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1. Introduction
It has been proven (see, for example, [12]]) that there exist essentially three possible ways to
generalize real numbers into real algebras of dimension 2. In fact, each possible system can be
reduced to one of the following:
e numbers a + bi with i2 = —1 (complex numbers);
e numbers a + bh with A2 =1, (hyperbolic numbers);
e numbers a + be with €2 =0, (dual numbers).

There are also other generalizations (extensions) of real numbers into real algebras of
higher dimension. The hypercomplex numbers systems [12], are extensions of real numbers.
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Some commutative examples of hypercomplex number systems are complex numbers, hyperbolic
numbers [18], and dual numbers [8]. Some non-commutative examples of hypercomplex number
systems are quaternions [9], octonions [3] and sedenions [20]]. The algebras C (complex numbers),
Hg (quaternions), O (octonions) and S (sedenions) are real algebras obtained from the real
numbers R by a doubling procedure called the Cayley-Dickson Process. This doubling process
can be extended beyond the sedenions to form what are known as the 2"-ions (see for example
[4], [10], [15]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [9] as an
extension to the complex numbers. Hyperbolic numbers with complex coefficients are introduced
by J. Cockle in 1848, [6]. H. H. Cheng and S. Thompson [5] introduced dual numbers with
complex coefficients and called complex dual numbers. Akar et al. [2]] introduced dual hyperbolic
numbers.

Here we use the set of hyperbolic numbers. The set of hyperbolic numbers H can be
described as

H={z=x+hy|h¢R, h2=1,x,ycR}.
The hyperbolic ring H is a bidimensional Clifford algebra (see [13] for details). Hyperbolic
numbers has been called in the mathematical literature with different names: Lorentz numbers,
double numbers, duplex numbers, split complex numbers and perplex numbers. Hyperbolic
numbers are useful for measuring distances in the Lorentz space-time plane (see Sobczyk [18]]).
For more information on hyperbolic numbers (see also [11]], [14]], [16], [[19]).

Addition, substraction and multiplication of any two hyperbolic numbers z; and z9 are
defined by

z1+29=(x1+hy1) £ (x2+hy2) = (x1 £ x2) + h(y1 £ y2),

z1 x 29 =(x1+hy1) x (x2+hy2) =x1x2 + y1y2 + h (x1y2 + y1%2).
and the division of two hyperbolic numbers are given by

z21_xithyr  (n+hy)Ga—hy) xixe+y1ys o, X192 +510

2o xpthys (x2+hy2)(xa—hy))  x3-y5 x2—y2
It is easy to see that this algebra of hyperbolic numbers is commutative and contains zero
divisors. The hyperbolic conjugation of z = x + hy is defined by

z=z"=x- hy.
Note that z = z. Note also that for any hyperbolic numbers z1, z9,z we have
z1+22=21+23,
Z1 X232 =21X% 23,
Iz12 =2 xZ =22 —y%

Now let us recall the definition of generalized Fibonacci numbers.
A generalized Fibonacci sequence {V,},>0 = {V,(Vo, V1)},>0 is defined by the second-order
recurrence relations

Vo=Vu_1+V,_9; Vo=a, Vlzb, (n=2) (1.1)

with the initial values V|, V1 not all being zero.
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The sequence {V,},>0 can be extended to negative subscripts by defining
Vo =-Vo-1+ V-2

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Fibonacci numbers with positive subscript and negative subscript
are given in Table

Table 1. A few generalized Fibonacci numbers

n Va V_.

