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1. Introduction

In this work, we give some remarks on the Riemann’s zeta function and its extension and
certain links with the arithmetic functions and applications.

Leonhard Euler proved the Euler product formula for the Riemann’s zeta function in his
thesis ([5]]) (Various Observations about Infinite Series), published by St. Petersburg Academy
in 1737.

Indeed, the theory of the Riemann’s zeta function and its generalizations represents an
important part in the old and recent mathematical developments. It played a fundamental role
for the interest of the prime number theory.

2. Euler’s Product Formula and Applications

Theorem 2.1 (Euler’s formula (General case)).

(i) Let f :N* — C be a multiplicative arithmetical function not identically zero such that

Z |f(n)| < +o0.

n=1
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Then we have the following Euler’s general product formula
Y ) =T]A+f@+f@H+..), (1)
n=1 p
where the infinite product to the second member spread in all first numbers p = 2 is
absolutely converging.

(i1) If f is completely multiplicative then (1) is reduced to
Y fa=T]a-f@Ey 2)

n=1 D
Proof. (1) Let us put
P)= [ A+f@)+f(®*+..), xreal

2<p<x

P(x) is the product of a finite number of absolutely converging series.

We can thus multiply them term by term and we obtain, because f is multiplicative,

P(x)= Z f(k),
k>x
where %k runs over all integers = 1 which have no prime factor strictly > x. Let us put
S=) f(n
n=1

and train

S—P(x)=) f(s),
b

where s runs over all integers = 1 which have at least a prime factor > x. We have
naturally s > x, from where
IS -P@I<Y If&l< Y If (.
S nz=x

Let us make x — +oo, then ) |f(n)| — 0 (because the series of general term f(n) is
n=x
convergent and Y |f(n)| is the rest of order x). Hence P(x) — S which proves ().

n>x

The infinite product in the second member of (1) is absolutely convergent.

(H(l + a,) is convergent if Z |y, converges)

because
Y F@+ @D+ = Y AF@I+IFPDN+...)
p=x p<x
- Z |f(n,)| assuﬁption too 3)

n=2

(i1) Let us suppose f completely multiplicative, then it results from the formula (3) that for
every p = 2 the series (|[f(p)| +|f(p?)| +...) is convergent but in our case

Vn=1l, [f(")={(m)"
— the series (|f(p)| + If(p)l2 +...) is convergent
= Vp=2 |f(p)<l.
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But then (1) spells
Y fn)= 1‘[(1 +f()+f(pH)+.

n=1
= 1‘[(1 + D) +(F(P)2+...)
B H 1- f (p)
(it is the translatlon of the unique factorization theorem). O

As applications of this theorem, we have the following propositions:

Proposition 2.2. Let f be an arithmetic function such that

5 £

n=1 n®
Then

<+o0o, s>1.

(1) if f is multiplicative one has

y gy s 1), z

S
n=1 1 p \m=0 P

@11) if f is strongly multiplicative one has
f (n) H( f (p) )

(iii) if f is completely multiplicative one has

fn) ( f(p))‘l

n=1

n=1 n® - p p s
Proof. Let us apply the expression (I) to the function f (n) ,n=1,s>1 and such that
> ) < 400
n nS

Then

(i) if f is multiplicative then it is of the same of ! ,(L's’) , thus the identity

AL =H( f(i'?); 5

s
n=1 1 p \m=0 P

(i1) if f is strongly multiplicative, one has
Vm=1, f(p"™)=Ff(p)
and the formula (4) spells

f(n)
v _H(1+f( )mZ>1( s)m)

_1)) 1;[( f(p))
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(iii) if f is completely multiplicative then it is of the same of ! ,(l';“) , thus

5 f(n) :1;[(1_ f}t()}z))‘1

s
n=1 1

namely, we obtain

f=fe=Y TP 51

n=1

Dirichlet’s transform of arithmetical function of major interest in probabilistic number
theory. O

Remark 2.1. In Proposition let us take the function f(n) =1, it is completely multiplicative.
On the other hand, we have
1
Z f(’z): Z — <+0o fors>1,
n=1 1 n=1
thus the classical Euler product formula:

Zi—ﬂ(l—i)_l Vs>1
ns_p ps ’ :

n=1

3. ¢ Function for Real Arguments > 1

Definition 3.1. The Riemann zeta function is the function defined simply by

1
YV sreal>1, {(s):= Z —
n

n=1

it is a function defined on ]1, +oco[, continuous and decreasing.

