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Initial Time Difference Quasilinearization Method
in Banach Space

Coskun Yakar

Abstract. In this paper, the method of the quasilinearization technique in Banach
space is applied to obtain upper and lower sequences with initial time difference
in terms of the solutions of the linear differential equations that start at different
initial times. It is also shown that these sequences converge to the unique solution
of the nonlinear equation in Banach space uniformly and superlinearly.

1. Introduction

The most important applications of the quasilinearization method in Banach
space has been to obtain a sequence of lower and upper bounds which are
the solutions of linear differential equations in Banach space that converge
superlinear. As a result, the method has been popular in applied areas. However,
the convexity assumption that is demanded by the method of quasilinearization
has been a stumbling block for further development of the theory. Recently, this
method has been generalized, refined and extended in several directions so as
to be applicable to a much larger class of nonlinear problems by not demanding
convexity property. Moreover, other possibilities that have been explored make the
method of generalized quasilinearization universally useful in applications [6]. In
the investigation of initial value problems of differential equations, we have been
partial to initial time all along in the sense that we only perturb the space variable
and keep the initial time unchanged. However, it appears important to vary the
initial time as well because it is impossible not to make errors in the starting time
[4,5,7,8,9, 10, 11]. Recently, the investigations of initial value problems of
differential equations where the initial time changes with each solution in addition
to the change of spatial variable have been initiated [1, 12] and some results on
the comparison theorems, global existence, the method of variation of parameters,
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the method of lower and upper solutions and the method of monotone iterative
techniques [3, 4, 5, 7, 10] have been obtained.

In this paper, the generalized quasilinearization technique in Banach space is
used to obtain upper and lower sequences in terms of the solutions of linear
differential equations in Banach space that start at different initial times and
bound the solutions of a given nonlinear differential equation in Banach space. It is
also shown that these sequences converge to the unique solution of the nonlinear
equation uniformly and superlinear in Banach space.

2. Preliminaries

In this section, we state some fundamental definitions and useful theorems for
the future reference to prove the main result. First one is comparison result, the
second one is existence result in terms of the upper and lower solutions with initial
time difference.

Let ag, By € C1[J, E] with ay(t) < By(t) on J = [to,to+ T], to, T € RT and

Q={ucE:ay(t)<u=<By(t), tel}.
Let E be a Banach space and consider the following initial value problem
u' =N(t,u), u(ty) =u, fort=>t, 2.1
where N € C[JXQ,E] forJ = [ty,to+ T], to, T €Rt and Q C E.
Definition 2.1. A cone K is a subset of E such that x,y € K implies that
Ax + uy € K when A,u > 0. K is called proper if 0 # x € K implies —x ¢ K.

When x and y are elements of E, x > y means x — y € K, so that in particular,
x > 0 is equivalent to x € K.

Definition 2.2. A proper subset K of a Banach space E is said to be a cone if
AMCK,A>0,K+KCK,K =K, and KN {—K} = 0 where 0 denotes the null
element of the Banach space E and K denotes the closure of K.

Definition 2.3. K is said to be a distance set, if, for every point x € E has the
norm || - ||, there corresponds a point y € K such that d(x,K) = ||x — y||.

In this paper we assume that K to be a distance set.

Definition 2.4. The cone K induces the order relations in E defined by

x <yifandonlyif y —x €K
x<yifandonlyify—xelo<

o
where K denotes the interior of K.

Let K* be the set of all continuous linear functionals ¢ on E such that ¢(x) >0
for all x € K and let K be the set of all continuous linear functionals on E such

that ¢(x) > 0 for all x € IE
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Definition 2.5. A function f : E — E is said to be quasimonotone nondecreasing
if x <y and ¢(x) = ¢(y) for some ¢ € Ky, then ¢(f (x)) < ¢(f (¥)).

Definition 2.6. Let a, 3, € C![J, E] be the natural lower and upper solutions of
(2.1) satisfying the following inequalities

ag SN(t,ap), ag(ty) <ug fort >t (2.2)
By = N(t, o), Bo(to) = uy fort >t (2.3)
respectively.

Definition 2.7. Let f € C[J X E,E]. Atx € E
f(t,x+h)=f(t,x)+L(t,x,h) + ||hlln(t, x,h)

where Wll}lmo||n(t,x,h)|| = 0 and L(t,x,-) is a linear operator. L(t,x,h) is called
the Frechet differential of the function f at x with increment h, 1n(t, x,h) is called

the remainder of the differential, and the operator L(t,x,-) is called the Frechet
derivative of f at x.

First we state the following Theorem 2.1, whose proof is given in [4].

Theorem 2.1. Let K be a cone in E. Assume that

() ag, By € C'[J,E], N € C[J X E,E] and N(t,x) is quasimonotone non-
decreasing in x relative to K for each t € J;
(i) af(t) < NCE, ao(t)), N(t, fo(£)) < B 4(0), £ €J;
Gii) IN(t,x)=N(t, I <L|lx—yl|, L >0, x €E—K, y € K, where dK denotes
the boundary of K;
(iv) K is a distance set.