0 Vo e

1 Vi -Vo+ V1
2 Vo+ V1 2Vo-V1
3 Vo +2Vy -3Vo+2V;
4 2V +3Vy 5V -3V
5 3Vp +5V7 -8Vp+5V;
6 5Vp+8V; 13V -8V

If we set Vo = 0,V; =1 then {V,} is the well-known Fibonacci sequence and if we set
Vo =2,V1 =1 then {V,} is the well-known Lucas sequence. In other words, Fibonacci sequence
{F,}n>0 (OEIS: A000045, [17]) and Lucas sequence {L,},>0 (OEIS: A000032, [17]]) are defined
by the second-order recurrence relations

F,=F, 1+F, 3, Fy=0,F1=1 (1.2)
and

L,=L, 1+L,9, Lo=2,Li=1. (1.3)
The sequences {F,},>0 and {L,},>0 can be extended to negative subscripts by defining

F_n==-F_(n-n+F_(n-9
and

Lp=-L_-1n+L_-9

for n=1,2,3,..., respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.
We can list some important properties of generalized Fibonacci numbers that are needed.

* Binet formula of generalized Fibonacci sequence can be calculated using its characteristic
equation which is given as

t?—t-1=0.
The roots of characteristic equation are
1+V5 1-v5
a= , = .
2 2
Using these roots and the recurrence relation, Binet formula can be given as
Aa™ -Bp"
V, = Aa”-Bf* (1.4)
a-p

where A =V; -Vyp and B=V; - Vja.
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* Binet formula of Fibonacci and Lucas sequences are

n_ pn
Fo=2 P
a=p
and
L,=a"+p"
respectively.

* The generating function for generalized Fibonacci numbers is
_ Vo+ V1=Vt

t 1.5
gt)=———— (L5)
* The Cassini identity for generalized Fibonacci numbers is
Vai1Vao1 = Vi =(VoVi - Vi = V). (1.6)
. Ad"=aV,+V,_1, (1.7)
Bp" =BV, +V,_1. (1.8)

In this paper, we define the hyperbolic generalized Fibonacci numbers in the next section
and give some properties of them.

2. Hyperbolic Generalized Fibonacci Numbers and their Generating
Functions and Binet’s Formulas
In this section, we define hyperbolic generalized Fibonacci numbers and present generating
functions and Binet formulas for them. In [1], the author defined hyperbolic Fibonacci numbers
and Dikmen [7] defined hyperbolic Jacobsthal numbers.
We now define hyperbolic generalized Fibonacci numbers over H. The nth hyperbolic

generalized Fibonacci number is

Vo =Va+hVyig (2.1)
with initial conditions Vo = Vo +AVy, Vi = Vi + h(V1 + Vp), where A2 = 1. As special cases, the nth
hyperbolic Fibonacci numbers and the nth hyperbolic Lucas numbers are given as

Fv n=Fn+hFpq

and
Ly=Ly+hLps
respectively. It can be easily shown that
Vo=Vue1+Vya. (2.2)
The sequence {V,,},=0 can be extended to negative subscripts by defining
Vo=V n+V o
for n=1,2,3,..., respectively. Therefore, recurrence holds for all integer n. Note that
Vah =Vy1+Vih.

The first few hyperbolic generalized Fibonacci numbers with positive subscript and negative
subscript are given in Table

Communications in Mathematics and Applications, Vol. 12, No. 4, pp. (98741004} 2021



On Hyperbolic Numbers With Generalized Fibonacci Numbers Components: Y. Soykan 991

Table 2. A few hyperbolic generalized Fibonacci numbers

n Va V.o,
0 Vo+hVy

1 Vi+h(Vo+V7) Vi—-Vo+hVy

2 Vo+Vi+h(Vy+2Vy) 2Vo—-Vi+h(-Vy+ V1)
3 Vo+2Vi+ h(2Vy +3V7) 2V1=3Vo+h(2Vy-V7)
4

5

6

2V0+3V1 +h(3V0 +5V7) 5V0—3V1 +h(—3V0 +2V7)
3Vo+5Vi+h(5Vy+8V7) 5V1—-8Vy+h(5Vy—3V7)
5Vy +8V; + h 8Vy+13Vy) 13Vy-8Vi+ h (—-8Vp+5V7)

Note that
Vo=Vo+hVy,
Vi =Vi+hVe=Vi+h(Vo+Vy).
For hyperbolic Fibonacci numbers (taking V,, = F,,, Fy =0,F; =1), we get
Fo=h,
Fi=1+h,
and for hyperbolic Lucas numbers (taking V,, =L,,, Lo =2,L1 =1), we get
Lo=2h,
Li=1+3h.
A few hyperbolic Fibonacci numbers and hyperbolic Lucas numbers with positive subscript and
negative subscript are given in Table [3|and Table

Table 3. Hyperbolic Fibonacci numbers Table 4. Hyperbolic Lucas numbers

n F, F_, n Ly, L_,

0 h 0 2+h ...

