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1. Introduction

In 1950, Nakano [[10] introduced the notion of modular spaces which was further generalized and
redefined by Musielak and Orlicz [9] in 1959. Modular function spaces are the generalization of
some class of Banach spaces due to which many analysts showed their interest to work in this
field. Khamsi et al. [5] were the first who initiated the study of fixed point theory in these spaces
in 1990. On the basis of their results, many work has been done in these spaces. Kozlowski
[12,4,5,8] has contributed a lot in the study of fixed point theory in these spaces.

Until 2012, there was no result obtained for the approximation of fixed point in modular
function spaces. In 2012, Dehaish and Kozlowski [2] tried to fill this gap by using Mann iteration
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for asymptotically pointwise nonexpansive mappings. In 2014, Abdou et al. [1] introduced
the approximation of common fixed points of two p-nonexpansive mappings in these spaces by
using Ishikawa iteration procedure. However, all the above work was done for single valued
mappings.

In 2014, Khan and Abbas [[6] were the first who gave the approximation theorems for fixed
points of a multivalued p-nonexpansive mappings by using Mann iteration scheme in modular
function spaces. In 2017, Khan et al. [[7] gave some convergence theorems to approximate the
fixed point of p-quasi-nonexpansive multivalued mappings in modular function spaces using
a three step iterative process, where p satisfies Ag-condition. The results in [[7] improved and
generalized the results of Khan and Abbas [6]. In 2019, Panwar and Reena [11] proved some
approximation results for fixed point of multivalued p-quasi-nonexpansive mappings for a newly
defined hybrid iterative process in modular function spaces.

Motivated by the work done in this field, we prove some convergence results to approximate
the common fixed point for three p-nonexpansive mappings by using three steps iterative
scheme in these spaces. Our results extend, generalize and improve various results in existing
literature.

In section |2, we provide some basic definitions, needed propositions and lemmas to prove our
main results. In section (3, we study the convergence and approximation of common fixed points
of three multivalued p-nonexpansive mappings for three steps iterative scheme in modular
function spaces.

2. Preliminaries

Let Q be a nonempty set and }_ be a nontrivial o-algebra of subsets of Q2. Let P be a nontrivial
0-ring of subsets of (2 which means that P is closed under countable intersection, finite union
and differences. Suppose that ENA € P for any E € P and A € ). Let us assume that there
exists an increasing sequence of sets K, € P such that Q = UK,,. By ¢ we denote the linear
space all simple functions with support from P. Also, M, denotes the space of all extended
measurable functions, i.e., all functions f : Q) — [-00,00] such that there exists a sequence

{gntce, Ignl=If] and g,(w)— f(w) for allw e Q.
We define
M={f e M :If(w)l <oco p-a.e.}.

Now, we recall definition of modular function.

Definition 2.1 ([8]). Let X (R or C) be a vector space. A functional p is called a modular if for
arbitrary elements f and g of X, there hold the following:

() p(f)=0<> f=0,
(i) p(af)=p(f) whenever |a| =1,
(iii) p(af +pBg) < p(f)+ p(g) whenever a,f=0, a+f=1.
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If we replace [(i11)| by
(iv) plaf +pg) <ap(f)+ Pp(g) whenever a,f=0, a+ =1.

Then modular p is called convex.

Definition 2.2 ([8]). If p is convex modular in X, then the set defined by
L,={feM:pAf)—0asA— 0}

is called modular function space. Generally, the modular p is not subadditive and therefore does
not behave as a norm or a distance. However, the modular space L, can be equipped with an
F-norm defined by

||f||p:inf{a>0:p(£)sa}.

In the case, p is convex modular

171 :inf{a >O:p(£) < 1}
a
defines a norm on modular space L, and it is called Luxemburge norm.

Definition 2.3 ([8]). Let p : My, — [0,00] be a nontrivial, convex and even function. Then p is a
regular convex function pseudo modular if

1. p(0)=0;
2. p is monotone, i.e., |f(w)| < |g(w)| for any w € Q) implies p(f) < p(g), where f,g € M;

3. p is orthogonally sub-additive, i.e., p(f yauB) < p(f xa)+ p(f xB) for any A,B € ¥ such that
ANB#¢, f € Mo

4. p has Fatou property, i.e., |fn(w)| 1 |f(w)| for w € Q implies p(f,) 1 p(f), where f € M;

5. p is order continuous in ¢, i.e., g, €€ and |g,(w)| | 0 and p(g,) | 0.