Then ay(ty) < By(ty) implies ay(t) < Bo(t), t €J.

When the lower and upper solutions do not start the same point we state also
the following existence result whose proof is given in [6].

Theorem 2.2. Assume that

() Let ay € C'[[ty,to+ T1,E], to,T > 0, By € C[[7g,To + T],E], To > O
and N € C[R* x E,E], ay(t) < N(t,ap),tg < t < to+ T and By(t) >
N(t,Bo), To S t < 7o+ T with ay(te) < fo(7o);

(i) to < 7o, N(t,u) is nondecreasing in t for each u and ay(t) < Bo(t +n) for

toStSto"l‘T,'n:TO_to.

Then there exists a solution u(t) of (2.1) with u(t,) = uy, satisfying ay(t) < u(t) <
Bolt+mn) fortog <t <ty+T.
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3. Main Results

In this section, we will prove the main theorem that gives several different
conditions to apply the method of generalized quasilinearization to the nonlinear
differential equations in Banach space with initial time difference and state
remarks and corollaries for special cases.

Theorem 3.1. Assume that
(i) N € C[J X E,E] and there exists a constant M such that |[N(t,u)|| < M on
J X Q;
(i) N(t,u)is quasimonotone nondecreasing in u relative to K for each t € J, where
K is a cone in E is distance set ;
(iii) ag € C[[tg,to+ T1,E] and By € C'[[7g,To + T1,E] for 1y > to > 0 and
T>0,

ag <N(t,ag) fortg<t<ty+T

By = N(t,By) fortg<t=<Tto+T,

where N € C[[ty, To+ T] X E,E] and ay(ty) < Bo(To);

(iv) tg <sg < T, N(t,u) is nondecreasing in t for each u;
o, Bo € C'[J,E] such that &) < N(t,a,), N(t,By) < B} and ao(t) < By(t),
teJ;

(v) the Frechet derivative N, (t, x) exists and is continuous and |N,.(t, x)|| < L, for
(t,x)eJ xQ, forsome L; >0and N(t,y) < N(t,x)—N,(t,y)(x —y) where
ap(t) Sy <x < fo(t), t€J;

(vi) |IN(t,x) = N,(t,y)l| £ Lyllx — y||", t €J, where L, is a positive constant and
0<y<LlL

Then there exist monotone sequences {a,(t)} and {ﬁn(t)} which converge uniformly

to the unique solution of (2.1) with x(sy) = x, where s, is between initial time t,

and 7, and the convergence is superlinear.

Proof. Since fo(t) = fo(t +11), we get fiy(to) = Bo(o) = ao(te) = do(to) and
By(t) = N(t +ny,B) for ty < t < ty+ T. Using the assumptions (iv) it is clear
that N(t, x) satisfies the Lipschitz condition in x for (t,x) € J x Q. Furthermore,
we have the following inequalities

N(t,x) > N(t,y)+N.(t,y)(x — y) whenever d,(t) <y < x < fy(t) onJ
(3.1)

and also by using (iv) we see that whenever @,(t) <y < x < B,(t)
N(t,x)—N(t,y) <L(x—y) (3.2

for some L > 0.
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Consider the linear initial value problems such that

ay = N(t 415, @) + N (t + 15, @0)(@; — dp), &, (te) = ug (3.3)

E{ = N(t + 1M, Bo) + Ny (t + 12, @0)(By — Bo), B1 (o) = up 3.4

where @o(ty) < 1y < Bo(to). We shall show that @, < @, on J. To do this, let
p = ay(t) — a,(t), so that p(ty) <0. Then

p =iy~
SN(t+m1y,00) — [N(t +m2,a0) + N, (t + 15, a0)(0; — ap)]

=N, (t +n,, &)p-

Theorem 2.1 gives p(t) < 0 on J proving that dy(t) < @;(t) on J. Now set
p = d; — fBy and note that p(t,) < 0. Also, using (3.1)

¥ =~
< N(t + 13, 80) + N (£ + 15, 80)(@; — o) — N(t + 11, Bo)
< N(t+ns3,B) — N (t + 13, 686)(Bo — o)
+ N, (£ +ns,@0)(&; — @) — N(t +n3, Bo)
< N, (t +n3,80)p,

which again implies a@;(t) < §,(t) on J.

Similarly, we can obtain that &y(t) < f;(t) < Bo(t) on J. In order to prove that
a,(t) < f,(t) on J, we proceed as follows, since @, < @; < f3,, using (3.1), we see
that

@} (t) = N(t +ny,dg) + N (t +ny, do) (@1 — &o) < N(t + 15, &).
—_ ~7
Similarly, N(t + 1y, 8;) < B,(t) and therefore by Theorem 2.1 it follows that
a,(t) < [DN’{(t) on J which shows that

ao(t) < ay(t) < Bl(t) < fgo(t) on J.

