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1. Introduction and Preliminaries

In this paper, we introduce the binomial transform of the generalized third order Pell sequence
and we investigate, in detail, three special cases which we call them third order Pell, third order
Pell-Lucas and modified third order Pell sequences. We investigate their properties in the next
sections. In this section, we present some properties of the generalized Tribonacci sequence and
generalized third order Pell sequence.

The generalized Tribonacci sequence {W,,(Wy, W1,Wo;r,s, t)},>0 (or shortly {W,},,>0) is defined
as follows:

W,=rW,_1+sW,_o+tW,_3, Wo=a,Wi=b,Wo=c,n=3 (1.1)

where Wy, W1, Wy are arbitrary complex (or real) numbers and r,s,t are real numbers.
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This sequence has been studied by many authors, see e.g., [2-6,13,/14,/16,18,20,(23, 25, 26].
The sequence {W,},>0 can be extended to negative subscripts by defining

s r 1
Won==Wio-)= s Wou-2) ¥ T Woin-3)
for n =1,2,3,... when ¢ # 0. Therefore, recurrence (1.1) holds for all integer n.
As {W,} is a third order recurrence sequence (difference equation), it’s characteristic equation
is
x3—rx?—sx—t=0 (1.2)
whose roots are

a:a(r,s,t):§+A+B,
r 2
ﬁ:ﬁ(r,s,t):§+wA+w B,

Y =y(r,s,t)= %+w2A+wB,

where
3 1/3 3 1/3
t t
A= 00 A) , B:(r—+E+——\/K ,
27 6 2 27 6 2
3, 2.9 3,2 :
t t t -1+ 3
AA(rspo b T st 50 0 TIHIVE i),
27 108 6 27 4 2

If A(r,s,t) > 0, then eq. has one real (a) and two non-real solutions with the latter being
conjugate complex. So, in this case, it is well known that generalized Tribonacci numbers can
be expressed, for all integers n, using Binet’s formula
W, = cla” () ,Bn c3y n
"Ta-Pla-y) B-a)B-y) GF-aXy-p)’
where

c1=Ws— (,3 +)/)W1 + ﬁYWQ, co=Wy—(a +Y)W1 + a)/W(), cg=Wo—(a+ ,B)Wl + a,BWO .
Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all

(1.3)

integers n, for a proof of this result see [9]. This result of Howard and Saidak [9] is even true in
the case of higher-order recurrence relations.

Now we consider the case r =2, s =¢ =1 and in this case we write V,, = W,,. A generalized
third order Pell sequence {V},},0 = {V,,(Vy, V1, Vo)}.50 is defined by the third-order recurrence
relations

Vo=2V,_1+V, 9+V,_3 (1.4)
with the initial values Vjy = ¢g, V1 = ¢1, Vo = cg not all being zero.
The sequence {V,},>0 can be extended to negative subscripts by defining
Von==V_(n-1) —2V_(n-2) + V_(n-3)
for n =1,2,3,.... Therefore, recurrence holds for all integer n.

Next, we define three special case of the sequence {V,}. Third-order Pell sequence{PS’)}nzo,
third-order Pell-Lucas sequence {Qﬁ,?’)}nzo and modified third-order Pell sequence {E(,LS)},LEO are

Commaunications in Mathematics and Applications, Vol. 12, No. 1, pp. , 2021



Binomial Transform of the Generalized Third Order Pell Sequence: Y. Soykan 73

defined, respectively, by the third-order recurrence relations

PP =2p® +p® +p® pP=0pP=1pPP=2 (1.5)
QY =207, +@7), +QY, Q) =3,07=2,5 =6, (1.6)
E®,=2E% +E® +E® EP=0EP=1,EP=1. (1.7)

The sequences {Pfl )}nzo, {Qf’)}nzo and {E%)}nzo can be extended to negative subscripts by

defining
1
Q(—?’r)L = _Q(—3()n ) _ZQ(3()n 5+ Q%5 (19
E®, =-E%, ,-2EC, ,+E%, (1.10)

forn=1,2,3,... respectlvely. Therefore, recurrences (1.8), and hold for all integer n.
In the rest of the paper, for easy writing, we drop the superscripts and write P,,,Q, and E,,
for P§L3),Q§f’) and E(,?), respectively. Note that P,, is the sequence A077939 in [17]] associated
with the expansion of 1/(1 - 2x —x? —x%), Q, is the sequence A276225 in [17] and E,, is the
sequence A077997 in [17].
For more details for the generalized third order Pell numbers, see Soykan [21].

2. Binomial Transform of the Generalized Third Order Pell
Sequence V,

In [12, p. 137], Knuth introduced the idea of the binomial transform. Given a sequence of
numbers (a,), its binomial transform (d,) may be defined by the rule

n n

Gn=)_ (ril)ai, with inversion a, = ) ( )( 1" "d;,

i=0 izo\?
or, in the symmetric version
Gn=) ( ,)(—1)”1% with inversion a, = Y_ ( ,)(—1)‘+1di.
i=0 i=0
For more information on binomial transform, see, e.g., [7,8,/15,24]] and references therein.
In this section, we define the binomial transform of the generalized third order Pell sequence
V., and as special cases the binomial transform of the third order Pell, third Order Pell-Lucas

and modified third order Pell sequences will be introduced.

Definition 2.1. The binomial transform of the generalized third order Pell sequence V,, is
defined by

A " (n
bpn=Vn= Z Vi
i=0\?
The few terms of b,, are

0 (o
bo=)_ ; Vi=Vo,

1=0
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b1

L (1
Z(.)Vi=Vo+V1,
i=0\?

