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1. Introduction

Let N be the set of natural numbers, R be the set of real numbers and C be the set of complex
numbers. Let A be the family of normalized functions that have the form

g(z):z+§djzj, (1.1)
j=2
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which are holomorphic in ® ={z € C: |z| < 1} and let S be the collection of all members of A
that are univalent in ©. It is well-known (see [5]) that every function g € $ has an inverse g~ !
satisfying z = g 1(g(2)), z€ ® and w = g(g~Hw)), |w| < ro(g), ro(g) = 1/4, where

g o) = f(w) = w—daw?® +(2d2 - d3)w® - (5d5 — 5dads + dyw* + ... (1.2)

A member g of A is said to be bi-univalent in © if both g and g~! are univalent in ©. We
denote the family of bi-univalent functions that have the form (1.1I), by Y. For detailed study
and various subfamilies of the family ), one can refer the works of [2]], [4]], [8]], [11]] and [[14].

We recall the principle of subordination between two holomorphic functions g(z) and f(z)
in 3. It is known that g(z) is subordinate to f(z), written as g(z) < f(2), z € D, if there is a
w(z) holomorphic in ®, with ¥(0) =0 and |y(z)| < 1, z €D, such that g(z) = f(w(z)). Moreover,
g(2) < f(2) is equivalent to g(0) = f(0) and g(®) c f(D), if f is univalent in 2.

Let m(x) and n(x) be polynomials with real coefficients. The (m,n)-Lucas polynomials
L j(m(x),n(x),x) or briefly L j(x) are given by the following recurrence relation (see [10]):

L j(x) = m(x)L j_1(x) + n(x)L j_2(x), Lo(x) =2, Li(x) =m(x), (1.3)
where j € N —{1}. It is clear from that La(x) = m%(x) + 2n(x), L3(x) = m3(x) + 3m(x)n(x). The
generating function of the (m,n)-Lucas polynomial sequence L ;(x) is given by

S(x,2):= oXo:Lj(x)zj = 2-mlx)z

j=0
Note that for particular chioces of m(x) and n(x), the (m,n)-Lucas polynomial L ;(x) leads

(1.4)

1-m(x)z —n(x)z2"

to various polynomials, among those we list following few here (see, for more details [3]]):
(i) L j(x,1,x) = £ ;(x), the Lucas polynomials, (ii) L ;(2x,1,x) = P(x), the Pell-Lucas polynomials,
(iii) L ;(1,2x,x) = J j(x), the Jacobsthal polynomials, (iv) L ;(3x,-2,x) = F;(x), the Fermat-Lucas
polynomials, (v) L j(2x,—1,x) = T;(x), the first kind Chebyshev polynomials.

In literature, the coefficient estimates and celebrated Fekete-Szego inequality are found for
bi-univalent functions associated with certain polynomials like the Chebyshev polynomials, the
(m,n)-Lucas polynomials. We also note that the above polynomials and other special polynomials
are potentially important in the mathematical, physical, statistical and engineering sciences.
More details associated with these polynomials can be found in [1]], [[7]], [9], [12] and [16].

For g € A, k e NU{0}, Saligean differential operator [13] D* : A — A, is defined by

D%g(2)=g(z),D'g(z) = 28'(2),...,D*g(z) =D(D*'g(2)), z€D.

o0 . o0 .
It is easy to see that if g€ A and g(z)=z+ ) d;2/, then Dkg(z)=z+ ¥ jkde‘], z€D.
Jj=2 J=2
Inspired by recent trends on bi-univalent functions and motivated by the paper [15], we
define the following special families of }_ by making use of the (m,n)-Lucas polynomials, which

are given by the recurrence relation (1.3) and the generating function (1.4).

Definition 1.1. A function g(z) in }_ of the form (1.1) is said to be in the family &y (x,y, u, k),
O0<y<1,u=0,u=yand ke Nu{0}, if
2(D*g(2)) + uz*(D* g(2))"

-1
(1_Y)Dkg(2)+yz(Dkg(2))/ <9(x,z) R PR
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and
w(D*f(w)) + pw?(D* f(w))"
(1-y)D* f(w) + yw(D* f (w))
where f(w) =g Nw) is as in and G is as in (1.4).

