d € B,
(@ f' = (dh)f' and (R =(Cf o).
such that the following general axioms are satisfied for all £, /' € A®B and h,h' € B®A
(GP1) *ROf =P (M p);
(GP2) M(ffH=CH ),
(GP3) (/)" =hUTY;
(GP4) (kY =R DY

(GP5) "1=1;
(GP6) hl=h;
(GPT) Tf =f;
(GP8) 1/ =1.

It is easy to show that the general products A®8 5 ><, B ®4 is a monoid with identity (1,1),
where 1:B— A, (b)1 =14 and 1:A — B, (@)I=1p,forallac A and b € B.

Green’s relations play crucial role in the theory of semigroups — in particular, for
decompositions of such semigroups. As known Green’s relations are equivalence relations that
characterize the elements of a semigroup in terms of the principle ideals. For more information
about them and further references consult [5]. In Section 2] we consider Green’s relations on the
generalized of general product of wreath products for monoids, we state some results related
to £, R, H, and J relations depending on these relations on the wreath products form our
generalized general products. As inspired by Pastijn [14] and El-Qallali-Fountain [4], Ren-Shum
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[15] have introduced generalized Green’s relations. The relations £*, R*, H*, and J* play an
important role in the theory of abundant semigroups which is to some extent analogous to that
Green’s relations in the theory of semigroups [4]]. In Section (3|, we characterize generalized
Green’s relations on the generalized of general product of wreath products for monoids. For
more details of the terminologies in this paper the reader is refer to [11, [3]], [7], [8] and [10].
We begin by a straightforward lemma.

Lemma 1. Let G = (A®B,B®4) be the generalized of general product of a monoid A®B by the a
group B®A. Then

(1) )= 1 forall f € A®B and h e B®A,
(2) The function ¢y, : (A®B), — A®B given by f —" f is a homomorphism.
(3) Let h' =h!. Then (A®B), = F(A®B), L and w(f) = CH)pn(F L L
(4) If ¢y, is injective then ¢y, ; 1s injective.
(5) The function from A®B to A®B defined by f — "f is injective for all h € B®A iff for all
heB®A if'f =1 then f = 1.
Proof. (1) This proved in [17].
(2) Let f,f € (A®B),. Then
onFFY="FF =AY = on(PPn(F)
using [(GP2)| which is the required.

(3) We have that A'f' = &' iff (W) = nf iff RSO = b iff F1f'f € A®B. Hence iff
f' € f(A®B), f~1. The proof of the other claim follows by calculating (A®B),(f~1f'f) using
[(GP2) and [(1)| above.

(4) This directly by [(3)] above.

(5) One direction is obvious. We also prove the other direction. Suppose that for all » € B®4,
if *f =1 then f = 1. We prove that the function from A®B to A®B defined by f —" f
is injecti\//e for all & € B®4. Suppose that *f =" f’. Then *f (*f")~! =1. By above,
gyt =" f1=1 Put 4’ =" . Then

I :h f(hfl)—l — (f,_lh,h)(h,f/—l) :h’ ffl—l
by By assumption ff'"1=1andso f=/f". O

2. Green’s Relations on Generalized General Product

We shall rely on basic notations from semigroup theory. Our references for this are [5] and
[13]]. In particular, we recall the definitions of Green’s relations in a monoid S. Define aLb
if and only if Sa = Sb, aRb if and only if aS = bS and aJb if and only if SaS = SbS. The
relation H = L NnR. In [16] we characterize Green’s relations for generalized general product.
The following is general result of [16], Propositions 4.1 and 4.2]. The structure of the principle
right, left and two-sided ideals is explained in the following lemma:

Communications in Mathematics and Applications, Vol. 12, No. 1, pp. , 2021



The Arithmetic of Generalization for General Products of Monoids: S. A. Wazzan 5

Lemma 2. Let G = (A®B,B®4) be the generalized of general product of a monoid A®B by a group
B®A. Then

(1) hfRHfiff h=H'

(2) hfLR'f' iff there exists an invertible element g such that €h' =h and "' g = ff’_l.
(3) hfdh'f' iff h = h' and there exists g € (B®A);, such that "g=ff'"1.

(4) Let h,h' € B*A. Then hJh' if and only if h =T b/ for some f € A®B.

Proof. (1) If fRRf'R’, then there exist [,]' in B®4 such that (FRIL = ('R (F'RDL = (FR)L.
Hence

Cr)FML = (F'R)L and TR = (R

By uniqueness (‘A)(f*) = f'h' and ("'B')(f"*') = fh. Hence h = k', the other part is
straightforward.