A set A €} is said to be p-null if p(gy4) =0 for every A € €. A property p(w) is said to hold
p-almost everywhere (p-a.e.) if the set {w € QO : p(w) does not holds} is p-null.

Definition 2.4 ([8]). A regular function pseudo modular p is a regular convex function modular
if p(f) =0 implies f =0 a.e. The class of all nonzero regular convex function modular defined on
Q will be denoted by fR.

Definition 2.5 ([2]). Let p € SR. We define the following uniform convexity type properties of the
function modular p. Let t €(0,1), r > 0, € > 0. Define

Di(r,e)={(f,8):f,g €Ly, p(f)<r,p(g) <r,p(f —g) z er}.
Let

1
6t1(r,e):inf{1—;p(tf+(1—t)g):(f,g)€D1(r,e)} if Di(r,e)#¢
and

01(r,e)=1 if D1(r,e) = ¢.
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1
We use the following notational convention: 61 =47.

Definition 2.6 ([2]). A non-zero regular convex function modular p is said to satisfy (UC1) if
every r >0, €>0, §1(r,e) > 0. Note that for every r >0, D1(r,e) # ¢ for € > 0 small enough.

Definition 2.7 ([2]]). A non-zero regular convex function modular p is said to satisfy (UUC1)
if for every s = 0, € > 0, there exists 11(s,e¢) > 0 depending only upon s and € such that
01(r,e) >n1(s,e) for any r > s.

Definition 2.8 ([8]). Let p € fR.
(1) A sequence {f,} is p-convergent to f, that is, f,, — f if and only if p(f,, — f) — 0 as n — oco.
(2) A sequence {f,} is p-Cauchy sequence if p(f,, — fn) — 0 as m,n — co.

(3) A set B<c L, is called p-closed if for any sequence {f,} =B, f, — f as n — oo implies that
f belongs to B.

(4) A set Bc L, is called p-bounded if p-diameter is finite; the p-diameter of B is defined as
8,(B)=sup{p(f-g):f,g€B}.
(5) A set Bc L, is called p-compact if for any sequence {f,} B, there exists a subsequence
{fn,} of {f»} and f € B such that p(f,, —f)— 0 as & — oco.

(6) A set Bc L, is called p-a.e. closed if for any sequence {f,} = B which p-a.e. converges
frn — f as n — oo implies that f belongs to B.

(7) A set B c L, is called p-a.e. compact if for any sequence {f,} B, there exists a
subsequence {f,,,} and f € B such that p(f,, —f)— 0 a.e. as k£ — oo.

(8) Let f €L, and B c L,. The distance between f and B is defined as
do(f,B)=1inf{p(f —g): g € B}.

Proposition 2.9 ([8]). Let p € *A.
(i) L, is p-complete.
(ii) p-balls By(f,r)={g€L,:p(f —g)<r}are p-closed.
(iii) If p(af,) — O for a > 0, then there exists a subsequence {g,} of {f,} such that g, — 0 p-a.e.

as n — oQ.

(iv) p(f) < lim infp(f,) whenever f, — f p-a.e. as n — oo (Note: this property is equivalent to
n—oo
the Fatou property).

(v) Consider the set Lg ={feL,:p(f,") is order continuous} and
E,={f€eL, :AfELg for any A > 0}.

Then we have E,, CL% cL,.

Definition 2.10 ([8]). Let p € *R. Then p satisfies Ag-property if p(2f,) — 0 whenever

o(fn) — 0 as n — oo.
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Proposition 2.11 ([8]]). The following statements are equivalent:
(i) p satisfies Ag-condition.
(1) p(fn—f)—0ifand only if p(A(f, —f)) — O, for every A >0 if and only if

Ifn—Fllp,—0asn—oco.