<9(x’w)_]-, we@,

Definition 1.2. A function g(z) in ) of the form is said to be in the family My (x,y, u, k),
0<y<1,u=0,u=yand ke Nu{0}, if
2(D*g(2)) + uz*(D* g(2))"
(1-7)z +yz(Dkg(2)y

<G(x,2)-1, ze®

and
w(D*f(w)) + pw?(D* f(w))"
(1-y)w+yw(D*f(w))
where f(w) = g_l(w) isasin (1.2) and G is as in (1.4).

<Sx,w)-1, weD,

Definition 1.3. A function g(z) in ) of the form is said to be in the family By (x,¢,7,k),

¢=1,7=1and ke Nu{0}, if

(1-8)+¢lz(DFg2)) T
(D*g(2))

<G(x,2)-1, z€e®

and
(1-8)+EHwD* fF@))T
(D f(w)y
where f(w) =g Nw) is as in (1.2) and G is as in (T.4).

<Sx,w)-1, wedD,

For functions belonging to these newly defined families Gy (x,y,u,k), My (x,y, 1, k) and
By(x,¢,7,k), we derive the estimates for the coefficients |d2| and |d3| and also, we consider the
celebrated Fekete-Szego problem [6] in Section

2. Coefficient Estimates and Fekete-Szeg6 Inequality

Theorem 2.1. Let 0<y<1, u=0, u=y, ke Nu{0} and g(z) =z + OZO djzj be in the family
Jj=2
Sy (x,y,1,k). Then

| < |m(x)y/|m(x)] ’ @.1)
2k \/20u2p —yIm2(x) + (1 -y + 2u)%n(x)|
1 m?(x) |m(x)]
sl = 2 | Ty 207 2y 30 2.2)
and for 6 € R
k
: |m(x)] ; '1_% <J
ds— 52| < 28*)(1—-y+3uw . 2 2.3)
| 3 21 = |m(x)|3‘1_371(3 3k6 .
s | 1-— |2,
2(3%) | uw2p — Y)m2(x) + (1 -y + 2u)%n(x)| ' 22k
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where

n(x) )‘ 2.4)

_ _ 2
pQCu—y)+1—-y+2u) (m2(x)

B (1-vy+3p)

Proof. Let g(z) € Gx(x,7, 1, k). Then, for two holomorphic functions r and s such that r(0) =
s(0)=0, |r(2)| <1 and |s(w)| < 1, z,w € ©, and using Definition[1.1} we can write

2(D*g(2)) + uz*(D* g(2))"

= -1
(1-7)Dtg) + y2Drge)y @)
and
k I 2(Nk "
w(D f(c:)) + pw=(D If(w)) ~ Sz, s(w) - 1
(1-v)D*f(w)+yw(D*f(w))
or, equivalently
z2(D*g(2)) + uz(D*g(2))" 9
(1-7)D*2() + 72D 2(2)) =—1+Lyx)+L1(x)r(z)+Lo(x)r(z)+... (2.5)
and
k I 2 k "
WD @) +po”D7FON" | L0s(@) + LaGo)s2@)+ ... (2.6)

(1-y)D% f(w) + yo(D* f(w))
From and (2.6), in view of (1.3), we obtain
2(D*g(2)) + uz2(D* g(2))"
(1-y)D*kg(2) +yz(D*(2))

=1+L1(x)r1z +[L1(x)re + La(x)rilz? +... (2.7)

and
w(D* f(w)) + pw*(D* f ()"
(1-y)D% f(w) + yo(D* f(w))

=1+L1(x)s1w+[L1(x)sg + La(x)s1w? +.... (2.8)