2

2
by = Z ()Vl :V0+2V1+V2.
i=0\?
Translated to matrix language, b, has the nice (lower-triangular matrix) form
bo 10000 - Vo
b1 11000 - \%1
bo 12100 Vo
b3 |71 3 3 1 0 V3
by 146 41 Vy

~

As special cases of b, =V, the binomial transforms of the third order Pell, third order Pell-
Lucas and modified third order Pell sequences are defined as follows: The binomial transform of
the third order Pell sequence P, is

n
P\n = Z (n)Pl ’
=0\
the binomial transform of the third order Pell-Lucas sequence @, is
~ " n
Qn= Z ( . |Qi,
i=0\?
the binomial transform of the modified third order Pell sequence E,, is

n
~ n
En:Z( E;.
i=0\!

Lemma 2.2. For n =0, the binomial transform of the generalized third order Pell sequence V,

satisfies the following relation:

2 [n
bn+1= Z ; (Vi+Vii1).
=0
Proof. We use the following well-known identity:
. =1.]t]. .
I I i—1

Note also that
1
nr :nzl and " =0.
0 0 n+1
Then

n+1 +1
bpi1=Vo+ ). (n . )Vi
i=1\ !

n+l1 n n+l n
=Vo+ Z Vi+ Z } Vi
i=1\! iz i1
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This completes the proof. O

Remark 2.3. From the last Lemma we see that
o [n
bpni1=bn+ Z ( .)Vi+1-
i=0\?

The following Theorem gives recurrent relations of the binomial transform of the generalized
third order Pell sequence.

Theorem 2.4. For n =0, the binomial transform of the generalized third order Pell sequence V,
satisfies the following recurrence relation:

bn+3=5b,42—6by1+3b,. (2.1)

Proof. To show (2.1), writing
bpig=Axbyo+Bxb,,1+Cxb,
and taking the values n =0,1,2 and then solving the system of equations
bg=Axbys+Bxb1+C xby,
bs=Axbz3+Bxby+C xbq,
bs=Axbs+Bxbsg+C xbsy.
We find that A=5, B=-6, C =3. O

Note that the recurrence relation (2.1) is independent from initial values. So
Pni3=5P,5—6P,.1+3P,,
Qn+3 = 5Qn+2 - 6Qn+1 + 3Qn )
E,i3=5E,.9—-6E,1+3E,.

The sequence {b,},>0 can be extended to negative subscripts by defining

5 1
b_n=2b_ps1- gb—n+2 + gb—n+3

for n =1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.
The first few terms of the binomial transform of the generalized third order Pell sequence
with positive subscript and negative subscript are given in Table
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Table 1. A few binomial transform (terms) of the generalized third order Pell sequence

n b, b_,

0 Vo Vo

1 Vo+ Vi Vo-Vi+3Ve

2 Vo+2V1+ Vs, —3V1+ 2V,

3 2V +4V1 +5V; —Vo-2vi+ 1V,

4 Vo + 11V + 19V, —%Vo—§V1+§V2

5 26V + 37V, +68V; -3V + éV1+2—17V2

6 94Vp +131V7 +241V; ~IVo+ 2V -8,

7 335V + 466V + 854V, BVo+ PVi- 8V,

8 1189V, + 1655V + 3028V, BYVo+ BV -2V,

9 4217V, +5872V; + 10739V; 08V + 22V, - ;gg Va
10 14956V + 20828V + 38089V, By, - ggg Vit s Vo
11 53045V, + 73873V + 135095V 52Vo — 222V, + 122V,
12 188140V + 262013V + 479158V —200y, - 2By, 4 L2y,
13 667298V, +929311V7 + 1699487V; - 380y, - 28y, + 380V,

The first few terms of the binomial transform numbers of the third order Pell, Pell-Lucas
and modified Pell sequences with positive subscript and negative subscript are given in Table

Table 2. A few binomial transform (terms)

n 0 1 3 4 5 6 1 8 9 10 11 12 13
P, 01 4 14 49 173 613 2174 7711 27350 97006 344063 1220329 4328285
P ol _1 _1 2 14 17 38 5  _109 _25  _670 _424 191
—-n 3 3 9 9 27 27 81 81 243 243 729 729 2187
Q, 3 5 13 44 157 560 1990 7061 25045 88829 315058 1117451 3963394 14057438
~ 2 22 61 1 170 1067 76 _ 259 _ 319
Qn.3 2 3 -1 -F -3 -5 -3 31 4 243 7 ~729 58
E, 0 1 3 9 30 105 372 1320 4683 16611 58917 208968 741171 2628798
£ 0 -2 -1 -8 _1 13 11 124 32 55  _82  _1463  _547 _ 3269
-n 3 9 3 27 9 81 27 243 81 729 243 2187

Eq. (1.3) can be used to obtain Binet formula of the binomial transform of generalized third
order Pell numbers. Binet formula of the binomial transform of generalized third order Pell

numbers can be given as

C.07

C502 C307

b, =
(01 —02)(01 - 93)

(2.2)

(B2 —01)(02 — 93) (03 —01)(03—02)’
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where
C1=0b2—-(02+03)b1+0203b9 = (Vo +2V1 + Vo) = (02 +03) (Vo + V1) + 0203V,
Co=bg—(01+03)b1+6103b0 = (Vo +2V1 + Vo) — (01 +03)(Vo + V1) + 6103V,
C3=byg—(01+03)b1+0102by=(Vy+2V1+V3)—(01+02)Vy+V1)+6102V).

Here, 01, 02 and 03 are the roots of the cubic equation x® — 5x2 + 6x — 3 = 0. Moreover

U3 13
5 61 29 61 29
O=—+|—+1/=| +|==-1/=1| ,
3 54 36 54 36

1/3 1/3
5 (61 29) ,[61 /29
+w

Oy=—+o0|—+1/=—= — /=
2737 547\ 36 54 \/36

1/3 1/3
5 2(61 29) Lo l6L_ 29

%237 51"\ 36 5 \36)
where
w= _1+—l\/§ = exp(2mi/3).
Note that
01+02+03=5,
0102+ 60103+ 0203 =6,
010205 = 3.