Definition 2.12 ([6]). A set C c L, is called p-proximinal if for each f € L, there exists an
element g € C such that

p(f —g)=d,(f,C) =inf{p(f —h): h € C}.
P,(C) denotes the family of nonempty p-bounded p-proximinal subset of C and C,(C) denotes

the family of p-bounded p-closed subsets of C. Let H,(:,-) be p-Hausdorff distance on C,(C),
that is,

H,(A,B) = max{sup dist,(f,B),sup dist,(g,4)}, A,BeCylLy).
feA geB

Definition 2.13 ([6]). A multivalued mapping T : C — C,(L,) is said to be p-Lipschitzian if
there exists a number £ = 0 such that
Hy(T(f), T(g)<kp(f-g) forall f,geC
(i) If =1, then T is called p-nonexpansive.

(i) If £ <1, then T is called p-contractive.

Lemma 2.14 ([2]). Let p € R and satisfy (UUCL). Let {t,} < (0,1) be bounded away from both 0
and 1. If there exists R > 0 such that
r}irglosupp(fn) <R, r}irglosupp(gn) <R and r}irgop(tnfn +(1-t,)gn) =R,
then
Lim p(fn —gn) =0.
The sequence {t,} < (0,1) is said to be bounded away from 0 if there exists a > 0 such that t, = a

for all n € N. Similarly, the sequence {t,} <(0,1) is said to be bounded away from 1 if there exists
b <1 such that t, <b forall neN.

Lemma 2.15 ([6]). Let T : D — P,(D) be a multivalued mapping and
Pl(f)={geT:p(f -2 =d,(f,Tf)}.

Then the following are equivalent:
(i) feF,(T), thatis, f € T(f),
(i) PI'={f}, that is, f = g for each g€ PL(f),
(iii) f € Fy(PL(f), that is, f € PL(f). Further F,(T)=F(P.(f)) where F(P}(f)) denotes the set
of fixed points of PZ( ).

Lemma 2.16. Let p € R and satisfy A,B € P,(L,). For every f € A, there exists g € B such that
p(f —g) < H,(A,B).
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Definition 2.17. A family of mappings T'; : C — P,(C) is said to satisfy condition (II) if there
exists a nondecreasing function ¢ : [0,00) — [0,00) with ¢(0) =0, ¢(r) > 0 for r € (0,00) such that

do(f, TN = 9(dy | éFp(Ti))).

3. Main Results

Let D, be a non empty p-bounded, closed and convex subset of L, and T'1,T,T3:D, — P,(D,)
be three multivalued mappings. Let f1 € D, and {f,} =D, be defined by

gn=Ynun+ 1L =7p)fn
hn = Bnvn+ 1= Br)fn (1)
fn+1 =apWp +(1_an)fn, n= 1,2,...

where u, € Pg‘l(fn), Un EPZz(gn), wy € P;FS(hn), and {a,}, {,} and {y,} are the sequences in

(0,1) which are bounded away from both 0 and 1.

Lemma 3.1. Let p € R satisfies (UUC1) and D, be nonempty p-bounded and convex subset of
L,. Suppose T1,T9,T3:D, — P,(D,) are three multivalued mappings such that PTl, PZZ and
PE?’ are p-nonexpansive mappings and F = F,(T1) NF,(T2) N Fy(T3) # ¢. Then r}i_)lgop(fn -p)
exists forall peF.
Proof. Let p € F be arbitrary. Then by Lemma [2.15] we have
PTi(p)=1{p}, PI2(p)=1p}, P,*(p)=1{p}.
From (1) and by convexity of p, we have
p(fr+1—p) = planwn +(1—an)fn —p)
< app(w, —p)+1—ay)p(fn—p)
< anHy(Py*(hn),Pp* () + (1= atn)p(fn — )
< app(hy,—p)+ 1 —ay)p(fn—p). (2)
Again from (I) and by convexity of p, we get
plhn—p)=p(Bnrvn+ (1= Pp)fn—p)
< Brno(vn —p)+ (1 = Br)p(frn — p)
< BnHo(P1*(gn), P1*(p) + (1= Br)p(fn — p)
< Bnp(gn—p)+ (1= Bn)p(fn—p). (3)
Using (1) and convexity of p, we have
P(gn—p) = p((1=Yn)fn+Ynlin—p)
=@ =y)p(fn—p)+Ynp(un—p)
< (1=yn)p(fn =) +YnHp(Py (), Py (p)
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<1 =y)p(frn = P)+Ynp(fn—p)
< p(fn = p).
Using (2), (3) and (4), we obtain
p(frnr1—p) =< p(frn—p).
This shows that the sequence {p(f, — p)} is decreasing. Hence
,}i_g}op(f” —p) exists for all p e F.