It is well known that if [r(2)| = [riz +rez2 +r3z3+...| <1, z€D and |s(w)| = |s1w + sow? + s30> +
.. I<1, we®, then
ril<1 and [s;|<1 (ieN). (2.9)
Comparing the corresponding coefficients in and (2.8), we have
281 -y +2u)ds = L1(x)r1, (2.10)
2(3")(1 -y +3u)d3 — 22 (1 + y)(1 -y + 2wd2 = L1(x)ry + La(x)r?, (2.11)
—28(1—y+2u)ds =L1(x)s1, (2.12)
— 2851 -y +3wds + 2% (y? — (4 + 21)y + 3+ 10p)d2 = L1(x)sg + La(x)s?. (2.13)
From (2.10) and (2.12), we can easily see that
ri=-s1 (2.14)
and also
2211 —y + 2uw)2d2 = (2 + $2)(L1 (%)% (2.15)
If we add (2.11) and (2.13), then we obtain
22 (1 — y)(1 =y +2u) + 2u)d2 = L1(x)(rg + s9) + Lo(x)(r2 + s2). (2.16)
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Substituting the value of (r% + s%) from (2.15) in (2.16), we get

9 (L1(x))3(rg +s2)

d2 = , (2.17)
2 92k+1[((1 - YA =y +20) + 2u)(L1(x))2 — (1 -y + 2u)2Lo(x)]
which yields (2.1), on using (2.9).
Using (2.14)) in the subtraction of (2.13) from (2.11), we obtain
22k L _
ds = 2 1(x)(rg —s2) (2.18)

T 2T ha—y+3m
Then in view of (2.15), becomes
_ (La@PEi+s)) Li@)(rg-s2)
T 23R (1 —y+2u)2 4R (1 -y +3w)’
which yields (2.2), on using (2.9).

From (2.17) and (2.18), for 6 € R, we get

(T(5,x) +

3

|d3 —8d2| = |m(x)|

J

1
)” i (T(‘S’x) TABH1-y+ 3u))82

4(3))(1 -y +3p)
where
(%i,f —5) m2(x)
22k+2[1y(y — 2u)m2(x) + (1 —y + 2u)2n(x)]
In view of (1.3), we conclude that
1
Ol 76,01 < —
|d3—6d§|§ 23%)(1 -y +3p) 4(31)(1—y+3u)
2lm@)||T0,x); 1T(6,x) =

T,x)=

4(3F) (1 -y +3p)’
which yields (2.3) with J as in (2.4). This evidently completes the proof of Theorem [2.1] O

Remark 1. The results obtained in Theorem [2.1] coincide with Theorem 2 and Theorem 3 of [3]],
fork=0and u=7y,(0<y<1).

Remark 2. The results of Theorem reduce to Corollary 1 and Corollary 3 of [3]], when
k= u=y= 0.

Remark 3. Corollary 2 and Corollary 4 of [3]] can be obtained from Theorem by putting
k=0and u=y=1.

Theorem 2.2.Let 0<y<1, u=0, u=vy, ke Nu{0} and g(z) =z + OZO d;2’ be in the family
J=2
My (x,y,u,k). Then

| < |m(x)/ Im(x)] , (2.19)
2k \/1(4p(u—y) + (1 —y +2u)m2(x) + 8(1 — y + p)2n(x)|
2
lds| < 1 m7) + im0 (2.20)

3k [41-y+w? 3A-y+2w
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and for 6 e R
k
[m(x)| ; ‘1_3 o Y
p 5d2 _ 3k+1(1_7+2/~t) 22k
— k
|d3 2|— Im(x)|3)1_zTg 3k5 .
. _— >
3k |(Ap(u—y)+ 1 -y +2w)m2(x) + 8(1 —y + w)2n(x)| ’ ‘ 22k | T
(2.21)
where
n(x)
= |du(u- 1—y+2u)+8(1— 2l —1|.
B —yrze | CHHT YO EA Sy (nﬂ(x))’

Proof. Let g(z) € My(x,y,u,k). Then, for two holomorphic functions r and s such that
r(0)=s(0)=0, |r(z)| = |riz+rez?+r3z®+---| <1 and |s(w)| = |s1w+S2w? +s3w3 +-+-| < 1, z,w €D,
and using Definition (1.2, we can write

2(D* g(2)) + uz*(D* g(2))"

(1-pz+y2Dfg) Sla,r(2) -1 (2.22)

and
Dk i 2 Dk "
Ll L O T G s(o) -1 2.23)
(1-y)o+ywD*f(w))
Following (2.5), (2.6), (2.7), and (2.8) in the proof of Theorem [2.1] one gets in view of (2.22) and
(12.23)