For all integers n, (Binet formulas of) binomial transforms of third-order Pell, Pell-Lucas
and modified Pell numbers (using initial conditions in (2.2) can be expressed using Binet’s

formulas as
. (-1+61067 (=1+062)03 (—1+03)9§“

P, = + + ,
(61 -02)01—-03) (B2—-01)02—03) (03—01)(03—02)
Qn =07 +03 +03

and
o C2+000 (—=2+0)02 (-2 +03)0"
= + + ,
" (01-09)01—03) (02—01)02—03) (03— 61)(O3 —0)
respectively.

3. Generating Functions
The generating function of the binomial transform of the generalized third order Pell sequence
V., is a power series centered at the origin whose coefficients are the binomial transform of the
generalized third order Pell sequence.

o0
Next, we give the ordinary generating function f3 (x)= } b,x" of the sequence b,.
n=0
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Lemma 3.1. Suppose that f} (x) = Z b,x" is the ordinary generating function of the binomial

transform of the generalized third- order Pell sequence {V,},>0. Then, fp,(x) is given by
Vo + (V1 - 4V0)x + (V2 - 3V1 + 2V())x

fon ()= 1-5x+ 6x2 —3x3

3.1

o0 o0
Proof. Using the definition of binomial transform, and subtracting 5x ¥ b,x", —=6x2 ¥ b,x"

n=0 n=0

(o0} o0
and 3x3 ¥ b,x" from Y. b,x" we obtain
n=0 n=0

(1-5x +6x2 — 3x3) Z b,x" = (1—5x +6x% — 3x3) Z b,x"
n=0 n=0

b,x" —Sbenx +6x22b X" — 8x3 anx

I
18

n=0 n=0 n=0 n=0
00

=) bpx"-5 Z b,x"1+6 Z b2 -3 Z b,x" 3
n=0 n=0 n=0 n=0

x"—5 Ei b n o n_ o n
n n-1x" +6 Z bn_zx 3 Z bn_3x

n=1 n=2 n=3

Il
N
S

= (bo+b1x+bax?) - 5(box + b1x%) + 6box?
+ Y (by—5by_1+6by_g—3b,_3)x"
n=3
= bo + b1x + bzxz — 5b0x - 5blx2 + 6b0x2
=bo+ (b1 —5bo)x +(bg —5by +6bg)x?.
Rearranging above equation, we obtain
s b()+(b1—5b0)x+(b2—5b1+6b0)x
=Y b=
fo, () ,;0 n 1-5x+ 6x2 — 3x3

Using the values of by, b1 and bg, we obtain the desired result. O

Note that Barry shows in [1] that if A(x) is the generating function of the sequence {a,},
then

Sx) = 1ixA(1fx)

S

is the generating function of the sequence {b,} with b, Z ( )a ;. In our case, since

Vo + (Vi — 2Vy)x + (Vo — 2V; — V)a?

A(x) = T 9r— 22 3 (see [21]
We obtain
S L Vo + (Vi —2Vo) £ + (Ve —2V; - Vo) (1)
Y=7_ x + 2 [ x 3
1-x 1-27% - (%) - (%)

V() + (V1 - 4V0)x + (Vg — 3V1 + 2V0)x

1-5x +6x2 —3x3
The previous lemma gives the following results as particular examples.
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Corollary 3.2. Generated functions of the binomial transform of the third-order Pell, Pell-Lucas
and modified Pell numbers are

y Pox" = xo o
= 1-5x+6x2—3x3’
® ~ . 3-10x+6x?
er::Oan  1-5x+6x2 — 3x3
and
i 5o x — 2x2
o S 1—5x+6x2—3x3’
respectively.

4. Obtaining Binet Formula of Binomial Transform From
Generating Function

We next find Binet formula of the Binomial Transform of the generalized third order Pell
numbers {V,} by the use of generating function for 5,,.

Theorem 4.1 (Binet formula of the Binomial Transform of the generalized third order Pell
numbers).
dleil d29§ dgeg

b, = + + ,
(01 —-02)(01—-03) (02—01)02—-03) (63—01)(03—02)

(4.1)

where
di= (VOQ% + (V1 —4Vp)01 + (Vo —3V1 +2V))),
de = (V09§ + (V1 —4Vy)0g + (Vo — 3V7 +2V)),
ds= (V00§ + (V1 —4Vp)03 + (Vo —3V7 +2V)).

Proof. Let
h(x)=1-5x+6x% —3x>.
Then for some 61,02 and 03 we write
h(x) =(1—-612)(1—62x)(1 —0O3x)
ie.,

1-5x+6x2—3x% = (1-01x)(1 — Oox)(1 — O3x). (4.2)

1
01’

h)=1-2+5-5 -0,

Hence % and % are the roots of h(x). This gives 61, 62 and 03 as the roots of

This implies x® — 5x2 + 6x —3 = 0. Now, by (3.1) and (4.2), it follows that

i box" = Vo+ (Vi —4Vy)x + (Vo —3V7 + 2V0)x2
n=0 " 1—-5x+ 6x2 —3x3 :
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Then, we write
Vo+(Vi—4Vo)x+ (Vo -3V +2Vo)a®  Ag LA A
(1-0612)(1 - O2x)(1 - O3xx) S (1-610)  (1-09x) (1-63x)

(4.3)

So
Vo + (Vi —4Vp)x + (Vo — 8V + 2Vp)x>

=A1(1-02x)(1-03x)+ Aa(1-601x)(1—03x) + A3(1—01x)(1 —Oax).
1

If we consider x = 9o We get
1 1 0 0
Vo + (Vi —4Vo)— + (Vo —8V; +2Vy) = = A4 (1 = —2) (1 - —3).
01 9% 601 601
This gives
2 1 1
B 01(Vo+ (Vi —4Vo)gr + (Vo =3Vi+2V0)ge) (02 + (Vy — 4V()0y + (Vi — 8V +2V)))
1= = '

(61 —02)(01—03) (61 —02)(01—03)
Similarly, we obtain

A (V()G% + (V1 — 4V0)92 + (V2 - 3V1 + 2V0)
27 (62 —01)(02 —03) ’
Thus (4.3) can be written as