(4)

O]

Theorem 3.2. Let p € R satisfy (UUC1) and D, be nonempty p-bounded and convex subset of

L,. Suppose T1,T2,T3:D, — P,(D,) are three multivalued mappings such that Pgl, sz and
PZ;S are p-nonexpansive mappings and F = F,(T1)NF,(T2)NF,(T3) # ¢. Let f1 € C and {f,} be
given by (A). Then {f,} is a common p-approximate sequence of Ty, Te and Ts.

Proof. By Lemma ,}1_)120 o(fn —p) exists for all p e F. Let
lim p(f, -p)=R.
From (4) and (5), we get
lim supp(g, -p)<R.
From (3) and (4), we have
p(hy —p) < p(frn—p).
This implies that
lim sup p(h, —p) = lim sup p(f, —p)
lim sup p(h, —p) <R
Also,
pw, - p) < Hy(P12(g,), P *(p))
< p(gn—p) = p(fn—p)
which implies that
lim sup p(v, —p) < lim sup p(f - p)
r}i_g)losup p(v,—-p)<R.
Similarly, we can show that
r}irglosup plw,—-p)<R.
Since the sequence {a,} (0, 1) is bounded away from 0 and 1, so
’}nglo a,=qa.
Now,

P(fn+1 —p) = P(anwn +(1- an)fn _p)

()

(6)

(7)

(8)

9
there exists a € (0,1) such that
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= p(an(w, —p)+ (A —a,)frn—p))
< app(wy, — p)+ 1 - ay)p(fr —p)
r}i_%oinfp(fnﬂ -p)< Jl%inf(anp(wn -p)+A—an)p(fn—p))
< r}i_)lgloinfanp(wn -p)+ Y}Lr&inf(l —ap)p(fn—p)
R < r}i_)rgoinfap(wn -p)+(1-a)R
R < r}LIgloinfp(wn -p) (10)
From (9) and (10), we get
lim p(w, -p)=R.
Since w,, € Pg3(hn), then
p(wn —p) < Hy(Py*(hy),Pp*(0) < plhy — D),
which implies that

lim infp(h, —p)=R. 11
n—oo

Using (7) and (11), we get

Since the sequence {8,} <(0,1) is bounded away from 0 and 1, so there exists € (0,1) such that
lim B, = 8.
n—oo

Then,

p(hp—p) = p(Pnvn+ (1= Br)fn—p)
= p(Bn(n — p)+ (1= Bu)fr— P))
< Bupn—p)+ Q- Br)p(fr—p)
r}irgloinfp(hn -p)< r}irgoinf(ﬁnp(vn -p)+1-Bp(frn—p)
< r}ilgoinfﬁnp(vn -p)+ r}irgoinf(l - B)o(frn—p)
R < lim infp(u, - p)+(1- PR
R Sr}i_{'(r)loinfp(vn—p) (13)
From (8) and (13), we get
lim p(v, —p)=R.
Since v, € PEZ(gn), then
pvn—p) < Hy(P1*(gn),P3*(p) < p(gn — P,
which implies that
nli_)lgloinfp(gn -p)=R. (14)
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By (6) and (14), we get
lim p(g,-p)=R.
From (5), we have
Lm p(ynten +(L=ya)fn—p)=R
or
lim p(yn(up—p)+ A=y )(frn—p)=R.
Since u, € Py (fs), then
p(un—p) < Hp(P (), Py (D) < p(fn — D),
which implies that
,}i_)lgosupp(un -p)<R.
Then from (5)), (15), and Lemma[2.14] we have
lim p(fy —un)=0.