28 (1 —y + wdg = L1(x)r1, (2.24)
3k+1(1 - Y+2wds — 22k+2(1 Y+ ,u)yd% =L1(x)rg +L2(x)r% , (2.25)
— 2" 11—y + wde =L1(x)s1, (2.26)
— 381 —y + 2u)ds + 22812y % — (5 + 2u)y + 3(1 + 2w)1d2 = L1(x)sg + La(x)s2. (2.27)
The results (2.19)-(2.21) of this theorem now follow from (2.24)-(2.27) by applying the procedure
as in Theorem [2.1] with respect to (2.10)-(2.13). O
oo .
Theorem 2.3.Let { =1, t=1and ke NU{0}, g(z) =2+ X d;z/ bein the family By (x,¢,T,k).
j=2
Then
Ids| < Im(x)ly/Im(x)| , (2.28)
2k /1((8&72 — Tér + 1) — 42T — DP)m2(x) — 827 — 1)2n(x))]
1 [ m2x) Im(x)|
dsl< — + 2.29
dsl= 3 | 2@er— 12 T 368 -1 (2.29)
and for e R
k
|m(x)] : '1 3% <0
d _5d2| - 3k+1(36‘r -1) . 92k
3T0d2l= |1- 22| im0 ' sts
-2 20,
3k|((8ET2 —7&T +1) — 4281 — 1)2)m2(x) — 8(2éT — 1)2n(x)| 92k
(2.30)
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where

((8¢7% =767+ 1) - 4(2¢7 - 1)) - 82T - 1)2( £2 )‘

m2(x)

R TE T

Proof. Let g(z) € By (x,¢,7,k). Then, for two holomorphic functions r and s such that r(0) =
s(0)=0, |r2)| =|riz+rez2+r3z3+---| <1 and |s(w)| = |s10 + s9w? + s3w3 +--+| < 1, z,w €D, and
using Definition we can write
(1-8)+Elz(D*g(2))T
(D*g(2)y

=G(x,(2)-1, zeD (2.31)

and
(1= 8+ EwD* F())T
(D% f(w))
Following (2.5), (2.6), (2.7), and in the proof of Theorem one gets in view of and
(12.32)

=G(x,(w)-1, weD. (2.32)

2k 1 (2¢7 — 1)dg = L1(x)r1, (2.33)
22k42(9¢72 — 487 + 1)d2 + 3F*1(8¢7 — 1)d3 = L1(x)rg + La(x)r?, (2.34)
—28*1(2¢7 — 1dg = L1(x)s1, (2.35)
220414872 4 &7~ 1)d2 - 3541887 — 1)d3 = L1(x)sg + La(x)s>. (2.36)
The results (2.28)-(2.30) of this theorem now follow from (2.33)-(2.36) by applying the procedure
as in Theorem [2.1] with respect to (2.10)-(2.13). O

In next section, we present some interesting consequences of our main result.

3. Corollaries and Consequences

Theorem would yield the following corollary for the family %5 (x,k), when y = 1/2 and
w=1/2.

Corollary 3.1. If g(z) € 5 (x,k), a subfamily of ¥ satisfying
(Z2(D*g(2))y (*(D*f ()Y
(zD*g(2)y (wD* f(w)y
where f(w) =g Yw) is as in and G is as in (L.4)), then
_ V2m@IlVIm)] dul< L 4m*(x)  |m(x)|

|d3l

<SG(x,2)-1,2€e® and <Sx,w)-1, wedD,

|d2l

" 2k /Im2(x) + 9n()| "8k 9 4
and for some § € R,
Im(x)| 3k _1 149 n(x)
43k "9 | T3 T )
|d3 —8d3| < ) 3|, _ 3k
imP? [1- 32 . ' 36 >1‘1+9( n(x) )‘
3k m2(x) + 9n(x)| ’ 22k | 8 m2(x))|

Corollary [3.2| asserts immediate consequence of Theorem [2.1]for the family _Zy (x,%), when
Y=0and p=1/2.
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Corollary 3.2. If g(z) € _Zy(x,k), a subfamily of ¥ satisfying