(Vo3 + (V1 — 4Vp)03 + (Vo — 3V1 + 2Vp)
B (03 —01)(03 —02) '

3

o0
Y bpx" = A1(1-010)" + Ag(1-02%) T+ A3(1-03%) 7 .

n=0

This gives
Z bnx" :Al Z Hillxn +A2 Z ngn +A3 Z 9; "= Z(A;[G’ll +A29’21 +A39§)x".
n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
bn = Aleil +A29§L +A36§' ,
where
A - (VOG% + (V1 —=4Vy)01 + (Vo —3V71 +2V)))
(01 —02)(01—-063) ’
Aye (Vo032 + (V1 — 4V()02 + (Vo — 3V1 + 2Vp)
(02 —01)(02 — 03) ’
Ay e (Vo032 + (V1 — 4V)B3 + (Vo — V7 +2Vp) .
(03 —01)(03 —02)
and then we get (4.1). O

Note that from and (4.1), we have
(Vo +2V1+ Vo) = (02 +03) (Vo + V1) + 60203V = (VOQ% + (V1 —4Vy)01 + (Vo —3V71 +2V))),
(Vo +2V1+Vy)—(01+03)(Vo+V1)+ 60103V = (Voﬁg + (V1 —4Vy)0s + (Vo — 3V +2V)),
(Vo +2V1+Vo)=(01+02)(Vo+ V1) + 0102V = (V()Q% + (V1 —4Vy)03 + (Vo — 3V +2V)).

Next, using Theorem we present the Binet formulas of binomial transform of third-order
Pell, Pell-Lucas and modified Pell sequences.
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Binomial Transform of the Generalized Third Order Pell Sequence: Y. Soykan 81

Corollary 4.2. Binet formulas of binomial transform of third-order Pell, Pell-Lucas and modified
Pell sequences are

5 __ (14000} (~1+05)02 (~1+05)07

= + + ,
" (01-02)01-03) (B2—-61)02—03) (O3 —01)(03—02)
Q=07 +03 +07

and
. (-2+61)067 (=2 +02)03 (=2 +03)05

= + +
(01 —02)(01—-03) (02—01)(02—03) (03—01)(03—032)
respectively.

We can find Binet formulas by using matrix method which is given in [11]. Take 2 =i =3 in
Corollary 3.1 in [[11]]. Let

62 61 1 o7t 6, 1
A=[60: 02 1|, Ar=| 06371 65 1|,
07 63 1 0571 63 1
2 -1 2 -1
o] 6'11_1 1 6y 61 0'11_1
Ao=| 65 6571 1|, Az=| 65 62 03
0 037! 1 03 03 6771

Then the Binet formula for binomial transform of third-order Pell numbers is

- 3 ~ 1 - - ~
P, = detPy_j(Aj) = —(P3det(A1) + Padet(Ag) + Py det(A
n det(A)j:Z‘le 4—j(A;) A(36( 1)+ Padet(Ag) + P1det(As3))
= 14det(A1) +4det(Ag) + det(A
det(A)( et(A1) +4det(Ag) + det(As3))
67t 61 1 62 o771 1 62 6, o7t 62 61 1
=[14| 6571 62 1|+4| 6 6271 1 (+|605 62 6571 / 0; 02 1
0271 63 1 6 o371 1 03 63 6771 03 63 1
(-1+67)07 (—1+62)07 (—1+65)6%

= + + .

(01-02)01—03) (02—01)(02—03) (03—01)(03—062)
Similarly, we obtain the Binet formulas for binomial transforms of third-order Pell-Lucas and
modified third-order Pell numbers as

~

1 - ~ ~
Qn= K(QS det(A1) + Q2 det(Ag) + Q1 det(As))

071 6, 1 62 o771 1 62 6, 6771 62 6, 1

:(44 0271 0, 1|+13|6; 6571 1|+5|05 02 657 )/‘93 02 1‘
0271 03 1 0 057! 1 0; 03 6771 0; 03 1

=07 +05 +03

and
E,= %(Eg det(A1) + Eodet(Ag) + E1 det(A3))

o7t 6; 1 62 o7t 1 62 0, 6771 0? 6; 1

(9 0771 0y 1|+38| 605 0271 1|+|065 62 0371 )/ 05 0y 1
6271 63 1 6 0371 1 63 63 6771 03 63 1
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(240007 (246905 (-2+090;
C(01-09)01-03)  (B2—01)O2—03) (O3—01)(03—02)’

respectively.

5. Simson Formulas
There is a well-known Simson Identity (formula) for Fibonacci sequence {F,}, namely,
Fre1Fn1—Fp=(-1)"
which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula)

as well. This can be written in the form
F n+1 F n
F n F n—-1

The following Theorem gives generalization of this result to the generalized Tribonacci

=(=D".

sequence {W,}.

Theorem 5.1 (Simson Formula of Generalized Tribonacci Numbers). For all integers n, we have

Wiie Wait W, We W1 Wy
Wis1 W, Wuog [=¢"| W1 W W_p |. (5.1)
Wn Wn -1 Wn -2 WO W1 Woo
Proof. Eq. (5.1) is given in Soykan [19]. O

Taking {W,} =1{b,} in the above theorem and considering b, .3 =5b,.9—6b,+1+3b,,r=>5,
s =-6, t =3, we have the following proposition.

Proposition 5.2. For all integers n, Simson formula of binomial transforms of generalized
third-order Pell numbers is given as

bni2 bni1 by be b1 by
bpe1 bp bu_1 |=3"| b1 by b1
bn bn—l bn—2 bO b—l b—2

The previous Proposition gives the following results as particular examples.