1 1+h 1 1 1+3h -1+2h

2 1+2h -1+h 2 3+4h 3-h

3 2+3h 2-h 3 4+7h -4+ 3h

4 3+5h -3+2h 4 7+11Ah 7—-4h

5 5+8h 5-3h 5 11+ 18A -11+7h

6 8+13h -8+5h 6 18 +29A 18-11A

Now, we will state Binet’s formula for the hyperbolic generalized Fibonacci numbers and in
the rest of the paper, we fix the following notations:

a=1+ah,
B=1+ph.
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Note that we have the following identities:

a=1+ah,

p=1+ph,
ap=h,

@’ =a+2+2ah,

B2 =p+2+2ph,
@f=a+h,
ap:=p+h,
a’p’=1.

Theorem 1 (Binet’s formula). For any integer n, the nth hyperbolic generalized Fibonacci

number is
~  Ada"-Bpp"
V, = aa—ﬂﬁ' (2.3)
a-p
Proof. Using Binet’s formula
Aa"—-Bp"
v, _Aa"-Bp"
a—p
of the generalized Fibonacci numbers, we obtain
Vo =Va+hVyig
Aa™ —BB" A n+l _ n+1
_4a B “h a Bp
a—p a—p
_A(l+ah)a™ -B(1+ ph)p"
= oy )
This proves (2.3). O
As special cases, for any integer n, the Binet’s Formula of nth hyperbolic Fibonacci number is
~ n_ RPN
ﬁn — M (2.4)
a—p
and the Binet’s Formula of nth hyperbolic Lucas number is
L,=aa"+pp". (2.5)

Next, we present generating function.

Theorem 2. The generating function for the hyperbolic generalized Fibonacci numbers is

© & Vo+ (Vi —Vo)x
n;Oann Sl (2.6)
Proof. Let
w o~
gx)=) V,x"
n=0

be generating function of the hyperbolic generalized Fibonacci numbers.
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Then, using the definition of the hyperbolic generalized Fibonacci numbers, and subtracting
xg(x) and x2g(x) from g(x), we obtain (note the shift in the index n in the third line)

(1-x-x2)g(x) = Z V,x" —x Z V" =2 Y V,a"

n=0 n=0 n=0

— Z ann_ Z anxn+1_ Z ann+2
n=0 n=0 n=0
o o 0

= Z n X" — Z n—1x" — Z n—2X""
n=0 n=1 n=2

= (VO + le) - VOx + Z (Vn - Vn—l - Vn—2)xn

n=2

= (\70 +Vix)— Vox

=Vo+(V1-Vo)x.
Note that we used the recurrence relation V,, = V,,_; + V,,_2. Rearranging above equation, we get
Vo + (V1 - Vo)«

L]
1-x—x2

gx) =

As special cases, the generating functions for the hyperbolic Fibonacci and hyperbolic Lucas
numbers are

X = h+
Y =g
=0 l-x—x
and
X - 24+h)+(-1+2h
ZLnxn:( )+( : )x
=0 l-x—x
respectively.

3. Obtaining Binet Formula From Generating Function

We next find Binet formula of hyperbolic generalized Fibonacci number {V,} by the use of
generating function for V.

Theorem 3 (Binet formula of hyperbolic generalized Fibonacci numbers).
~ d 1 a® d 2 ,Bn
Vn = -
(a-p) (a-p)
where
d1=Voa+(V1-V),
da = Vop+ (Vi —Vp).