Theorem 3.1. The Riemann zeta function { is derivable for every s real > 1 and its derivative
can be obtained by derivation term by term in all the interval of definition by

1
(== ogsn’ Y s real > 1.
n

n=1

Remark 3.1. We have the following important numerical value:
2
T

1
(@=Yy —=%

n=1 6

Theorem 3.2 (Euler’s product formula (appearance of prime numbers)). We have

111
Vs>1, ((s):H(l——) ,
P p®
where the infinite product is to be taken on all the prime numbers p = 2.

Remark 3.2. The Euler’s product formula can be considered as analytical expression of the
fundamental theorem of arithmetic.

Proposition 3.3. There is an infinity of prime numbers.
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Proof. Let us show that there is an infinity of prime numbers by using the fact that {(2) = %2 is
irrational. Let us suppose that there is only a finished number r of prime numbers p1,...,p:.
By making s =2 in the Euler’s product formula, then

r 1 -1 ”2
[(2): 1—-— = —
Hl( p?) 6

contradiction (it is impossible). O

Theorem 3.4 (Connection with Mobius function). We have

Vs> 1, H( ) >

n=1

Proof. We have

¢ the first equality

510 5)
- 1- —
(s) p?
holds from Euler’s identity;

* the second equality
1
H(l__) -y w(n)
p p?
holds from the Euler’s generalized product formula (I). Indeed, let us apply this product
formula to the multiplicative function
u( )

f( )— - S > ].7
which gives
u(n) ( u(p) w(p?) u(p3)
nZ>:1 l;[ st P3s
1 1
=T[{1-=]|=—. 0
l;[( ps) ((s)

Remark 3.3. The functions identically equal to 1 or u verify
1

n=1

pn) 1
Vs>1,
P Vbl ret

The functions 1 and p are inverse of what we shall call “Dirichlet Algebra”.

4. Asymptotic Behavior of {(s), log{(s) and {'(s), when (s — 1%9)

For later needs, we look how behave the zeta function { and its derivative ¢’ in the neighborhood
of 1.

Commaunications in Mathematics and Applications, Vol. 11, No. 3, pp. , 2020
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Theorem 4.1 (Asymptotic behavior of {(s) and log{(s) when (s — 1*°)). We have
(a) {(s)=-1+0(1) and {(s) ~ =, when (s — 1*0);

(b) log¢(s) =log L5 +O(s —1).

Proof. (a) For every s > 1, the function %, x =1 is decreasing. We have,

oo 1 +oo 1 n+1 1
{(s)= Z f —dx+ Z (———)dx S(s)+R(s).

nS

e We have
+00 1 1
S(x):f —dx—
1

s—1
¢ Let us show that R(s) is positive and bounded. Indeed, for every n = 1, for all
x €[n,n+1], we have
1 1 ¥ s s
O<$—;:fn ts+1dt<§
which implies

n+1l 1 1 S
O<f (———)dx<—.
n ns xs n2

Then,

+oo pn+l 1 +oo |
<Zf (———)dx<sz
n=1Jn

nS

Hence
+00 1 R +00 1
O<R(S)<SZ—2<+00 == ﬂ Z—2<+oo
n=171 S n=11
Then

{(s) = 1 +0(1) and (s)~ L, as (s — 170).
s—1 s—1

(b) According to (a), we have
(s—1)(s)=1+(s—1)0(1Q)=1+0(s—1).

Then,
log(s — 1) +log{(s) =log(1+O(s —1)) = O(s — 1)
and thus,
log{(s) = 1og$ +0(s—1), as (s — 1), O

Theorem 4.2 (Asymptotic behavior of {'(s), when (s — 179)). We have

(5) = —— () ~ -t
{(s)= Go12 +0(1) and {'(s) G2

as (s —1%9).