Corollary 5.3. For all integers n, Simson formula of binomial transforms of third-order Pell,
Pell-Lucas and modified Pell numbers are given as

ﬁn+2 ﬁn+1 ﬁn
ﬁn+1 ﬁn ﬁn—l = _3n—2’
ﬁn ﬁn—l ﬁn—Z
Qn+2 An+1 Qn
Qn+1 Qn Qn—l =—-29 x 3n—1
Qn Qn—l Qn—2
and
En+2 An+1 En
En+1 En En—l l = _3n—1
En En—l En—2
respectively.

Commaunications in Mathematics and Applications, Vol. 12, No. 1, pp. , 2021



Binomial Transform of the Generalized Third Order Pell Sequence: Y. Soykan

83

6. Some ldentities

In this section, we obtain some identities of binomial transforms of third order Pell, third order
Pell-Lucas and modified third order Pell numbers. First, we can give a few basic relations

between {ﬁn} and {Qn}.

Lemma 6.1. The following equalities are true:
8Qn = —11Pp 4 +46P, .3 - 24P, 5,
Qn=—3P,i3+14P, 15— 11P,,1,

Qn=-Pyia+TP,1-9P,,
n =2P,41-3P, —3P, 1,
@n=1TP,—15P, 1 +6P, 5

)

and
261P,, = ~16Q 14 +89Q 43 — 108Q 12,
87P, =3@n+3—4Qn+2 —16Q 41,
87P, =11Q 12— 34Q 41+ 9Q,,
29P, =7Q 41— 19Q, +11Q,_1,
29P, =16Q, - 31Q,-1+21Q, 5.

(6.1)
(6.2)
(6.3)
(6.4)
(6.5)

(6.6)
(6.7)
(6.8)
(6.9
(6.10)

Proof. Note that all the identities hold for all integers n. We prove (6.1). To show (6.1), writing

Qn:axﬁn+4+bxﬁn+3+cxﬁn+2
and solving the system of equations
Qo=axPs+bxPs+cxPy,
Qi=axPs+bxPy+cxPs,
Qo=axPg+bxPs+cxPy,

we find that a = —%, b= %6, ¢ = —8. The other equalities can be proved similarly.

Note that all the identities in the above lemma can be proved by induction as well.
Secondly, we present a few basic relations between {P,} and {E,}.

Lemma 6.2. The following equalities are true:
3En = _pn+3 +2ﬁn+2 +6ﬁn+1 )
En = _ﬁn+2+4ﬁn+1_ﬁna

E,=-Pn1+5P,-3P,
and
8P, =E,.3—4E 12 +3E .1,
3P, =Eni5—3En41+3E,,
3P, =2E,,1-3E,+3E,_1.
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Thirdly, we give a few basic relations between {Q »} and (E nt.

Lemma 6.3. The following equalities are true:
3Qn=—4E,.3+18E,.2—9E .1,
3Qn=—2E,.2+15E,,1 - 12E,,
3Qn=5E,+1-6E,_1,

and
87E, =20Qn+3— T15Qn+2+19Qn 1,
87E, =25Q 42 — 101@ 11 +60Q,,
29E, =8Qn+1—30Q, +25Q 1 .

We now present a few special identities for the binomial transform of the third order
Pell-Lucas sequence {Qn}.

Theorem 6.4 (Catalan’s identity). For all integers n and m, the following identity holds
Qnim@n-m— Q% = %(5En+m+1 —6E psm-1)BE p—m+1—6E_pm-1)— %(5E\n+1 —6E,-1)°.
Proof. We use the identity
Qn= %(5En+l ~6E,_1). O

Note that for m = 1 in Catalan’s identity, we get the Cassini identity for the binomial
transform of the third order Pell-Lucas sequnce

Corollary 6.5 (Cassini’s identity). For all integers n and m, the following identity holds
~ o~ A 1 - ~ ~ ~ 1 . ~
Qn+1Qn—1 - Qyzl = 5(5En+2 - 6En)(5En - 6En—2) - §(5En+1 - 6En—1)2-
The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using

Qn = %(5En+1 - GEn_l). The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’
identities of the binomial transform of third order Pell-Lucas sequence {Q nt-

Theorem 6.6. Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)
Qn+1Qn —QmQn+1
= (B 12~ 6B 5B 1~ 6Fn 1)~ (B i1~ 6B 1)6E 12~ 6E,).
(b) (Gelin-Cesaro’s identity)
Qr+2Qn+1@n-1Qn-2-Q;,
= 8—11((5En+3 —6E,41)(5E ,12—6E,)(5E, — 6E, _2)(5E,_1—-6E,,_3)~(5E .1 — 6E,_1)*).
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(c) (Melham’s identity)
~ ~ ~ ~ 1 ~ ~ ~ ~ ~ ~ ~ ~
Q@n+1@n+2@n+6 - Q?L+3 = E((5En+2_6En)(5En+3_6En+1)(5En+7_GEn+5)_(5En+1 - 6En—1)3)-

Proof. Use the identity @, = 3(5E 41 —6E,_1). O

7. Linear Sums

The following theorem presents some linear summing formulas of generalized Tribonacci
numbers with positive subscripts.

Theorem 7.1. For n =0, we have the following formulas:

(a) (Sum of the generalized Tribonacci numbers) If r+s+t—1#0, then

iW _ Wn+3+(1—r)Wn+2+(1—7‘—S)Wn+1—W2+(7‘—1)W1+(7‘+S—].)W0
i=0 R r+s+t—-1 '

b) If2s+2rt+r2—s2+2-1=(r+s+t—1)(r—s+t+1)#0 then

(—s+ 1DWopi0 + (E+78)Wopi1+ 2 +rt)Way, + (=1 +5)Wy
+(—t—rs)Wi+(=1+r2—s2+rt+ 29)W

n
Y Wop =
520 (r+s+t—1)(r—s+t+1)
and
(r+tWopio+ (s —s2 + 12+ rt)Wap i1 + (£ — st)Wap, + (=1 — )Wo
n +H(=1+s+r2+rt)Wy+(—t+st)Wy
Y Woper =
120 (r—-s+t+1)(r+s+t—-1)
Proof. This is given in Soykan [22]. O

Taking r =5, s=—-6, t =3, b, =W, in Theorem [7.1[a,b), we obtain the following proposition
which gives sum formulas for the binomial transform of the generalized third order Pell sequence

Proposition 7.2. For n =0, we have the following formulas:

n

(a) kZ br=bp13—4bpi2+2b,41—ba+4b1—2by.
=0
n

(b) kZ boy = 1—15(7bzn+2 —2Tbgp11+24bg, —Tba +27b1—9by).
=0
n

(c) kZ bors1= 1—15(852n+2 —18b2,41+21bg, —8bg +33b1 —21by).
-0

From the above proposition, we have the following corollary which gives linear sum formulas
of the binomial transform of the third order Pell numbers (take b, = ﬁn with ﬁo =0, P = 1,
Py=4).