(2) Let such g exists. Then
g(h/fl) — (gh/)(h,g)fl — hffl—lf/ — hf

Similar for the other part. Conversely, suppose that Af LA'f’. Then there is an invertible
element g such that g(A'f’) = hf. The result is follows now.

(3) Follows directly by[(1) and

(4) Assume that AJh'. Then there are group elements [,I’ € B®4 such that & = fA/l’. But
FR'U' = CR)(F?)I'. By uniqueness, we have that & = ("h/). Conversely, assume that
h = ('h'). Notice that GfR'G = G("R'X(f")G = G'h)G = GhG. Hence GhG = GR'G,
therefore hJh' as required. O

Recall that [12] Green’s relation R is defined by aRb if and only if aS = bS, this is equivalent
to the existence of a unit g such that a = gb as known this relation is always left congruence.

Proposition 3. The action of the group B®2 on the monoid A®B is trivial if and only if the
relation R is a right congruence, and thus a congruence.

Proof. Assume the action is trivial. Let ARA’. We need to show that AIRA'l, where h = h'g and
[ = yk. Then

hl=h'gl=hgyk=h(Ey)g"k=(h'ykYk =h'yk(k " g)k)=R'1(k ' g)k).
Hence hlRA'l which is the result. Conversely, assume that R is a right congruence. Let h € B®4.
Hence AG =G = 1G and so hR1. Let f € A®B be any function. By assumption, AfRf. Therefore

hfG = fG. Hence there is a unit / such that Af = fl. But Af = (*f)(h), by uniqueness, f =" f,
and so the action is trivial. O

In the next result we reveal the role of the action of the group B®4 on the monoid A®? with
the features of the principle two-sided ideals. By [17], we know this action is length-preserving.
Recall [11] consider when the action of B®4 on A®B is transitive. The following result is a
generalization of Proposition 3.15 in [[13].
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Proposition 4. Let G = (A®B, B®4) be the generalized of general product of a monoid A®B by a
group B®A. Then the action of B®A on A®E is transitive if and only if G has a maximal proper
principal two-sided ideal.

Proof. Suppose that for some f € A®B the two-sided ideal GfG is proper and maximum. Let
f = gh where the length of g is one. Thus GfG € GgG. Now GfG is proper and maximal, so
either GgG = G, which implies that g of length zero, or GfG = GgG which means f of length
one. Now, let g € A®B. Then GgG < GfG and |g| = |f], hence g =! f for some /. Since the choice
of g was arbitrary, we can conclude that the action of B®4 on A®8 is transitive. Conversely,
suppose that the action of B®4 on A®E is transitive. Then for any two f,g € A®B of length one,
we have f =! g and so by Lemma 4.3 in [11] GG = GgG. Now suppose GkG be any two-sided
ideal of such that the length of % is greater than or equal two. Since k& = f g where the length of
f is one. Then GRG < GfG. Therefore GfG is a proper maximal two sided ideal as required. []

3. Generalized Green’s Relations on Generalized General Products

In [18]] Zenab describe generalized Green’s relations for the general product of semigroups and
monoids. In this section we aim to characterize generalized Green’s relations on generalized
general product. We consider generalized general products of semigroups and monoids and
study the roles of the relations R*, £*, Rg and Lg. Recall the relations R*, (£*) on semigroups
S is defined by the rule that for any s,t €S, sR*¢ (s£*¢) if and only if for all u,v € S (the
extension of S by adding the identity element)

us =vs iffut=vt (su =sv iff tu = tv).

We observe that £L* and R* are equivalence relations. It is obvious that £* is a right
congruence and R* is a left congruence. Dissimilar Green’s relations, the relations £* and R*
need not commute. We note that an idempotent e of S acts as a right identity for its £*-class
and left identity for its R*-class. Also, note that £ < £L* and R < R*, and if S is regular then
£ =L* and R = R*. Now, we move to the relations Rz and L. Let S be a semigroup and let E
be a subset of E(S), where E(S) denotes the set of idempotents of S. The relation sLgt if and
only s and ¢ have same set of right identities in E. Dually, ﬁE on S is defined as for any s,t € S,
33~2Et if and only if for all e € E, es = s if and only if et = ¢, that is, s and ¢ have same set of left
identities in E. Certainly f’JVQE and £ E are equivalence relations.