(3.1)

Proof. Let
h(x)=1-x—x>.
Then for some a and f we write

h(x)=(1-ax)(1- Bx)
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ie.,
1-x—-22=(1—-ax)1-px) (3.2)
Hence é and % are the roots of A(x). This gives @ and p as the roots of
1 1 1
(21t Lo
x X X

This implies 2 —x — 1 = 0. Now, by (2.6) and (3.2), it follows that
x Vo+ (Vi -V,
Y Vox” = o+(V1 o)x.
=0 (1-ax)(1-px)
Then we write
‘704-(‘71—‘70)96 _ Aq Ao

= + . 3.3
1-ax)(1-Px) (A-ax) 1-pBx) (3.3)
So
Vo+(Vi—Vo)x = A1(1 - fx) + As(1 - ax).
If we consider x = é, we get Vo+(Vq —Vo)é =A1(1- ,B%). This gives
Voa + (V1 - V) dy
A= = .
(a—p) (a—p)
Similarly, we obtain
I | 1
Vo+(V1=Vy)==A4A9 (1 - (X—)
p p
= Vopf+(V1-Vp)=As(f—-a)
and so
VoB+ (Vi —Vp) d2
Ag=— =- .
(a—pP) (a—p)
Thus (3.3) can be written as
o0
Y V" =A1(1-ax) 7+ As(1-px) L
n=0
This gives
Z V,x"=Aq Z ax"+As Z ptx" = Z(Alan +Agf™M)x".
n=0 n=0 n=0 n=0
Therefore, comparing coefficients on both sides of the above equality, we obtain
Vn = Ala" +A2,3n
and then we get (3.1). O

Note that from and we have
(V1 = VoB)a = Voa + (V1 - Vp),
(V1= Voa)B = Vo + (V1 — Vo).
Next, using Theorem 3] we present the Binet formulas of hyperbolic Fibonacci and hyperbolic
Lucas numbers.
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Corollary 4. Binet formulas of hyperbolic Fibonacci and hyperbolic Lucas numbers are

p G B
a—p
and
En = &an + Bﬁn)
respectively.

4. Some ldentities

We now present a few special identities for the hyperbolic generalized Fibonacci sequence {V,,}.
The following theorem presents the Catalan’s identity for the hyperbolic generalized Fibonacci
numbers.

Theorem 5 (Catalan’s identity). For all integers n and m, the following identity holds
(=1)" "™ (A +B)Vapm_1 +(AB+Ba)Vs, — 2(—1)mAB)h
5 .

Vn+m‘7n—m - Vr% =

Proof. Using the Binet Formula
_ Ada™-B -1
7 Aaa” - BppT

and
Ad*=aV,+V,_1,
Bp" =BV, +V,_1,
we get
~ n+m _ RpRRL+M ~ n-m _ RRRL—MY _ ~ N _ RRRN\2
Vo Vo _Vr% _ (Aaa Bpp YAaa Bpp )—(Aaa™ -BpBp")
(a—B)?
_ _~(a™ - IBm)Z n-m pn-m
= ABa'B—(a—,B)Q p
_1\yn—-m+1 m_ gmy2
_ (-1) A5B(a ™) ap
3 (=) ™LA +B)Vop,_1 + (AB+Ba)Vay, — 2(—1)mAB)h
= : ,
where af=-1and @f =h. O

As special cases of the above theorem, we give Catalan’s identity of hyperbolic Fibonacci
and hyperbolic Lucas numbers. Firstly, we present Catalan’s identity of hyperbolic Fibonacci
numbers.

Corollary 6 (Catalan’s identity for the hyperbolic Fibonacci numbers). For all integers n and
m, the following identity holds

FrosmFr_m—F2=(-1"""F2 .
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Proof. Taking V,, = F,, in Theorem |5 and using the identity
2F9m, 1+ Fo, —2(=1)"
5 )
we get the required result. O

F2 =

Secondly, we give Catalan’s identity of hyperbolic Lucas numbers.

Corollary 7 (Catalan’s identity for the hyperbolic Lucas numbers). For all integers n and m,
the following identity holds

LosmLy-m—L2% =(=1)" ™Lgp - 2(-1)™)h
=(-1)""™L2% - 4(-1)™)h.