Proof. For all s > 1, the function 1<;ng , with x = e, is decreasing, and

1
_(/(S) — Z Ofn

s
n=1
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+ool +o00 pn+l 1 1
:f ngdx+ (ogn_ ogx)dx
1 x* n=1dn ns x*
=S(s)+R(s).

e et

+o0
S(s) = f logx

Let us make the change of variable x

S()—;foo (—y)dy = ——
Vo2 )y YOV T Ty

s=1 = exp(y), then,
+00

because f yexp(—y)dy =1.
0

® Let us show that

R(s
0< —)<K<+oo

S
Indeed, for all n = 3, for all x € [n,n + 1], we have
(< log(n+1)) (negligible)

1 1 x logt 1
ogn logx [(*s log - S
0< — —fn pres, dt< ﬁlog(n+1)

ns xS
and then,
n+1 1 1
O<f ( 0BT _ ogrx)olx<ilog(n+1)
n ns xS n2

which implies
n+l (] 1 +00] 1
0< Z ( ogn —Ogsx)dx<sZ—0g(n2+ ).

S
n x a3 N

hence,
t] +1
O<R(s)<s Z %2),
n

n=3

namely
R =1 1
0< ) <) og(n2+ ) < +00
n

S n=3

Theorem 4.3. We have

log{(s) = Zis +0(1), as (s - 1*9).
p P

Proof. According to the Theorem we have
1\-1
Vs>1, ((s):l_[(l——s)
p

p

1 1
— logl(s)=Y -1 (1——): ( )
og{(s ; og|l-—3 Y Ly

p
(according to Fubini we make interchange the signs of summation)

log{(s) = Z— +) (k;k ks)

p
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or
1 1 1 1 1
Y <Y =g end =
kzzkps Ry i pZS(l—F) D 2
1 1 1\71
= iyl R vl B
ok P® p 2
Then
1 1\71 1 1\71
<|1-— Y —<[1-— -((28) < 2((2
b - IO V= (B IR T
(since (1 - )71 <2 and {(2s) < {(2)). O

Theorem 4.4 (Behavior of the sum ZI% when (s — 1%9)). We have
p

1 1 1 1 0
%“E :1og8—_1+0(1) and ;E~log8_—1, as (s—>1 )
Proof. See (b) of Theorem 4.1 and also Theorem O

Corollary 4.1. The series Z% is divergent.
p

Proof. One has,
1 1 1 1
Vs>1, —<— = Vs>1, Z—SZ—.
p® »P° P

b
Let us make (s — 1) according to the Theorem the first member tends to +co = the
second member = +oco = Z;l, = +o00. O
p

5. Extensions of the ¢ Function
Let us consider the Riemann’s zeta function

1
()= — Vs>1. (6)

n=1

Let us put, from now on, s=0+it, o, teR.

(a) 15! Extension to D := {s € C,Re(s) > 1}
Let be

Figure 1. © :={se C,Re(s) > 1}
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Theorem 5.1. Let © := {s € C,Re(s) > 1}. We can extend the function given by the expression (6)
in a holomorphic function in ® which we shall continue to call { and which still admits the

representation
1
((s)= Z —, S€D.
n=1M1

Further, V s€®, ((s) #0.

Proof. (i) Letus put s=0+it, 0>1, then

s o+it _

nS=n Ueztlogn.

n
Then

1 1
Y — =) —<+00, 0>1.
n21|n'| n=17

It holds that ) % is absolutely convergent for Re(s) > 1 and uniformly convergent in any
n=1
half-plan 0 =1+ ¢ > 1 where it defines a holomorphic function {(s).

Because € > 0 is arbitrary, {(s) is holomorphic in all the open half-plan o > 1.

uniform
convergent

Figure 2

(ii) Because ) % is absolutely convergent for o > 1, Euler’s product formula
n=1

1 -1
{(s) = (1 . —)
1;[ p?
remains valid for all o > 1.

Besides, the infinite product in the second member is absolutely convergent. So for every
s, with Re(s) > 1, {(s) is represented by an absolutely convergent infinite product of factor

(#0) = {(s) #0. O

Remark 5.1. Theorems and [4.2) with regard to the real case extend in case where s
is complex with Re(s) > 1.

For needs in applications, we need to the following proposition:

Commaunications in Mathematics and Applications, Vol. 11, No. 3, pp. [461 , 2020
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Proposition 5.2 (Formula of integration by parts in Stieltjes integrals). Let F(t) := [t] be a
function of distribution of masses, namely, we have

123845..
F(t):= "
11111...1

and let ¢ be of class €:

¢@:[1,+o00[ — C.
We have
Vx>0, Z p(n)= f[l ](p(t)dF(t) = —fl @' (OF (t)dt + p(x)F(x).