(15)

(16)

()]

Since u, € P;Fl(fn), ) r}Lm do(fn, T1(fn)). Therefore, it follows from that {f,} is

p-approximate sequence of 7';.

From (12),
lim p(Bpvn +(1=Bn)fn—p)=R
or
lim p(Bn(un —p)+ A= u)fn—p)=R.
From (5)), (7), and Lemma [2.14], we have
Jim p(fn —v,) = 0.
Also,
R = lim p(fp+1-p)= lim p(aywy, +(1-an)fn - p).
Using (5], (9), and Lemma we have
lim p(fn —wn)=0
From
Phn = fn) < pn—fr).
By (19,
Lim p(hp = fn)=0.
Again from
p(&n—fr) < p(un—fr).
By (17,
lim p(g, —fn) =0.

(18)

19

(20)

(21)
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Since Pg 2 is nonexpansive, then

Hy(P(gn),PP(f)) < p(gn — fn),
which implies that

H,(P[*(gn),PP(f2)=0. (22)
Since v, € P;Z,

dp(fn, Pr2(gn)) < p(fn = Un).
Then by (19), we get

dp(fn, Pr*(gn))=0. (23)
Now,

dp(fu, PE2(Fn)) < do(fn, P2 (gn) + d o (PT2(g1), P2 (f)).
Using and (23), we obtained that

dp(fn, Pr2(f))=0. (24)
But d,(f, Ta2(fn) < dp(fn,PZQ(fn)), therefore from (24), it follows that {f,} is p-approximate
sequence of T3. Hence, {f,} is p-approximate sequence of Ty and T's.
Since r}l_g)lo o(h, —f»)=0and PE‘Q’ is a nonexpansive mapping,

Hy(PY(hn), P (f) < phn — f)
which implies that

lim H,y(P2(hn), Pg*(fa)) =0

dp(Pp2(hn), P () =0. (25)
Since wy, € PL*(hy)

dp(FrsPE2(hn)) < 0(fr — ha).
Then by

dp(fusPr2(hn) =0, (26)
Then

do(frs P2 (f)) < dop(fn, P (ha)) +dp(Pp?(Ry), Pp2(f)).
By and (26)), we obtained that

dp(fn, PR3 (fn))=0. 27)
But d,(fn, T3(fr)) < dp(fn,PZ3(fn)), therefore from (27), it follows that {f,} is p-approximate
sequence of T's. Hence, {f,} is p-approximate sequence of T'1, T and T's. O

Theorem 3.3. Let p € R satisfy (UUC1) and D, be nonempty p-bounded and convex subset of
L,. Suppose T1,T2,T3:D, — Py(D,) are three multivalued mappings such that PEI,PZZ and
Pg‘3 are p-nonexpansive mappings and F = F,(T1)NF,(T2)NF,(T3) # ¢. Let f1€ C and {f,} be
given by (1). Then {f,} converges to a common fixed point of T1, Te and Ts.
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Proof. Using the compactness of D, there must be a subsequence {f,,} of {f,} and f € D, such
that nlim o(fn, —f)=0 as B — oo. We show that f is a common fixed point of 7'1,T2 and T, i.e.,
—00

f €Fy(T1), f € F)(Ts) and f € Fy(T3). Let g € PL'(f), h € PI*(f) and w € P*(f) be arbitrary.
Then by Lemma 2.16| g% € P2 (fn,), k1 € Pr*(fy,) and wy, € P13(fy,) such that

p(gr —8) < Hy(PL (f0,), PL(F)),
plhy —8) < Hy(PI2(f,,), PL2(f))

and
p(wy — &) < Hy(PL(f,), PL(f)).
We have
p(f?’;g) :p(f 3fnk N fnk3 8k +gkg—g

1 1 1
< gp(f —fr) + gp(fnk —gr+ gp(gk -8)

< p(f = fr) + A p(fr Py () + 081 — &)
< p(f = o)+ dop(Fugs Py (f) + Hp(P L (f)), P ()
< o(f = fu) + dp(fuy, PLUEN + p(f = fn,) — 0 @5 k — o0.

