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1. Introduction

Let A denote the class of functions of the form
f@)=z+) a,z" 1)
n=2

which are analytic in the open unit disc A ={z:z € C and |z| < 1}. In addition, we indicate by S
the class of all univalent functions in A.
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For f and g, analytic functions in A, the function f(2z) is subordinate to g(z) in A, and it can
be represented by

f(2)<g(z) (z€A)
if there exists an analytic Schwarz function w(z) being as
w(0)=0 and |w(z)|<1l (z€A)
such that
f(@)=gw(z)) (z€A).
Especially, if the function g is univalent in A, then the above subordination is equivalent to
f£(0)=g(0) and f(A) < g(A).
Every function f € S is known to have an inverse f~1, given by
FHfEN=2 (zen)
and
FF @) =w(jwl <o rotN = 5,
where
f_l(w) —w-— otgw2 + (2a§ - (JL3)w3 - (5a§ —bBagas + (14)w4 +.... 2)
In order to have bi-univalent f € A in A, both f(z) and f~1(z) must be univalent in A.
Let represent the class of bi-univalent functions in A, given by the Taylor-Maclaurin series
expansion (1)) by X.
Some well-known subclasses of the S, which are denoted by class S*(a) of starlike functions
of order a in A and the class K(a) of convex functions of order a in A, are respectively shown as

follows:

S*(a)::{f:fEAandm(Z;(S))>a;zeA;05a<1} (3)
and

K(a):= {f:feAand ‘JT(1+Z}{,(S)) S>a;zeN; 0<a< 1}. (4)

For 0 < a <1, if both f and f~! are respectively starlike or convex functions of order a, f € X is
in the class S3(a) of bi-starlike function of order a, or Kx(a) of bi-convex function of order a.
The significance of Chebyshev polynomial in numerical analysis is increased in terms of
both theoretical and practical points of view. On the other hand, many researchers have also
been dealing with orthogonal Chebyshev polynomials. One can see the details of Chebyshev
polynomials of first kind 7',(¢), the second kind U,(¢) and their numerous uses in different
applications in the references [4,5,7]. The well known first and second kinds Chebyshev

polynomials are defined as follows:
sin(n + 1)0

T,@t)=cos(n@) and U,(t)= ———— (-1<t<1)
sinf

where the subscript n shows the polynomial degree and ¢ is equal to cos6.
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In geometric function theory, the Fekete-Szego functional |ag— na%l for normalized univalent
functions of the form given by (1)) is well known in this field. Historically, its origin is based on
Fekete and Szego of the 1933 conjecture of Littlewood and Paley. In their study the coefficients
of odd univalent functions are bounded by unity (see [6]). Since Fekete-Szego functional has
received great attention, especially in many subclasses of the family of univalent functions, this
topic had become of interest among researchers (see, e.g., [1,2,8,(9, 11]]).

Definition 1.1. A function f € X given by the equation (1) is said to be in the class Rx(7,a,y;t),
fora=1,y=0,7eC\{0}, te (%, 1] and all z,w € A if the following subordination conditions
hold:

1 f(z) / ey — 1_
1+;[(1—a)7+af(z)+yzf (2)-1| <H(z,t):= 17— —— (5)
and
1 gw) / " _ — 1 _
1+~ |A-a)=—+ag' W) +y28"w) - 1| <Hw,t):= T———, (6)

where the function g = f~! is given by (@).