As application of this proposition, we have the following proposition:

Proposition 5.3. For Re(s) > 1, we have
1 1 too (¢
—=1+ -8 f i dt
1

=i ns s—1 ts+1 ’

where {t} indicate the fractional part of t.

Proof. Let us apply Proposition to p(t) = tls We have
1 x [t
1_ f 14 4 =
1

= ns ts+1 xS

Assume that Re(s) > 1, then Y ,,>1 n—ls is convergent and % — 0 (when x — +00) thus

+00
Vs, Re(s)>1, Zi:sf L¢] dt
1

s +1 :
n=1 ts

Then since [¢] = ¢t — {t}, (where [¢] denotes the integer part of ¢ and {¢} denotes fractional part
of ¢), and then

1 +0o0 1 +o0 t s +00 t
Y —=s —dt-s Wogi= 5 g Y g,
= ns 1 s 1 t3+1 s—1 1 ts+1

It holds that
1 1 too (¢
RN s
n>1ns s—1 1 ts+1

(b) 2¢ Extension to ®':={s € C,Re(s) > 0}
Let be

Figure 3. ©':={s € C,Re(s) > 0}
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About Riemann’s Zeta-Function and Applications: N. Daili 471

Theorem 5.4. Let be D' := {s € C,Re(s) > 0}. We can extend the function (6) in an analytic
function defined on D' except for the real point s = 1 which is reduced to a simple pole of
residue 1. We also appoint it (.

Proof. One has

1 1 too (¢
— =1+ 1—3[ tijldt, Re(s) > 1.
n=17 S— 1

® The first member of {(s) is defined on © :={s € C: Re(s) > 1}.

* But because 0 < {t} < 1, thus it defines a holomorphic function on
D':={seC, Re(s)>0}.

The second member in its entirety defines an analytic function defined on ' except for the
real point s = 1 where it admits a simple pole of residue 1. Let us call Z(s) this function.

\
A

Figure 4

* We can see that V s € D := {s € C,Re(s) > 1}, the function ((s) = Z(s) so that Z(s) is an
extension of {(s) on ©’ we shall continue to call ¢ the function Z. O

As application, we have the following proposition:

Proposition 5.5 (Application)(Hadammard-de La Vallée-Poussin theorem). One has
Vi#£0, ((1+it)#0.

P 1+t

Figure 5
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Proof. We have
Vo>1, ()=]Ja-p"
p

Then

1
logl(s) = Z — (expanded in entire series)
m=1, p22m b

ms

1
= logl{(s)| = Re(log{(s)) = §R‘3( > m )

m, p
or
1 Loif p=pm
> = Zc—n, where c, =™ P
mpm p™*  pzpn’ 0 else
¢
= logl{(s) = ?Re( ) —Z) where ¢, =0
m=2
or
% = % it = %e‘i“og” = %(cos(tlogn) — isin(tlogn))
= logl{(s)l = ) C—Zcos(tlogn).
n

n=2

Then, one has

log|3(0)-C*o +it)- (o + 2it)| = 31log|l(0)| +41og|l (o + it)| +log |l (o + 2it)|

=) c—';(3 +4cos(tlogn) + cos(2tlogn)).
n=21

This quantity is positive. Indeed,
c,=0 and VxeR, 3+4cosx+cos2x=2(1+ cosx)? = 0.
Thus
Vo>1, |%(0)-{*o+it)-{(o+2it)| = 1

— VYo>1, |(o-DU)P ((Uf D 1o+ 2001 2 ﬁ
and
V#0, ((1+it)#0.
It holds that
o+it)|*

Vo>1, [(o-1)0)>

(0 +2it)| > ——. )
o—-1

Let us show by the absurd that
Vit#£0, ((1+1it)#0.
Let us suppose, indeed, that it exists o #0 such that {(1+it9) =0 and let us consider the
expression (7) written for ¢ = ¢o then it results from the Theorem [3.4] that
{(o+1tg) _ ((o+itg)—((A+1itg)
o-1  (o+itg)—(1+ito)

—~{(A+itg)as o — 170
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1 s+it

Figure 6

so that by making aim towards ¢ to 17 in (7) the first member tends to
(1 +i20)|*10(1 + 2it0)] < +oo.
The second member tends to +oco, from where a contradiction because