Hence f = g a.e. Since g € Pgl( f) was arbitrary, we have Pgl ={f}. Thus by using Lemma
f € Fp(T1). Similarly, we can show that f € F,(T2) and f € F,(T3). O

Theorem 3.4. Let p € R satisfy (UUC1) and D, be nonempty p-bounded and convex subset of
L,. Suppose T1,T2,T3:D, — P,(D,) are three multivalued mappings such that P;l, PZZ and
PES are p-nonexpansive mappings and F = F,(T1)NFy(T2) N F,(T3) # ¢. Let f1 € C and {f,} be
given by (1). Suppose that T1, Te and T3 satisfy condition (II). Then the sequence {f,} converges
to a fixed point of F.

Proof. By using Lemma _ we obtained that ,}Lm o(fn —p) exists for all p e F.
If ,}Lm o(fn —p) =0, then nothing to do. Assume that ,}Lm o(fn —p)=R >0. By same lemma, we
have
p(fns1—p)=p(fp—p)forallpeF.
This implies that
dp(fn+1,F) = dp(fn,F)
so that r}Lrgo do(fn,F) exists. By Theorem and condition (II)
0= Tim d(fo, Tr(fa)) = lim @(dy(f, ).
Since ¢ is increasing and ¢(0) =0 so that lim ¢(d,(f»,F)) = 0.
Let € > 0 be arbitrary. Then there exists an integer mo € N such that d,(f,,F) < %, for all n = my.
Particularly, inf{o(f,,) : p € F} < 5. Thus, there exists a po € F such that

p(me _p0)<€

Commaunications in Mathematics and Applications, Vol. 11, No. 2, pp.[199 , 2020



210 Common Fixed Point Results for Three Multivalued p-Nonexpansive Mappings. . . : R. Morwal and A. Panwar

(fn;fm) 1

1
< —p(fn—po)+ §p(fm - Po)

= DN

1
< =p(fmy—P0) + §p(fm0 —po)<e.

\)

Since p satisfies Ag-condition, by Proposition [2.11} we get {f,,} is a p-Cauchy sequence in D,,.
As L, is complete and D, is p-closed, then there must exists an f € C such that p(f, —f) — 0 as
n — 0o. By Theorem [3.3] the required result is proved. O

Example 3.5. Let the real number system R be space modulared as p(f) =|f]|.
Define D, ={f€L,:0=<f <3}and T1,T9,T3:D, — P,(D,) as:

w] and T3 = [O,%

Clearly, D, is a nonempty p-compact, p-bounded and convex subset of L, = R. Define

a nondecreasing function ¢ : [0,00) — [0,00) by ¢(¢) = i. Note that d,(f,T;(f)) =

=3
</)(dp (f,lﬂ Fp(Ti))) for all f € D, as follows. If f € F =[0, 1], then obviously
i=1

+1
lelo,f—
2

’ Te= [07

1=3
d,(f, Tf) =0 = </>(dp(f, ﬂFpm-))).
=1
If f €(3,00), then

f+1] f+1| f-1

do(f, T1(f)N=d,|f, O’Tl = f_T =g
f+3] f+3| 3(f-1
dp(f,Tz(f)):dp f> 07T = f_ 4 = 4 ’
2] 21 2(f-1
do(f, T =dy £, 0,22 < |p - L2 22D

-1
Mdp(f,F) = p(d,(f,10,1D)) = o(|f —1]) = fT

i=3
so do(f,Ti(f)) = c/)(dp (f, N Fp(Ti))) for all f € D, and hence the condition (II) is satisfied.
i=1
Also, PI'(f) = {f} when f € Fo(T1). If f ¢ F,(T1) = [0,1], then
P;fl(f) ={geT1(f):p(f —g)=dy(f,T1)}

:{ge:rl(f>:|f—gl=dp(f’ 0’% )}
:{geTl(f)Ilf—g|:‘f_% :‘%”
:{gETl(f)Zf_g:%}

because f > g for all g € T1(f) where f €(1,3].