The result can be obtained from the definition:

Lemma 5. Let G = (A®B, B®A) be the generalized of general product of monoids A®B and B®4,
then (f,R)R*(f',1") if and only if for all g,g' € A®B and for all 1,I' € B®A

gtH=g¥f and Ifh=IUfh
o g(lfl):g/(l’fl) and lf/hl:l/f,h/.
Similarly for the L* relation.

Proposition 6. Let G = (A®B B®4) be the generalized of general product of monoids A®*E and
B®4. Then the following hold:

Communications in Mathematics and Applications, Vol. 12, No. 1, pp. , 2021
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(1) if h,h' € B® and hR*R' then (f ,h)R*(f,h') in G for f € A®B;
() if f,f € A®B and FL*f!, then (f,h)L*(f',h) in G for he B®A |

Proof. (1) Suppose that AR*A’ for some h,h' € B®A. Let g,g’ € A®B and 1,1’ € B®4 |, then for
feA®B
glH=g'“f) and I n=1"h
o glf)=g'"f) and I ¥ =17 h' because hR*K'.
By previous Lemma (f,h2)R*(f,h') in G. Similar proof for part O

Proposition 7. Let G = (A®B,B®4) be the generalized of general product of monoids A®B and
B®A. Then

(1) (F,RR*(f',h") in G implies fR*f in A®B;

(2) (f,WL*(f',h) in G implies h £L* h' in B®4.

Proof. Suppose (f,h)R*(f',h") in G. To show that fR*f’ in A®E| let g,g’ € A®E be such that
gf =g'f. Then

et =g'df) and 77 A=17 b,
so by previous lemma, g(Tf N=g (If "), that is, gf’ = g'f’. Thus together with the converse
direction, we obtain fR*f’ in A®B. Similar proof for £*. O

Recall [5] kera ={(a,b) € A xB :aa = ba} where a : A — B is a function from A to B. We will
record now the behavior of the generalized Green’s relations when we have one of the actions is
trivial action (action by identity map) in this case we have the semidirect product A®8 5 x B®4
(if w acts trivially) and A®B x,B®4 (if § acts trivially).

Proposition 8. Suppose T = A®B KWB@A is a semidirect product of monoids A®B and
B®A where B®A is right cancellative. Also, suppose that for any f,f' € A®B, fR*f' implies
Ker f = Ker f' (where Ker f is the kernel of the map induced by the right action of f). Then fR*f’
in A®B implies that (f,h)R*(f',h") in T for all h,h' € T.

Proof. Suppose fR*f'in A®B and let g,g' € A®B and [,l' e B®*A. Then gf =g'f and I/ h=1'F
h if and only if gf = g'f and If =1’ because B®4 is cancellative if and only if gf’ = g'f’ and
1" =1'f" because fR*f' and Kerf = Kerf' if and only if gf' = g'f' and I'h’ = I''h’ because
B®4 is cancellative. Thus by previous lemma yields (£, 2)R*(f',h’) in T. O

Corollary 9. Suppose T = A®B Xy B ®4 s a semidirect product of monoids A®B and B®A, where
B®A is right cancellative. Also, suppose that A®B acts on B®4 injectively. Then fR*f' in A®B
implies that (f ,h)R*(f",h")in T for all h,h' € T.

Theorem 10. Let G = (A®B,B®4) be the generalized of general product of monoids A®E and
B®4A where B®4 is right cancellative. Suppose A®E acts faithfully on the right of B® and for
any f,f' € A®B, fR*f' implies Ker f =Kerf'. Then fR*f' in A®B implies that (f,R)R*(f',h") in
G for all h,h' € B®4,
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Proof. Suppose (f,h),(f',h') € G and fR*f' in A®E. To show that (f,h)R*(f',k’) in G, let
g,8' € A®B and 1,I’ € B®A be such that g('f)=g'('f) and I’k = I'fh. Then If =17, as B®A is
right cancellative. Also as Ker f = Ker £/, we have I/ = '" and thus I7" &' =1'f" h'. Now for any
keB®4,

(REDf = peCH f :kg’(l,f) 1" =81

and so as Kerf = Kerf', (k81)f' = (k8'1")/", gives keC O = g8 OO But If' = I'f' and B®A
is right cancellative, therefore £eC 1) = ') As this is true for any k € B®4 and A®B acts

faithfully, we have g(‘f') = g'("' f'). Together with the opposite result of previous Lemma gives
(f,PR*(f',h") in G. -

Recall E(S) ={s € S :s% = s} is the set of idempotent elements of any semigroup S. In the
next result we record the behavior of Rz and Lg depending on the set of idempotents in
G = (A®B B®4) the generalized of general product of monoids A®5 and B®4.