((1+itg)=0=V ¢t#0, {(1+it)#0. O

Theorem 5.6 (Fundamental Theorem (Riemann)). Let us put
1
Vs>1, s):= —.
{(s) ,;1 >
We can extend this function in an analytic function in all the complex plan C which admits a
simple pole in the real point s =1, the residue in this pole being equal to 1 we shall continue
to call { this extension, and for s complex such that Re(s) > 1 this extension still admits the

representation
1

5"
n=11

Proof. The basic idea of Riemann is to look for a formula representing the series } % and
n=1

which remains valid for all the values of s.
(i) V sreal >1 V n integer = 1 we have naturally
I'(s)

+00
f x*texp(—nx)dx = —.
0 ns

(ii) Let us add for n =1,

+oo ,s-1 1
Vs>1, f ldx =T(s) Z =T(s){(s).
0 _

e* n=1 n®

(iii) Calculation of the integral: Let us call ¢ the outline, furthermore by writing (-z)° for
e51°8(-2) " and by defining logz in the complex plan deprived of its real negative half-line as
the branch which is real for the positive real values we find

—2)¥ d +00 .S—1
f (=2) gz _ 21 sin(ns)f ad dx.
3 0

e?—1 z e*—1
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Figure 7. ¥ Domain of integration

(iv) According to (ii) we find
_2)\S
(F2)" d2 _ o sin(rs)[(s)(s).
ve*—1 z

Then by multiplying by I'(1 —s) and by using what we call the complement formulae
I'Gs)Ira-s)=

Vs>1,

. b

sinms
hence
[1-s) [ (-2)°dz
2in Jger-—-1 z
this is the formula which represents the formula of {(s).

Vs>1, ((s)=

(v) This formula is established for s real > 1, or we have note that the second member defines
an analytic function in % \ {1}.

The real point 1 being a simple pole. Indeed,

(a) the integral
(-2)° dz
zve?*—1 ?
is convergent for all s complex and defines an analytic function of s complex.

(b) It holds that the second member is defined and analytic safe can be in the point
s=1,2,3,... which are simple poles of the function I'(1-s), or for s =2,3,... the first
member which is equal to

1
((s)= ’;1 ;
has not pole (we have concludes that the integral [, (e;z_ )i % inevitably has to have 0
for s =2,3,... to know the poles of {(1 —s) in these points).

(c) The only possible singular point is thus s = 1. In this point the formula
1
((s)= Z ;

n=1

shows that (liI{I )( (s) = +o00. Thus actually is a pole. According to Theorem , itis a
s— +

simple pole of residue 1 (see [6]).

6. Bernoulli’s Numbers

The function

flx)=

X

e*—1

Commaunications in Mathematics and Applications, Vol. 11, No. 3, pp. [461 , 2020
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is analytic in the neighborhood of x = 0. The singularity that closest to the being origin is
x = +2imw. We can develop it in entire series for x, |x| < 27.
X

xn
-y B,~.
e*—-1 ;% n!

The coefficients B,, are called the Bernoulli’s numbers, these numbers are rational.
In particular, we have

Bo=1,
1 1 1 1
By==,By=-—, Bg=—, Bg=——
2 6’ 4 30, 6 42’ 8 80’
1
Bi=-2,B3=0,B5=0, ...

¢ The Bernoulli’s numbers of odd indices are zeros except the first one.

¢ The Bernoulli’s numbers of even indices alternate of sign from the second who is positive

7. Applications

Values of {(s) in points s€ Z
The values of {(s) for the negative numbers and the even positive integers are given by mean of
the Bernoulli’s numbers.

Proposition 7.1. The values of {(s) for integers < 0 are of the shape

B
((~n)=(-1)"222L 5 =0,1,2,....
n+1

Proof. Using the formula which represents the function { for n integer <0
I'A+n) [ (-2)"dz

== Lo o1 2
! -n d
= thim [ (=) =2
2im (-0 Jiz1=e \e? -1 z =z

| k
= 2 (-1)" lim (ZB 2 )z—”—lﬁ
1214

p—
2 (e—0) |z|=€ k>0 k! V4
n! . B __1dz

= (-1"lim ¥ =% | 122
2im (E—'O)kzo k! |z|=¢€ V4

integrals =0
]
A
\/ > J

Figure 8

We make the change of variable

z=ce'? = dz=id0
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or
192 i 1 (T ihenD.
fzknl_:gknllf el(knl)ﬂde
0

z
lz|=€
21 if k= 1
. nr independent from € > 0.
0 else
-n"
_ — 1 n n+1 2 — . D
= {(-n)= ( y = B
Particular Values
1 1
((0)2_5, ((_1): a (( 3)_ a (( 2n)—0 n = ]- 2

We notice that the functlon ¢ takes zero on the even strictly negative integers.
The even strictly negative integers are called trivial zeros of the function (.