Corollary 7.3. For n = 0, binomial transform of the third order Pell numbers have the following

properties.

(a) kgoﬁk =P,i3-4P, 2 +2P, 1.
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n AN A~ AN AN

(b) % Pop = 15(7Ponez ~ 27Pans1 + 24Pon ~ 1.
=0
no < ~ ~ ~

(c) kZ Popi1= 1_15(8P2n+2 —18Pg; 1 +21Py, +1).
=0

Taking b, = Qn with Qo =3, Ql =5, QQ =13 in the above proposition, we have the following
corollary which presents linear sum formulas of the binomial transform of the third order

Pell-Lucas numbers.

Corollary 7.4. For n =0, binomial transform of the third order Pell-Lucas numbers have the

following properties.

PN ~ ~ ~

(a) kgoQk = Qn+3 - 4Qn+2 + 2Qn+1 +1.
PN ~ ~ ~

(b) % Qo = E(1Q2n+2 —27Q 241 +24Q 2, + 17).
n A A~ A~ o~

(c) k§0Q2k+1 = £ (8Q2n+2 — 18Q2n+1+21Q2, — 2).

From the above Proposition, we have the following corollary which gives linear sum formulas
of the binomial transform of the third order modified Pell numbers (take b,, = E n With Eo =0,
Ei1=1,E5=3).

Corollary 7.5. For n = 0, binomial transform of the third order modified Pell numbers have the

following properties.

@ Y Ep=En3-4E,2+2E,1+1.
=0
no o ~ ~ ~

(b) kZ Eg = 15(TEon 2 —27Egp 1 +24E5, +6).
=0
PN ~ ~ ~

© Y Egpr = 15 (8E2n12— 18E9, 41 +21E5, +9).
=0

The following Theorem presents some linear summing formulas (identities) of generalized

Tribonacci numbers with negative subscripts.

Theorem 7.6. For n = 1, we have the following formulas:
(a) (Sum of the generalized Tribonacci numbers with negative indices) If r+s+t—1#0, then

i W = —(r+s+t)W_,_1—(G6+0)W_,, o —tW_,, 3+ Wo+(1-r)W1+(1-r—-s)Wy
iz kT r+s+t—1 '

b) If (r+s+t—1)(r—s+t+1)#0 then
~(r+tW_opi1+ T2 +rt+s—1DW_g, + (st —t)W_9,_1
n +(1—s)Wo+(t+rs)Wi+(1—rt—2s—r?+s2)W,
k;W‘z"”: (r+s+t—1(r—s+t+1)
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and
(s=1DW_gp11—(t+rs)W_g, — (t2 +rt)W_gn_1
n W +(r+OWe+ (1 —r2—rt—s)Wi + (¢t —st)Wy
k; “2htl = (r+s+t-1Dr-s+t+1)
Proof. This is given in Soykan [22]. O

Taking r =5, s=—-6, t =3, b, = W, in Theorem [7.6[a,b), we obtain the following proposition
which gives sum formulas for the binomial transform of the generalized third order Pell sequence
with negative subscripts.

Proposition 7.7. For n = 1, we have the following formulas:

@) Y b_p=-2b_, 1+3b_ 5—3b_,_s+bs—4by+2bg.
k=1

(D) ¥ b_gp=-L(-8b_9,01+83b 9, —21b 9, 1 +Tby—27by +9by).
k=1
n
© X bogpe1= L (=Tb_9p+1+27b_9, —24b_9,_1 +8by — 33b1 +21by).
=1

Taking b,, = P,, with Py = 0,P; = 1,P5 = 4 in the above proposition, we have the following
corollary which gives linear sum formulas of the binomial transform of third order Pell sequence
with negative subscripts.

Corollary 7.8. For n = 1, binomial transform of the third order Pell numbers have the following

properties.

n AN A AN AN

(a) X Pr= —2P_, 1+3P_, 9—-3P_,_3.
=1
no < ~ ~ ~

(b) % Pogi = 15(-8P2n+1+33P-30 ~21P 201 + 1).
=1
no ~ ~ ~

(c) kzl k41 = %(_7P—2n+1 +27TP_9, —24P 5, 1-1).

From the last Proposition, we have the following corollary which gives linear sum formulas
of the binomial transform of the third order Pell-Lucas numbers (take b,, = Qn with Qo =3,

Q1=5, Q2 =13).

Corollary 7.9. For n = 1, binomial transform of the third order Pell-Lucas numbers have the

following properties.

(@) kilé_k =—2Q 1-1+3Q 230 _p_3-1.

(b) kZI Q-2 = 75(—8Q _2n+1 +33Q _2, —21Q _5,_1 — 17).

M=

(c) 1Q—2k+1 = L(-7Q _21+1+27Q 2, —24Q 3,1 +2).

k
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Taking b, = E » with EO =0, E,=1E5 =3 in the above proposition, we have the following
corollary which gives linear sum formulas of the binomial transform of third order modified Pell
sequence with negative subscripts.

