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Abstract. The graph of Hermitian-adjacency matrix is a mixed graph consisting adjacency matrix of
an undirected graph and skew-adjacency matrix of a digraph. In this paper we discuss eigenvalues of
Hermitian-adjacency matrix. Then we use the eigenvalues to determine the possible Hamiltonian
cycles of its graph.
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1. Introduction

Liu and Li [13] introduced the concept of Hermitian-adjacency matrix of a mixed graph G of
order n. The graph of Hermitian-adjacency matrix is a mixed graph without multiple edges
and loops consisting adjacency matrix of an undirected graph A(G) and skew-adjacency matrix
of a digraph S(G?) [2]l. An undirected graph G = (V,E) is an ordered pair consisting of a set
of vertices V = {v1,v9,...,v,} and a set of undirected edges E = {eq,e9,...,e,}, no loops nor
multiple edges permitted [14]. A directed graph or digraph is a graph that contains only set of
directed arcs with the set of vertices V = {v1,v9,...,v,} [9]. While a mixed graph G =(V,E,A)
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is an ordered triple consisting of a set of vertices V =vq,vg,...,v,, a set of undirected edges
E ={eq,eq,...,e,}, and a set of directed arcs A [3]. A mixed graph is the orientation of subset of
the undirected graph and its edge set is the union between the sets of arcs and undirected edges
[4,/19]. An orientation is an assignment of exactly one direction to each of the undirected edges
of G to become a directed graph. Skew-adjacency matrix S(G?) = (s; ;) is real skew symmetric
matrix, where s; ;=1 and m;; = -1if i — j, is an arc of G, otherwise s; j =s;; =0 [12]. A
mixed graph is said to be a mixed cycle if its underlying graph is a cycle graph [17]. A Graph G is
a mixed cycle graph such that the directed edges (arcs) are not oriented in the same direction [7].
A cycle graph is a closed circular connected vertices. Thus, Hamiltonian graph is a Hamiltonian
cycle (Hamiltonian circuit) which has a closed Hamiltonian path. Hamiltonian path is a path
that visits each vertex exactly once in an undirected, directed or mixed graph [14]. It is difficult
to find Hamiltonian cycle of a graph in a polynomial time and this results to NP-complete
problem. However, exponential time algorithms can be used such as brute force search and
dynamic programming.

Mixed adjacency matrix M(G) = (m; ;) of a mixed graph G is defined as an n x n matrix
indexed by the vertices (v1,...,v,), where m; ;=1ifv,v;€e E, m; ;=-1ifv;,v;€A,and m; ;=0
otherwise [9]]. Let G be a mixed graph of order n with its mixed adjacency matrix M(G). Then

det(M(G)= ). (=1)r e gpo(D (_gypeH)
HeH,

where H,,, e(H), p,(H) and p.(H) are respectively, the collection of all linear subgraphs of order
n having no mixed cycles with odd number of arcs, the number of edges in H, the number of
mixed cycles in H that are oddly oriented and the number of mixed cycles in H that are evenly
oriented [7]]. Now, let G be a mixed graph of order n with its mixed adjacency matrix M(G), the
characteristics polynomial of mixed adjacency matrix M(G) is given as P(G,A) = det (M - M(Q)).
The spectrum of a mixed graph is the spectrum of its mixed adjacency matrix that consists
of 1;;1=1,2,...,n, where 1;(G) is the spectrum of a mixed graph G, see [[11,/18]. The graph
energy of an undirected graph has been known for many years with its concept originated from
theoretical chemistry [10]. Thus, the mixed energy &y/(G) of a mixed graph G is the sum of
absolute values of eigenvalues of the adjacency matrix of the graph defined as
n
Em(G) = ;|Ai(G)|,
i=
where 1;(G) is the spectrum of a mixed graph G [6]. While the concept of skew-energy of a
digraph was coined by [1]] defined as &s(G) = Z lpiS(G)|, where p;S(G) is the spectrum of a

mixed graph S(G). Hermitian energies, Hermltlan Laplacian matrix and Hermitian-Zagreb
matrix are detailed in [5,8,9,16]. Our aim is to discuss the unique property of eigenvalues of

Hermitian-adjacency matrix.
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2. Eigenvalues of Hermitian-adjacency Matrix

Hermitian-adjacency matrix of a mixed graph G of order n, denoted as H(G), and it is defined
as H(G) = (h;ij), x n, where

1 ifv;v;is an edge;

i if (v;,v)) is an arc;

—-i if (v;,v;) is an arc;

0  otherwise.