Proposition 7.2. The values of {(s) for even integers > 0 are the shape

Bs,
_ n+lo2n-1 2n _
(@2n)=(-1)"""2 @l n=12,....
Remark 7.1. This formula is called Euler formula (Not inevitably to know the extension because
Euler lived before Riemann). Namely, because the argument is real > 1,

1 Bon
_ 1n+1 2n—-1_2n n
2 =Y T et

Particular Values
2 4 6 8

5(2)— ; 5(4)— 0’ 5(6)— 5 ((8)—9450

Remark 7.2. We do not know explicit expression for the values of the zeta function for odd
integers > 0.

8. Functional Equation verified by ¢

Having found the trivial zeros of {, Riemann proposes that when the real part of s is negative,
the integral, instead of being taken in the positive sense around the assigned domain of sizes,
can be taken in the negative sense around the domain of sizes which contains all the remaining
complex sizes, because the integral, for values the module of which is infinitely big, is then
infinitesimal. It holds the following functional equation:

—s/2r( )C(S) 1521 (5 _ 1) ()=n"TI (? - 1) ((1-s).

¢ The function n_S/QF(g)( (s) is invariant by the substitution s — (1 —s). Namely, it is
symmetric compared with Re(s) = %, furthermore it is analytic in C private of both
points {0}, {1} where it admits simple poles.

* We shall notice that points s = —2n, n = 1 are at the same time poles of I' (%) and zeros of
{(s) what makes that by composition the function is still defined in these points.
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Map of the Function ¢

£0

trivial zero

-4 -2 -1 12

pole

Figure 9

We have
(a) the only singular point is s = 1 it is a simple pole of the residue 1,

(b) for all s with Re(s)>1, {(s)#0,
(c) for all real t #0, {(1+it)#0 it is the Hadammard-De La Vallée Poussin theorem ([4], [6]),

(d) the strictly negative even numbers are zeros of the function {, they are the trivial zeros.
Other zeros are symmetric with regard to the line Re(s) = % (see functional equation).
According to (b) and (c) ¢ does not cancel for Re(s) = 1, other zeros are situated in the open band
0 <Re(s)<1.

9. The Riemann Hypothesis

Bernhard Riemann is one of the best mathematicians of his time. He knew well the domain of
the Fourier transform and he had managed connect the number theory to that of the complex
variable functions.

In a sense, he found that the Fourier transform of all the prime numbers, and it in its work
([81) the only article of which is on the number theory which he wrote.

He understood that the zeta function had important links with prime numbers, his work
resulted in an exact formula which allows to find the location of every prime number:

The function /i, called logarithmic integral function or integral logarithmic, is defined by

. © dt
ll(X).—j(; E
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s are the non-trival zeros of the Riemann zeta function
Vs:{(s)=0, O0<Re(s)<1.

VY is a function which allows to find the counting function 7, we shall not need its precise
definition
Y(x) = li(x)—Zli(xs)—log(Q)—foo __dt .
p x t(t2-1lgt
This formula has unfortunately an important problem: she contains a sum on the non trivial
zeros s (namely the real part 0 < Re(s) < 1) of the Riemann zeta function.
The study of the zeros of the Riemann zeta function takes then a lot of importance, the
hypothesis that Riemann had made was that all zeros with their real part equals to %
The Riemann Hypothesis (1], [2]]) consists in postulating that these zeros are all situated on
this line Re(s) = 3.
The Riemann Hypothesis is equivalent to the following result :
7(x) = Li(x)+ O(y/x - In(x)),
where 7 is the counting function of the prime numbers and Li(x) = li(x) —[i(2) the Eulerian
logarithmic integral.

The Riemann Hypothesis completes then the Theorem of Prime numbers by specifying the
scale of the fluctuations between 7(x) and li(x).
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