Corollary 7.10. For n = 1, binomial transform of the third order modified Pell numbers have
the following properties.
no_. ~ ~ ~
(@ YE ,=-2E_,, 1+3E_, 9—3E_, 3—1.
k=1
n

(b) 3 -3 = 35(-8E -zn+1 +33E-2, ~21E 31~ 6).
1

n ~ ~ ~
() kZ E_opi1=1(-TE 5,41 +27E 5, —24E_5,_1-9).
-1

8. Matrices Related with Binomial Transform of Generalized
Third-Order Pell numbers

Matrix formulation of W,, can be given as

W,i0 ros t\" Wo,
Woe1 |=]1 1 0 O Wi |. (8.1)
W, 010 Wo

For matrix formulation (8.1), see [10]. In fact, Kalman give the formula in the following form

W, 01 0\ (W
W1 |=[ 0 0 1 wi |.
Whio r s t Ws

We define the square matrix A of order 3 as:

5 -6 3
A=|11 0 O
0 1 0

such that detA = 3. From (2.1) we have

bn+2 5 _6 3 bn+1
bp+1 |=|11 0 O by (8.2)
b, 0 1 0 bn-1

and from (8.1) (or using (8.2) and induction), we have

b0 5 —6 3\"( by
bas1 |=| 1 0 0 b1 |.
b, 0 1 0 bo

If we take b, = P, in (8.2), we have

~

Priz\ (5 =6 3)( Puu
Poi|=|1 0 off B, | (8.3)
P, 0 1 0)J\P,,
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For n =0, we also define

n+l __

n AN — AN n A
> Pp 32X Pr— 3 Pr| 3% Py
k=0 k=0 k=0 k=0
n o n-1 __ n-2 __ n-1 _

B,=| X P -3|2Y Pr,— 3 Pr| 3% Py
k=0 k=0 k=0 k=0
n-1 __ n-2 __ n-3 __ n-2 __
k=0 k=0 k=0 k=0

and
bn+1 —6bn +3b,-1 3b,
C,= b, —6b,,_1+3b,_9 3b,_1
bn—l _6bn—2 +3bn—3 3bn—2

By convention, we assume that

1

2

> Pi=0, Y Bi=t Y B=2.
k=0 k=0 k=0
Theorem 8.1. For all integer m,n =0, we have
(a) B,=A",
(b) C1A" =A"C4,
(o) Chym=C,B,, =B,,C,.

Proof. (a) Proof can be done by mathematical induction on n.
(b) After matrix multiplication, (b) follows.
(c) We have

AC,.1=|1 0 O b,.1 —-6b,_9+3b,_3 3b,_9
0 1 O b,.o —-6b, 3+3b,_4 3b,_3

bni1 —6b,, +3b,_1 3b,
=C,

5 -6 3\)( b, —6b,_1+3b,_2 3bn_1)

= bn —Gbn_1+3bn_2 Sbn_l
bp-1 —6b, _2+3b,_3 3b,_2

ie. C, =AC,_1. From the last equation, using induction we obtain C,, = A" 1C;. Now

Crem=A""1C1=A"TA™C; = A" 1C1A™ = C, By
and similarly
Chim =BnC,.
Some properties of matrix A” can be given as
A = BAT1_GAP-2 4 343 = gAn+l_ 2 gn+2 }An+3,
AV = ATAT = AT AT ’ ’
and
det(A")=3"

for all integer m,n = 0.
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Theorem 8.2. For m,n =0, we have

m+1
brim=bn Y Pr+b,_ 1(—62Pk+3ZPk)+3bn2ZPk (8.4)
k=0 k=0 k=0 k=0

m m-— m+1
= (Z ﬁk) (8b,-2—6b,-1)+3 ( Y ﬁk) bp-1+ ( Y ﬁk) by. (8.5)
k=0 k=0 k=0

Proof. From the equation C,,,,, = C,B,, =B,,C, we see that an element of C,,,,, is the product
of row C,, and a column B,,. From the last equation we say that an element of C,,,,, is the
product of a row C,, and column B,,. We just compare the linear combination of the 2nd row
and 1st column entries of the matrices C,,,, and C,,B,,. This completes the proof. O

Corollary 8.3. For m,n =0, we have

m+1

Pn+m—P ZPk+Pn 1 —GZPk+3ZPk +3Pn 2ZPk,
k=0 k=0 k:O =0

=N . m+l . m

Qn+m:QnZPk+Qn—l(_ Z Pk +3Qn 2ZPk,
k=0 k=0 k 0 =0

R __ m+l R m m—1 . R

Enim=En ZPk"‘En—l(_ Z Z +3En—2ZPk-
k=0 k=0 k=0 k=0

From Corollary we know that for n = 0,
Zﬁk :ﬁn+3_4ﬁn+2+2ﬁn+l-
k=0
Thus Theorem [8.2] and Corollary 8.3 can be written in the following forms:

Theorem 8.4. For m,n =0, we have

bn+m = bn(ﬁm+3 - 4P\m+2 + 3P\m+1) + bn—l(_4ﬁm+3 + 17ﬁm+2 - 12ﬁm+1)
+ 3bn—2(Pm+3 _4Pm+2 +2Pm+1)-

Corollary 8.5. For m,n =0, we have
Prim=Pp(Ppss—4P 10+ 3P 11) + Py_1(=4P,y 13+ 1TPy 10 — 12P, 1)
+8Py_2(Prmi3 —4P 12 + 2P 1),
Qnim = Qn(Prs3—4Ppsa +3Pi1) + @ 1(=4P 43+ 17P 00— 12P,11)
+8Qn-2Prss — 4P 19+ 2P, 11),
Epim =En(Pri3—4Pyio+3Py 1)+ Ep 1(~4Py 3+ 1TP 0 — 12P,41)
+8E-9(Prms3 —4Pmso + 2Py 1)

Now, we consider non-positive subscript cases. For n = 0, we define

ZPk 3(22Pk—ZPk) —3ZPk

k=0 k £=0
n-1 __ n+1 noo_.
B ,=| - —k ZZPk—ZPk) -3 Py
k=0 k:O
no_. rL+1 n+2 n+l __
-Y>P, 32y Py-Y Py -3y P,
k=0 k=0 k=0 k=0

Commaunications in Mathematics and Applications, Vol. 12, No. 1, pp. , 2021



Binomial Transform of the Generalized Third Order Pell Sequence: Y. Soykan 91

and
b_n+1 —-6b_,+3b_,-1 3b_,
C_,= b_, —-6b_, 1+3b_,_9 3b_,_1
b—n—l _6b—n—2 +3b—n—3 3b—n—2

By convention, we assume that
Y P, =0, _2213_ =-
k=0 k=0
Theorem 8.6. For all integer m,n =0, we have
(a) B.,=A™",
(b) C.1A™T"=A"C_4,
o Ch-p=C_;,B_,,=B_,,C_,.