It is remarkable that if ¢ = cos @, where a € (—n/3,7/3), then

1 X sin(n +1
H(z,t) = _14 Yy St Da e,
1-2cosaz +z2 = sina
Thus
H(z,t):1+2coscxz+(3c052a—sin2a)22+.... (zel).

H(z,t) can be written as from reference [10],

H(z,t)=1+U1(0)z+Us(®)z2... (z€A), te(-1,1)

where
sin(n arcost)
U,.i=——— (neN)
" Vi—t2

indicates the second kind of Chebyshev polynomials and we have some initial coefficients as

follows:

Un(t) = 2tUn—1(t) - Un—2(t),

and
Ui(t)=2¢, Us(t)=4t> -1, Us(t)=8t>—4¢t, Ust)=16:1-12t3+1.... (7
The first kind of Chebyshev polynomial T',(¢), t € [-1,1], is indicated by
x* —tz
T,#)z2"= —— A).
,;0 n(t)2 1-—2tz+ 22 (ze)

The first kind of Chebyshev polynomial T',(¢) is related to second kind of Chebyshev polynomial
U, (t) which is given below:
dTy(?)
dt

=nU,-1@); T,@®)=Up@t)-tUp-1(t); 2T,(@)=U,(t)-U,_2().
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Remark 1.2. (i) For 1 =1, a = 1 and y = 0, we get the class Rx(1,1,0;¢) = Bx(A,t) consists of
functions f € X satisfying the condition

f(2) , .
1-21) . +Af'(z2)<H(z,t):= T
and
gw)

w 1-2tw +w?’

where the function g = f~! is defined by (@) (Bulut et al. [3]).
(ii) For =1, a =1 and y = 0, we have the class Rx(1,1,0;¢) = Bx(¢) consists of functions f

1-2) +Ag'w)<H(w,t):=

satisfying the condition

fR<HGz =173

and

! <Hw,t) =——,
gw) w,2) 1-2tw +w?

where the function g = f ! is defined by (@).

In the current investigation, we present a subclass Rx(7,a,Y;t) of analytic and bi-univalent
functions. Additionally, we derived the initial coefficient bounds and Fekete-Szeg6 inequality
by means of Chebyshev polynomials expansions. Furthermore, we introduce some corollaries
associated with our main results.

2. Main Results

In this section, we propose to find the estimates on the Taylor-Maclaurin coefficients |as], |ag]
and Fekete-Szego inequality for functions in the class Ryx(7,a,y;t), which is introduced by
Definition These inequalities are asserted by Theorem

Theorem 2.1. For a =1, y=0, 7€ C\ {0} and t € (%,1], let feRx(t,a,y;t). Then

2|TItV2t
lag| < 7 , (8
VLT +2a +6y) — (L+a+2p)212 + (1 + a +2y)°)
4|7)%¢2 2|T|t
lag| < 7 + i 9

_(1+a+2y)2 1+2a+6y
and for some 1 € R,
2|7|t 1+ a+2y)? —4[(1 + a +2y)% — (1 + 2a + 67)1¢2|
1+2a+6y’ In-1= 41+ 2a +6y)t2

8l7|%n—1|¢3
(1+a+2y)% —4[(1 +a+2y)? —1(1+2a +67)12|
|1+ a+2y)? —4[(1+a+2y)? —1(1+2a + 6y)1¢2|
4(1+2a +6y)t2

|a3—na§| <X (10)

In—1|=
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Proof. Let f € Rx(1,a,y;B). Then from the equations (5) and (6), we obtain

1+ % (1- a)? +af'(z)+ )/zf"(z) -1 =1+U1(t)p(2)+ Uz(t)pQ(z) +...
and L
1+ % 1- a)? +ag'w)+ywg" (w) - 1] =1+ U1(t)qw) + Us(H) g2 (w) + ...

for some analytic functions

p(2)2012+0222+0323+..., (ze )

q(w):d1w+d2w2+d3w3+..., (weA)
such that p(0)=¢g(0)=0, |p(z)|<1(z€A) and |q(w)| <1 (w € A).
Obviously, if |[p(z)] < 1 and |g(w)| < 1, then
lcjl<land|djl<1 forjeN.
From (11), (12), and (14), we have

1+ % (1- a)@ +af'@) +yzf"(z)- 1] =1+Ui(t)c12 +[Ur(t)eg + Ua(t)c12® +...
and
1 gw) / " _ 21,2
1+ - a- a)T +ag'(w)+ywg (w)-1|=1+U1(t)d1w + [U1()de + U2(D)d 1w +... .