Proof. Taking V,, =L, in Theorem |5/and using the identity
L% =Ly, +2(-1)™,
we get the required result. O

Note that for m =1 in Catalan’s identity, we get the Cassini’s identity for the hyperbolic
generalized Fibonacci sequence.

Corollary 8 (Cassini’s identity). For all integers n, the following identity holds
Vus1Vao1-VZ=(-1)"ABh.
As special cases of Cassini’s identity, we give Cassini’s identity of hyperbolic Fibonacci

and hyperbolic Lucas numbers. Firstly, we present Cassini’s identity of hyperbolic Fibonacci
numbers.

Corollary 9 (Cassini’s identity of hyperbolic Fibonacci numbers). For all integers n,
the following identity holds

Foi1Fp 1 —F2=(-1)"h.
Secondly, we give Cassini’s identity of hyperbolic Lucas numbers.

Corollary 10 (Cassini’s identity of hyperbolic Lucas numbers). For all integers n, the following
identity holds

Lpi1L,_ 1 -L% =5(-1""h.

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using the
Binet Formula of the hyperbolic generalized Fibonacci sequence:
7 - Ada® —Bﬁﬁ".
a-p
The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of the hyperbolic
generalized Fibonacci sequence V,.}.
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Theorem 11. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
Vi1V = Vi Var1 = Vi Vio1 = Vin Va1 R
(b) (Gelin-Cesaro’s identity)
Vi2Vni1Vn-1Vn-2 - V,f = -A%B%.
(c) (Melham’s identity)
Vis1VisaVirs =V, 5 = (-1 ABV, h.
Proof. (a) Using and we obtain

~ ~ &5 < AB&~(_am+1 n_ghgmtl 4 gmpntl 4 gntl my
Vi1V = Vi Vi1 = IB '6 '6 'B 'B

(a— B)?
_ AB(oc”,Bm —a™p") _~
T wp
_ ((aVn + Vn—l)(ﬁVm + Vm—l) - (an + Vm—l)(,BVn + Vn—l))h
- (a—p)

=V, Vi1 - VmVn—l)h .
(b) Vn+2‘7n+1‘7n—1‘7n—2 - ‘7,;1 = —A2B2&252 =-A2B2?,
(c) Using (1.7), (1.8) and

@f=a+h
ap?=p+h
we obtain

_ ()" AB(—(aV, + V- )@ B+ (BV, + V_1)ap?)
= —
=(-1)"ABV,h. -

As special cases of the above theorem, we give the d’Ocagne’s, Gelin-Cesaro’s and Melham’

identities of hyperbolic Fibonacci and hyperbolic Lucas numbers. Firstly, we present the
d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of hyperbolic Fibonacci numbers.

Corollary 12. Let n and m be any integers. Then, for the hyperbolic Fibonacci numbers,
the following identities are true:

(a) (d’Ocagne’s identity)
Frs1Fn—FpFpi1=(-1"F,_ph.

(b) (Gelin-Cesaro’s identity)
FpioFy1Fn 1Fy g—Fp=-1,

(c) (Melham’s identity)
Fpi1FpioFni6—F3 5 =(-1)"F,h.
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Secondly, we present the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of hyperbolic
Lucas numbers.

Corollary 13. Let n and m be any integers. Then, for the hyperbolic Lucas numbers, the following
identities are true:

(a) (d’Ocagne’s identity)
Lymi1Ly—LLpi1=LyLy-1—LyLy-1)h.

(b) (Gelin-Cesaro’s identity)
LysoLypi1Ly1L,_o—L} =-25.

(c) (Melham’s identity)
Ly+1LnsoLlnve—L2 3 =5(-1""1V,h.

5. Linear Sums

In this section, we give the summation formulas of the hyperbolic generalized Fibonacci
numbers with positive and negative subscripts. Now, we present the summation formulas
of the generalized Fibonacci numbers.