Proof. (a) Proof can be done by mathematical induction on n.
(b) After matrix multiplication, (b) follows.
(c) We have

A'Cc_,.1=|1 0o o || b_,-1 -6b_,_2+3b_,_3 3b_,_9
0 1 O b_n—9a —-6b_, 3+3b_,_4 3b_,_3

b_ni1 —-6b_,+3b_,,_1 3b_,
Con

5 —6 3)( b_, —6b_,_ 1+3b_,_9 3bn1)

= b_, —-6b_,_1+3b_,,_9 3b_n_1
b_n-1 —6b_p2+3b_y-3 3b_p-2

ie. C_, =A"1C_,_1. From the last equation, using induction we obtain C_, = A" 1C_;.

Now
Con-m=AT"" 10 1=AA™C_1=A""1C_1A™=C_,B_,
and similarly
Copn-m=B_nC_p. 0

Some properties of matrix A™" can be given as

§A—n+2 + lA_n+3
3 b

A" =B5ATT—6AT P 4+B3AT =24 - 3

A—n—m :A—nA—m :A—mA—n
and
det(A ™) =37"

for all integer m,n = 0.

Theorem 8.7. For m,n =0, we have

m-2 m-1 m m-1
bon-m==b_n ) P —-b_pn1 (— Y P Z ) 3b_ _2(2 pP_ k)

k=0

m m—
= _3(ZP—k)b—n—1_b—n Z P_p—Bb_p-2-6b_p-1) Z
k=0 k=0
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Proof. From the equationC_,,_,, =C_,B_,, =B_,,C_,, we see that an element of C_,,_,, is the
product of row C_,, and a column B_,,. From the last equation we say that an element of C_,,_,,
is the product of a row C_, and column B_,,. We just compare the linear combination of the 2nd
row and 1st column entries of the matrices C_,_,, and C_,B_,,. This completes the proof. [

Corollary 8.8. For m,n =0, we have

. . m=2 . m-1
P, n=—-P_, Z P ,-P_, 4 (—6 P ,+3
k=0 k=

hgE
)
Bl
N —
|
w
'I‘U>
S
N
—_——
3
i
=)
-
N ——

[=]
>
Il
[=]

~

Q—n—m

Q)

Mz

o)
=

[

w
D)

3

b

m-2 - m=1 _
n ) Pp—Q_p (—6 P_p+3
k=0 k=0

>
Il
o

1l
hgE
| )
Bl
N —
|
L
=)
3
N
— ——
D13
=)
S
N —

>
Il
o

m—2 m—1
E,m=-E_,Y P,-E_, 4 (—6 Y P ,+3
k=0 k=0
From Corollary we know that for n > 1,
n
Z P,=-2P , {+3P_, 9—3P_, 3.
k=1

Since Py = 0, it follows that

ﬁ_k = —Qﬁ_n_l + 3ﬁ_n_2 - 3ﬁ_n_3.

M=

k=0
Thus Theorem [8.7]and Corollary [8.8|can be written in the following forms.

Theorem 8.9. For m,n =0, we have
b—n—m = _b—n(_7ﬁ—m + 9P\—m—l - 6ﬁ—m—2)_9b—n—l(ﬁ—m _ﬁ—m—l +ﬁ—m—2)
- 3b—n_2(—2ﬁ_m + 3ﬁ_m_1 - 3P\—m—2)-

Corollary 8.10. For m,n =0, we have
Ppm=—P_(-TP_,+9P_,, 1-6P_,, 3)—9P_, 1(P_,—P_,, 1+P_,,9)
—3P_, o(-2P_,, +3P_,,_1-3P_,,_5),
Qon-m=-Q_n(~TP_y +9P_y 1 -6P_y_9)=9Q_,,_1(P_sy —P_py_1+P_p_5)
~3Q_-9(-2P_, +3P_,,_1—3P_, ),
E o pm=-E_ (-TP_,+9P_,, 1—-6P_,, 3)-9E , {(P_py—P_,y 1+P_,_3)
—83E_,_o(~=2P_,, +3P_,,_1-3P_,,_5)).

9. Conclusion

In the literature, there have been so many studies of the sequences of numbers and the
sequences of numbers were widely used in many research areas, such as physics, engineering,
architecture, nature and art. We introduced the binomial transform of the generalized third-
order Pell sequence and as special cases, the binomial transform of the third-order Pell, third-
order Pell-Lucas and modified third-order Pell sequences have been defined. In Section
we present some background about the generalized Tribonacci numbers and the generalized
third-order Pell numbers. In Section |2, we defined the binomial transform of the generalized
third-order Pell sequence. In Sections (3| and [4], we gave generating functions and Binet’s
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formulas of the binomial transform of the generalized third-order Pell sequence. In Section
we present Simson formulas of the binomial transform of the generalized third-order Pell
sequence. In Section [6], we obtained some identities of the binomial transform of the generalized
third-order Pell sequence. In Section |7, we present sum formulas of the binomial transform of
the generalized third-order Pell sequence. In Section |8, we gave some matrix formulation of the
binomial transform of the generalized third-order Pell sequence.
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