P,?l(f)z{gz%}.
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Similarly, P12(f) = {f} when f € F,(Ty). If f ¢ F,(T5) =[0,1], then
PEZ(f) ={geTo(f):p(f —g)=do(f,T2)}

:{geTz(f)Zlf—g|:dP(f’ O’% )}
{geTz(f) f-gl= ‘f f+3‘ ‘W 1)‘}
{g€T2<f> f-g 3(f4 1)}

because f > g for all g € To(f) where f €(1,3].

PpT‘Z(f):{g:%}

and, P.*(f) = {f} when f € F(T3). If f ¢ F,(T5) = [0, 1], then
PI(F)=1{g e T3(f): p(f — g) = do(f, T3)}

={g€T3(f):If—gI= (f, f+2
f+2‘ ‘2(f 1)‘}

)

{g€T3(f) lf —gl= ‘f

={g€T3(f):f—g= 2(f3 1)}

because f > g for all g € T3(f) where f €(1,3].
2
PES(f):{g=%}-

Now, we prove that PTl,P 2 and Pp are nonexpansive for all f € D,.
First of all, we take P, e f €10,1], then the proof is trivial. So, we take f € (1,3].

1

f+1

= T—p

<|f-p| forall fe(1,3].

This shows that T'; is nonexpansive for all f € D,.
Now, we take Pgb. If f €10, 1], then the proofis trivial. So, we take f € (1,3].
+3
H,(PI*(f),P*(p)=H, (pr)

f+3

= T—p

<|f-pl| forall fe(1,3].

Hence, T3 is nonexpansive for all f €D,,.
Lastly, we take Pz3. If f €10,2], then the proof is trivial. So, we take f € (1,3].

2
P Pwen =, 52 0|
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f+2

= T—p

<|f-pl| forall fe(1,3].

This proves that T3 is nonexpansive for all f € D,,.
Now, we generate the sequence (1) and show that it converges strongly to a common fixed point
of T1, T2 and Ts. Choose f; =2€D, =[0,3] and take a,, = f, =y, =3 for all neN.

Table 1| shows that the sequence {f,} generated from (1) converges to a common fixed point
of T1, Ty and T}s.

Table 1. Computing common fixed point of mappings T, T9 and T's

n fn Unp 8n Un hn Wn
1 2 1.5 1.75 1.1875 1.59375 1.197916667
2 1.598958333 1.299479167 1.44921875 1.112304688 1.35563151 1.118543837
3 1.358751085 1.179375543 1.269063314 1.067265828 1.213008457 1.071002819
4 1.214876952 1.107438476 1.161157714 1.040289428 1.12758319 1.04252773
5 1.128702341 1.064351171 1.096526756 1.024131689 1.076417015 1.025472338
6 1.07708734 1.03854367 1.057815505 1.014453876 1.045770608 1.015256869
7 1.046172104 1.023086052 1.034629078 1.00865727 1.027414687 1.009138229
8 1.027655167 1.013827583 1.020741375 1.005185344 1.016420255 1.005473418
9 1.016564293 1.008282146 1.012423219 1.003105805 1.009835049 1.00327835
10 1.009921321 1.004960661 1.007440991 1.001860248 1.005890784 1.001963595
20 1.000058957 1.000029479 1.000044218 1.000011054 1.000035006 1.000011669
25 1.000004545 1.000002272 1.000003409 1.000000852 1.000002698 1.000000899
30 1.00000035 1.000000175 1.000000263 1.000000066 1.000000208 1.000000069
35 1.000000027 1.000000014 1.00000002 1.000000005 1.000000016 1.000000005
40 1.000000002 1.000000001 1.000000002 1 1.000000001 1
41 1.000000001 1.000000001 1.000000001 1 1.000000001 1
42  1.000000001 1 1.000000001 1 1 1
43 1 1 1 1 1 1
44 1 1 1 1 1 1
45 1 1 1 1 1 1
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4. Conclusion

We have proved convergence and approximation of common fixed points for three multivalued
p-nonexpansive mappings for three steps iterative scheme in modular function spaces and
numerical assertion empathized the validity of our results. We may suggest to the reader that
using the above ideas, one can prove the convergence and approximation of common fixed points
for a finite family of multivalued p-quasi nonexpansive mappings. We would like to suggest the
readers to combine the ideas studied, for example, in [7,|11].
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