For i = /-1 [15]]. If H(G) coincides with M(G), then the we define its mixed adjacency matrix
indexed by the vertices (v1,v2,...,v,) of mixed graph G to be an n x n matrix M(G) =(m; j), xn,

where
1 ifv;vjis an edge;
)1 if(v;,vy) is an arc;
A | if (v;,v;) is an arc;

0  otherwise.
Thus, H(G) = A(G) +iS(G?), where i is an imaginary number unit [2]. The spectrum of H(G)
has real eigenvalues, where its singular values coincide with absolute values of its eigenvalues.
The sum of eigenvalues of H(G) forms its energy, denoted as & (G).

Before we proceed to our objectives, we give three examples of Hermitian-adjacency matrix
with their determinants, characteristic polynomials, eigenvalues and Hermitian energies, and
their graphs as depicted in Figure

1. Let H(G) be the Hermitian-adjacency matrix of order 3 given as

( 0 1 —i)
HG)=|-i 0 1
t 1 0
The determinant of H(G) is —2, characteristics polynomial P(G, 1) is —A3 + 31 -2, the

eigenvalues are {1,1,—2} and its mixed energy &z (G) is 4.

2. Let H(G) be the Hermitian-adjacency matrix of order 4 given as

0 i i 1
i 0 1 0
HS=|_, 1 o ;
1 0 —i 0

The determinant of H(G) is 4, characteristics polynomial P(G,A) is A* — 512 + 4, the
eigenvalues are {—1,1,-2,2} and its mixed energy &g (G) is 6.

3. Let H(G) be the Hermitian-adjacency matrix of order 5 given as
0 0 1

- 0 - 1 1
HG)=]10 i 0 1 —i
1 -1 1 0 O
- 1 t 0 O
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The determinant of H(G) is 8, characteristics polynomial P(G,A) is —A5 + 813 —412 —
121 + 8, the eigenvalues are {2,v2,-v2,—-v3—1,v3 -1} and its mixed energy &x(G) is
4+2(v/2+V3).

(=) (1)

[

Figure 1. Hermitian graph of order 3, 4 and 5, respectively

The total number of Hamiltonian cycles in the Hermitian graph of order 3, 4 and 5 above
are 1, 2 and 4.

Proposition 2.1. Let A; be the eigenvalues of Hermitian graph G. If there exists Hamiltonian

cycle in G, then the number of all possible Hamiltonian cycles in G is
n

[T 14;]

i=1
2

Proof. The beauty of Hermitian graph is that it comprises undirected edges and arcs which still

allows Hamiltonian cycle in the graph. Since 1; = {A1,12,...,1,} are real numbers and |1;| >0
fori=1,2,...,n (see [9]), it is clear that the product of all eigenvalues gives the determinant of
H(G). The entries in H(G) determine the structure of its graph because H(G) consists of 0, 1 and
+i. Hence, the cycle in G may not evenly distributed to each vertex of the graph. Furthermore,
no vertex should be repeated in a Hamiltonian cycle and each vertex is covered. The product of
the absolute value of eigenvalues in G gives the the possible cycles, vertex repetition inclusive.

To avoid vertex repetition, we divide the product of eigenvalues by 2. O

Corollary 2.2. Let A; be the eigenvalues of a Hermitian graph G. and T(./,) be the total number

of undirected edges and arcs in G. Then

n
2;2
=1

Teta) = g
where 1; ={A1,A9,...,A,}, for i =1,2,...,n.

Proof. Hermitian graph consists of undirected edges and arcs where the number of arcs is more

than the number of undirected edges. This happens because H(G) has more imaginary units
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(£1) than 1. As Proposition 2.1 posited that the entries in H(G) determine the structure and the
eigenvalues of G, the square of each eigenvalue is greater than or equal to 1. The sums of the

squares of Hermitian eigenvalues is always even which is divisible by 2. O

Corollary 2.3. If A; is the eigenvalues of a mixed Hermitian graph G, then
n n
Y il+[]1Ail>0.
i=1 i=1

Proof. Since A; contains at least three eigenvalues (distinct or not distinct) based on the least

n
order of Hermitian-adjacency matrix and G has cycle, for i =1,2,...n. If }; #0 then } 1,=0
=1

1=

n
such that Y |1;] #0, 1; € R. Now, recall that determinant of Hermitian-adjacency matrix is
i=1

n n n
nonsingular because [] |A;| #0. It is obvious that |1;| = 1 and this makes Y [A;|+ [] |A;] £0. O
i=1 i=1 i=1

3. Conclusion

Hermitian-adjacency matrix provides unique eigenvalues for the Hermitian graph. Then we
deduced the gap between eigenvalues of Hermitian-adjacency matrix and number of cycles in

the graph, and the number of undirected edges and directed edges for every Hermitian graph.
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