Proposition 14. For the generalized Fibonacci numbers, we have the following formulas:

n
(a) Z Vk = Vn+2 — Vl.
k=0

n
(b) k;oVZk =Vont1—-V1+Vp.

n
(c) k§0V2k+1 =Vonioa—Vo+Vi.

Proof. For the proof, see Soykan [21]. O

Next, we present the formulas which give the summation of the hyperbolic generalized
Fibonacci numbers.
Theorem 15. For n =0, hyperbolic generalized Fibonacci numbers have the following formulas:

n __ ~ ~
(@ X Vi=V,0-Vi.
k=0
(b) kZOVZk =Vons1- V1 + V.

n __ ~ ~
(c) kgo Vaor+1=Vania— V.

Proof.  (a) Note that using Proposition [14(a) we get

n

Vi =Vpio = V1,
k=0
n
Y Vi1 = Ve — (Vi + V).
k=0
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Then it follows that

n - n n
ZVk: ZVk+hZVk+1
k=0 k=0 k=0
=(Vis2 = V1) + h(Vyi3 = (V1 + V)
=(Vpeo +hVy3) = (Vi+ (Vo + V7))
= Vnsz = (V1 + 1 V5)
= ~n+2 - ‘71-
This proves (a).
(b) Note that using Proposition[I4(b) and (c) we get
n
Y Vor =Vapi1—Vi+Vy,
k=0
n
Vor+1=Vani2 —Vo.
k=0
Then it follows that

n - n n
Y Vo= Vor+h ) Vopsr
k=0 k=0 k=0

=(Van+1— V1 + Vo) + h(Vani2 — Vo)
=(Von+1+hVapi2) +((=V1 + Vi) + h(=Vp))
=(Vops1+hVopi2)+ (Vo= Vi) + (V1 - V)
= Von+1= (Vi +hVa) + (Vo +hV1)

= V2n+1 - ‘71 + VO-
(c) Note that using Proposition [I14(b) and (c) we get

n
Y Vapio=Vaniz—Vi.

k=0
Then it follows that
n - n n
Y Vori1=) Vops1+h )Y, Vopio
k=0 k=0 k=0

=(Van+2 = Vo) + h(Vap 43— V1)
=(Vap+2 + hVapni3) + ((=Vo) + h(=V1))
=Vonsz = (Vo +hV1)
=Von+a—Vo. O
As a first special case of the above theorem, we have the following summation formulas for
hyperbolic Fibonacci numbers:

Corollary 16. For n =0, hyperbolic Fibonacci numbers have the following properties:

(a) kz Fr=F,9—F1=F,5—(1+h).
=0

(b) k)goﬁzk =Fop1-F1+Fg=Fo,,1—1.
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(c) ki_loﬁzku =Fon2—Fo=Fo,.2—h.

As a second special case of the above theorem, we have the following summation formulas
for hyperbolic Lucas numbers:
Corollary 17. For n =0, hyperbolic Lucas numbers have the following properties:
n ~ ~ ~
(a) kZ Ly=Lupi2—L1=Lyi2—(1+3h).
=0
n ~ ~ ~ ~ ~
(b) kZ Lop =Lopi1—L1+Lo=Lgyi1+(1-2h).
=0

n ~ ~ ~
(c) k§0L2k+1 =Lopio—Lo=Lgpi2—(2+h).

Now, we present the formula which give the summation formulas of the generalized Fibonacci
numbers with negative subscripts.

Proposition 18. For n = 1 we have the following formulas:
(a) kZ Vip= -2V 1-V_, o+ V1.
=1
n
(b) kZ Voo =-V_gn-1+V1-Vj.
=1
n
(c) kgl V_ok+1=-V_gn + V0.

Proof. This is given in Soykan [21]. O

Next, we present the formulas which give the summation of the hyperbolic generalized
Fibonacci numbers with negative subscripts.