Theorem 11. Let G = (A®B, B®4) the generalized of general product of monoids A®® and B®A.
Let A < E(A®B) and B < E(B®A). Put

A={@,1):a€A} and B={1,b):beB}.

Then A and B are sets of idempotents in G and

1) (f,RL(f',h") in G if and only if fRaf' in A®E;

©2) (f,mL5(f',h) in G if and only if h Lp I’ in B®4.
Proof. (1) Suppose (f,h)iz(f’,h’) in G. Let a € A. Then af = f if and only if a(if) =f by
action of B®4 on A®” if and only if (a, 1(f,k) = (f,h) if and only if (a,1)(f",h') = (f',') because
(f,h).'ﬁx(f’,h’) ifand only if a(*f’) = f' if and only if af’ = f'. Hence fR4f’ in A®B. Conversely,
suppose that fﬁAf’ in A®B and let (f,h) € G. Then for (f,1) € A we have (f,1)(f,h) = (f,h) if
and only if (a(*f), 1 h) =(f,h) if and only if (af,h) = (f,h) if and only if af f if and only if

af' = f' because fRaf ' if and only if (af’,h’) = (f',h’) if and only if (a(* f) 7w )=(f',h") if
and only if (e, 1)(f',h') = (f',h’). Hence (f,h)iRZ(f’,h ). Similar proof for Lg. O

In the following result let there exists a right identity a for A®2 and a left identity b for
B®4 such that

‘a=a,l%=1 forall leB%4, (LI)
bo=g,b8=b forall gcA®® (RD)
and then we put A = {(f,b): f € A} and B = {(a, k) : h € B}. We have the following result:

Theorem 12. Let G = (A®B,B®4) be the generalized of general product of monoids A®E and
B®A. Let A< E(A®®) and B < E(B®4). Then

(1) A and B are sets of idempotents in G;
@) (f,WL5(f' k') implies hLph' and (f ,W)R5(f',h') implies fRAf';
B) (£, R)R*(f', 1) implies fR*f" in A®B and (f,h)L*(f',h') implies h L* h' in B®A.

Communications in Mathematics and Applications, Vol. 12, No. 1, pp. , 2021
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Proof. (1) To prove that A and B are sets of idempotents in G. Let (f,b) € A. Then (f,b)f,b)=
(f °f,b7b)=(ff,bb) (by RI). Hence (f,b)(f,b)=(f,b). Therefore, A < E(G) similarly for B.

(2) Let (f,h),(f',h') € G such that (f,h)ZE(f’,h'). Let £ € B such that hk = h. Then h%k =h
(by LI). Now as ®*a =a and fa = f, we have (f,h)(a, k) = (f,h) which implies (f',h')a, k) = (f', k)
because (f,h)z}_—;(f',h’) which implies that /("' a) = £ and A’k = b’ which would give h'k = h'.
Together with the other direction, we have ALgh'. Similarly, (f ,h)ﬁig(f ' k') implies fRAf'.

(3) Suppose that (f,h)R*(f',h') and let g,g’ € A®B be such that gf = g'f. Then g(®f) =g'f)
(by RI) which implies that (g,b)(f,h) = (g’,b)(f,h) which implies that (g,b)(f',h") = (g’,b)(f’,h')
because (f,h)R*(f',h') which implies that g(®°f’) = g’(°f") which implies that gf’' = g'f’.
Moreover, f = g'f = g'(°f) which implies that (f,k) = (g',b)(f,h) which implies (f',h') =
(g',b)(f',h') because (f,h)R*(f',h') hence ' = g'(®f’) that is f' = g'f’. Together with the dual,
we get fR*f" in A®B. Similar proof for (f,R)L*(f',h') implies & £* k' in B®4. O

4. Conclusions

In this paper, we investigated some arithmetic properties of Generalization for General Products
A®B ><, B ®A of wreath product of monoids such as Green’s relations and generalized Green’s
relations which play an important role in the theory of abundant semigroups which is to
some extent analogous to that Green’s relations in the theory of semigroups. We characterize
generalized Green’s relations on the generalized of general product of wreath products for
monoids. Of course, there are still so many different structure properties that can be checked
on this important product.

For future work the author will investigate special kind of semigroups such as inverse
semigroups and study how this would interrupt with this new definition.
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