When we equate the coefficients and (17), we have

1
-1+a+2y)ag =Ui(t)cq,
T
1 2
—(1+2a+6y)az=Ui(t)ce + Uz(t)cl,
T
1
——(1+a+2y)as=U;1(t)d;,
T

1
—(1+2a+ 6y)(2a3 —a3) = Ui(t)dg + Us(t)d3.
From and (20), we obtain
c1=-d1
and
2
S(1+a+ 2y)%as = U(t)(ch +d?).
Also, by using and (21I), we obtain
2
Z(1+2a+6y)al = Ui(t)(cg +dg) + Us(t)(c? +d3).
T

By using in (24), we get

2U,(2)
T2U2(¢)
From the egs. (7), and (25)), we obtain the inequality (8).

(1+a+2y)%|a2 = Ui(t)(ca + dy).

2
—(1+2a+6y)-
T
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Thereafter, we get the following equality, by subtracting from
2
—(1+2a+6y)(as - a2) = Uy(t)(cz — dg) + Ua(c? - d?). (26)

In addition, in the light of (22)), we get
Uit -d
as=al+ TU1(t)(c2 2). @7)
2(1+2a+6y)

Thus, we get convenient inequality (9) by using and applying (7).
Now, we get the following equalities by using and for some neR

T2US(t)(ca +d2) tU(t)(ca — d2)
(as-nad) =1-n)|— L S| (28)
21U ()1 +2a +6y) —2U2()(1 + a +2y) 2(1+2a +6y)
and
1
2
— =tU1(W)||h())+ —————— e+ |h()) - ———|d

a3~ nay = TU )[( M+3q +2a+6y))02 ( M- ir2a +6)/)) 2]’
where

) = tU2(¢)(1-n)

T QU0 + 20+ 6y)— 2L+ a + 277
So, we conclude that
2|T|t
Tr2arey =M= oaTen
las —najl <
4|t||h(n)|t Az ——.
[zllR(mIE, 1R 2(1+2a+67)
So, this is the proof which confirms Theorem In the special case, we can obtain the
Corollary [2.2|for the parameters 7 =1, @ = A and y =0 in Theorem O
Corollary 2.2 ([3]]). Let the function f € Bx(A,t), for A=1 and t € (1/2,1]. Then
2t\/2t
|a2| = )
VI + )2 —422¢2]
41> 2t
lag]

< +
(1+2)2  (1+21)
and for some 1 € R,

2 [(1+ 1)2 — 42242

— In—-1l< >

1+21 4(1+ 20)¢
lag —nag| < 3 9 9.9
8ln—1|t T [(1+ 1) —422¢2]

I(1+ )2 —4A2¢2|° 4(1+270)¢2
In the special case, we can obtain the following Corollary [2.3|for the parameters T=1, a =1 and

y =0 in Theorem

Corollary 2.3. Let the function [ € Bx(t), for t € (%, 1]. Then
tvV/2t
ViT-2’

lag| <

Commaunications in Mathematics and Applications, Vol. 11, No. 1, pp. , 2020



On Initial Chebyshev Polynomial Coefficient Problem...: F. M. Sakar and E. Dogan 63

la |<t2+§
3l = 3
and for some n€R,
2t 1-¢2
2 _) 3’ n=11="33
lag —nas| <
1-¢2 7 T 3¢

3. Conclusion

Using the concept of Chebyshev polynomials, we have introduced a new subclass in the unit
disc associated with subordination. We have then derived the initial coefficient estimations
using by Chebyshev polynomials expansions, and also Fekete-Szego inequalities for functions
belonging to this subclass. Our main result is stated and proved as Theorem Additionally,
by specializing the some parameters, some relevant interesting consequences of these results
which were studied in previous works, are obtained. So, these general results presented in this
paper, are motivated essentially by the earlier works which are pointed out.
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