Theorem 19. For n = 1, hyperbolic generalized Fibonacci numbers have the following formulas:

@ ¥ Vo= -2V 1 -VopotVh.

k=1
n ~ ~ ~
(b) kZ Voop==-V_op 1+V1—-V.
-1
n __
(c) kgl V_oopt1=-V_o2,+Vp

Proof. We prove (a), (b) and (c) can be proved similarly. Note that using Proposition [14(a) we get

n
Z Voe=-2V_,1-V_po+Vi,
k=1

n

Vope1=-2V_,-V_,_1+V1+ V.

k=1
Then it follows that
n ~ n n
Z V_p = Z V_p+h Z V_r+1
k=1 k=1 k=1

= (_2V—n—1 - V—n—2 +VD+ h(_zv—n - V—n—l +Vi+ VO)
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==2(V_pn-1+hV_)) = (V_p2+ hV_pn_1) + (V1 + h(V1+ Vo))
=2V 1= Vg + (Vi +AV2)
= —2‘7_,1_1 - V_n_z + Vl.
This proves (a). O
As a first special case of the above theorem, we have the following summation formulas for
hyperbolic Fibonacci numbers:
Corollary 20. For n = 1, hyperbolic Fibonacci numbers have the following properties:
(@) Y Fp=-2F , 1-F , 9+F1=-2F_, 1-F_, 9+(1+h).

k=1

(b) p F gr=-F 9, 1+F1—-Fy=-F_g,_1+1.
-1
n ~ ~ ~

() X F op1=-F o, +Fo=-F_9,+h.

k=1

As a second special case of the above theorem, we have the following summation formulas
for hyperbolic Lucas numbers:

Corollary 21. For n =1, hyperbolic Lucas numbers have the following properties.

(a) i E_k = —Zf_n_l —E_n_2 +f41 = —QE_n_l —z_n_g +(1+3h).
k=1

S

(b) kZ L op=-L_g9,-1+L1-Lo=-L_g,-1+(-1+2h).
-1

n ~ ~ ~
(c) kZIL_2k+1 =—-L_g9,+Lo=-L_g,+(2+h).
6. Matrices Related with Hyperbolic Generalized Fibonacci Numbers
We define the square matrix C of order 2 as:
11
c=(; o
such that detC = —1. Induction proof may be used to establish

n_ Fn+1 Fn
C —( F, F, . (6.1)

and (the matrix formulation of V,,)
Vo) _ (1 1)* (W
(5=l o) () ©2
Now, we define the matrices Cy as
(T T
Cv= (Vz ‘71)'

This matric Cy is called hyperbolic generalized Fibonacci matrix.
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As special cases, hyperbolic Fibonacci matrix and hyperbolic Lucas matrix are

_(Fs Fq
and
Ly L
c=(z: 1)
respectively.

Theorem 22. For n =0, the following is valid:
C (1 1)n _ (Vn+3 Vn+2)
Vv =ls = .
10 Vn+2 Vn+1

Proof. We prove by mathematical induction on n. If n = 0, then the result is clear. Now, we
assume it is true for n = &, that is

Virs Vk+2)
C ck:(~ Jkrz)
v Vk+2 Vk+1

If we use (2.1), then we have Vj.9 = V.1 + V;. Then, by induction hypothesis, we obtain
CyCtt=(cyche

‘Zk+3 ‘Zk+2) (1 1)

Vieve VisJ(1 0

‘Zk+2 + ‘Zk+3 ‘Zk+3)

Vii1+Viez Vo

(6.3)

— ‘Zk+4 ‘Zk+3)
Vk +3 Vk+2 '
Thus, (6.3) holds for all non-negative integers n. O

Remark 23. The above theorem is true for n < —1. It can also be proved by induction.

Corollary 24. For all integers n, the following holds:
Visa = VoFyi1+ ViF,.

Proof. The proof can be seen by the coefficient of the matrix Cy and (6.1). O

Taking V,, = F,, and V,, = L,, respectively, in the above corollary, we obtain the following
results.

Corollary 25. For all integers n, the followings are true.
(@) Frio=FoF,i1+F1F,.
(b) Lyio=LoFy1+L1F,.
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