(z2(D*g(2))Y (WX (D* f(w))Y

<9(x,2)-1,z€® and <Gx,w)—-1, wedD,

2D%g(z) 2D*f(w)
where f(w) =g Yw) isasin and G is as in (1.4)), then
2
| < |m(x)/Im(x)] 7 s < ik m-(x) |m(x)]
2k \/Im2(x) + 8n(x)| 3kl 4 5
and for 6 € R,
Im(x)| k5| 1 n(x)
5(3%) ’ “o2 | 551 8 2
|d3_5d%|S ( )3 1_3k_5 B
|m(x)| 2% | ‘ 8k >1‘1+8( n(x) )‘
3k |m2(x) + 8n(x)| ’ 22k |~ 5 m2(x) /|

We conclude the below result for the family %5 (x,k) by putting y = 1/2 and g =1 in
Theorem [2.11

Corollary 3.3. If g(z) € Z5(x,k),a subfamily of ¥ satisfying

k AV k AV
222D g(z) <G(x,2)-1,2z€e® and 200D f(0))) <Sx,w)—-1, wedD,
(zD*g(2)) (wD* fw)y
where f(w) =g Yw) isasin and G is as in (1.4)), then
2
ol < V2|m(x)ly/Im(x)| C dal= ik 4m*(x) | Im()|
2k \/16m?2(x) + 25n(x)| 3 25 7
and for 6 € R,
Im(x)| 3k 1 n(x)
RO ) ‘ Iz SE'M%(mZ(x))‘
| - 6d3| < 5|, 3te
2Im(x)I° (1 92k | ‘ ~ 3k_5 - 1 6+25( n(x) )‘
3k16m2(x) + 25n(x)| 22k | T 14 m2(x) /|

Corollary [3.4] asserts an another interesting consequence of Theorem [2.1] for the family
Py (x,u, k), by putting y = 0.

Corollary 3.4. Let u=0. If a function g(z) € Py (x, 1, k), a subfamily of Y satisfying

. , 2 "
(M) (1+ M) <5x,2)-1,2€D

Dkg(2) H (Dt g(z))
and ) , k )
(%) (1 + “%) <S(x,w)—1, weD,
where f(w) =g Yw) is as in and G is as in (1.4), then
|da| < m@)VIm@)| , \ds| < 1 m?(x) N |m(x)|
2k\/ [2122m2(x) + (1 + 2p)%n(x)|] 3k [(1+2w?2  2(1+3p)
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and for 6 € R,
Im@)| _shs 1 ' 2 2( n(x) )‘
|d3_6dglS ( )3 _3k_5 A
Im ()| o7 . ‘ _3% 1 9% 4 (142 )2(n(x))'
263H)22m2(x) + (1 + 202 (x)] 92k | = (1+3w | 2wl

Setting =1 and % = 0 in Theorem we arrive at the following:

Corollary 3.5. Let 0<y<1, u=0, u=vy and g(z) of the form (1.1) be in &y (x,v,1,0). Then

|m(x)]
|ds —d%l <—.
2(1-vy+3p)

Remark 4. Corollary [3.5reduces to Corollary 5, Corollary 6 and Corollary 7 of [3] when pu =17,
p=v=0and p=7y =1, respectively.

Corollary asserts immediate consequence of Theorem for the family Ry (x, u, k) when
Y =0.
Corollary 3.6. If g(z) € Ry (x,u, k), u =0, a subfamily of }_ satisfying
(D*g(2)) + uz(D*g(2))" < G(x,2)~ 1 and (D*f(w)) +uw(D* f(w))" < G(x,w) -1,
where z,w €D, f(w)=g Yw)isasin @C2) and § is as in (T.4), then

dy| < Im(x)ly/Im(x)| dal < 1 [ m%x) L _Im@)l
21 = ) 3=
2k /1412 + 21+ 1)m2(x) + 8(1 + p)%n(x)| 3k [4(1+p)?  3(1+2p)
and for 6 € R,
k
. [m(x)| : '1_2 <M,
dy—6d2| < 3k+1(1+2u) . 22
sToTeE Im(x)?11- 52| ' 3%s
;| 1— =57 | = Ma,
3"‘|(4,u2 +2u+ Dm2(x)+ 8(1 + p)zn(x)l 22k
(x)
Mi=—— |42 +2u+1)+801 2(” )
where M1 31+ 20 (A +2u+1)+8(1+p) 20

Corollary [3.7] asserts an another interesting consequence of Theorem [2.2| for the family
Ly (x,u,k) by putting y = 1.

Corollary 3.7. If g(z) € £y (x,u, k), p=1, a subfamily of }_ satisfying

z(D"g(2))" w(D* f(w))
(m)<9(3€,2)—1, z€® and 1+“(W)<9(x,(,t))—l, we@,
where f(w) =g Yw) is as in and G is as in (1.4)), then
2
| < |m(x)]y/|m(x)] sl = 1 : [m (x)+ [m(x)]
2k \/2ul(2u — 1)m2(x) + 4un(x)| 213%) | 2 3
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and for 6 € R,
3k
'7(53'»' '1_27’@ ‘(2" D+ap (n;f;))‘
|ds —6d3| < 3
[m ()] ‘1 22k 3ks @u-1)+4 n(x)
2u(3F)|(2u — 1)m2(x)+4un(x)| ' 22k ’ T ( Z(x))"

We conclude the below result for the family .#5 (x,&, k) by putting 7 =1 in Theorem

Corollary 3.8. If g(z) € Ay (x,¢, k), {21, a subfamily of Y. satisfying
z(D*g(2))"

4 _é)(Dkg( )>'+5( T (Dra)y

)<9(x,z)—1, Z€eD

and
w(D* ()"
D@y ' '5( D)
where f(w) =g Nw) is as in and G is as in (1.4), then

)< Sx,w)-1, wedD,

| < |m(x)y/1m(x)|
T2k /|(E+ 1428 — DP)m2(x) - 828 — 1)2n(x)]
da| < 1 [ m?x) . |m(x)]
773k [426-12 " 3(3¢-1)
and for 6 € R
|m(x)| 3ks
ds - 5d2| < 313 —1) ‘1_2Tk =t
| 3~ 2|— 2|m(x)|3’1 22k 3k5 o
: E——
3k|(¢ + 1 — 428 — 1)2)m2(x) — 826 — 1)2n(x)| ’ ‘ 92k | =
gl )
where 91_3(35—1) (E+1-4(26-1)%)—-8(26-1) 2@ )|

Theorem would yield the following corollary for the family Iy (x,7,k), when ¢ = 1.

Corollary 3.9. If g(z) € Ny (x,7,k), T = 1, a subfamily of }_ satisfying
[(z(D*g(2)))T* [(w(D*f())T
-1
D 2(2)) <G(x,2)-1,2€® and D* (@)
where f(w) =g Yw) is as in and G is as in (1.4)), then
iy < Im(x)|y/|m(x)]
ok V1872 —T1 +1-4(27 — 1)2)m2(x) — 8(27 — 1)2n(x)| ’
1 m?(x) [m(x)]
+
4271-1)%2 3(87t-1)

<9x,w)-1, wed,

ld3| <
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and for 6 e R
k
Im@)| 1370 Qy
g — 52| < 3k+1(3r-1)’ ) 92k
370031 = im)P? [1- 52 3ts
; - —| = Qg,
3k|1((812 - 71+ 1) —4(27 — 1)2)m2(x) — 8(27 — 1)2n(x)| ‘ 22k 2
1 2 2 o[ n(x)
where Qg = 3(?—1) Br°-T7t+1-4271-1)*)-8271-1) (mQ—(x) .

4. Conclusion

Using the concept of subordination, we have introduced some special families of holomorphic
and Salagean type bi-univalent functions in the open unit disc © associated with (m,n)-Lucas
polynomials. We have then derived the initial coefficient estimations and also Fekete-Szego
inequalities for functions belonging to these special families. Our main results are obtained in
Theorem Theorem and Theorem Further by specializing the parameters, several
consequences of these new families are mentioned.
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