Assume that for some n > 1, @, < N(t + n,,&,), N(t + 1,,6,) < B, and
a,(t) < Bu(t), tel.
We must show that

dn(t) < dn+1(t) < /;n+1(t) =< p;n(t) on J (35)
where @, ,(t) and f,,,(t) are the solutions of linear IVPs

ajm =N(t+m9,a,) +N,(t+1n,,0,) (A — &), Apq1(to) =1y (3.6)

Bl y=N(t+mB) +Ne(t +15,8) Brrs — Ba), Busr(to) =o. (3.7
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Hence, setting p = @,(t) — @&,1(t), it follows as before p’ < N,.(t + 1y, &,)p on J
and we get @,(t) < a,,(t) < ﬁn(t) on J. In a similar manner, we can prove that

@, (1) < Bryr(£) < Bo(t) on J.
Using (3.1), we obtain

A yy = N(t+m3,8,) + N (t +13,8,)(@ngq — @)
SN(t+ Mg, Gnpq) = No(t + 1, @) (0gq — &)
+ N (t +m,8,)( A1 — ay)
= N(t + gy, Gppr)-

Similar arguments yield N(t + 1., Bn+1) < /i’l +1and hence Theorem 2.1 shows that
8,1 (1) < B,11(t) on J which proves (3.5) is true. So by using induction we obtain

O <@ <+ S0, SOp S P SP < <Py <Ppon J.

Now using standard arguments (Arzela-Ascoli and Dini’s Theorems, see [2]),
it can be shown that the sequences {a,(t)} and {ﬁ’n(t)} converge uniformly and
monotonically to the unique solution of u(t) of (2.1) on J.

T() = N(t +1,,T(8)), (ty) = up. (3.8)

But letting s = t 4+ 1, and changing the variable, we can show that (3.8) is
equivalent to

u'(s) =N(s,u(s)), ulso) = uo.

Finally, to prove superlinear convergence, we let
pa(6) =U(6) = &,(t) and g, (6) =, (0) — (o).
Note that p,(ty) = q,(ty) = 0.
p,(t)
=1'(t) —a(t)

= N(t + upr ﬂ) - [N(t + N2, dn—l) +Nx(t + N2, dn—l)(an - &n—l)]

1
= f Nx(t + le,Sﬂ'i' (1 _S)dn—l)(ﬂ_ dn—l)dS - Nx(t + n2>&n—1)(an - CN‘n—l)
0
1
= f Nx(t + ﬂz,Sﬂ‘f‘ (1 _S)dn—l)pn—lds - Nx(t + upr &n—l)(pn—l _pn)
0

1
= f [Nx(t + 7)2:5ﬂ+(1—5)&n—1)_Nx(t+"72, dnfl)]pnflds +Nx(t + N2, CNlnfl)pn'
0
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From (iv) and (v), it follows that
1

P, (Ol < f Lollstt + (1 = 5)dn—1 = G- 1)II"lPn-1llds + Ly [Py
0
1
= J Lolstt = say1I"llpp—1llds + L [[p |l
0

1
= f Lyllspn-ill"llpn-1llds + Ly lp, |l
0

= Lallpna ™™ + Lylpall.
Then setting a, = ||p,||, we find,
Cl/n =< ||P,/1|| =< Lz(an—l)y+1 +L1an'

Now by using Gronwall’s inequality we obtain,
t

0<a,(t)< LZJ exp[L;(t —s)](a,(s)) " 'ds on J
0

which yields the estimate

|y+1.

exp(L;T)
L

max|p, (Oll < L
1

max|p,, -, (0)]

Similarly,
0, () =B () —-T(t)

= N(t + M2, /gn—l) + Nx(t + M2, dn—l)(ﬁn - ﬁn—l) - N(t + nZ:ﬁ(t))

1
= f N (t + g, By +(1=)T()) By —D)ds+Ny (t+13, @n1) (B —Br1)
0
1 ~
= f Nx(t + nZ)Sﬁn—l + (1 - S)Q(t))qn—lds +Nx(t + M2, dn—l)(qn - qn—l)
0

1
= J [Ny (€ +n3,5B,-1 + (1 = $)E(t)) = Ny (¢ + 05, U(t))] - ds
0

+ [Nx(t + nz,ﬂ(t)) - Nx(t + N2, &n—l)]qn—l + Nx(t + N2, &n—l)-qn'
We find, using (iv) and (v), that

1
llg, (Ol < f LollsBu-y + (1 —8)a —Tll" g1 llds
0

+ Lolld = Bl lIgn1ll + Ly llgl

< Lollgn-1 ™" + Lollpall”llgn1 Il + Ly ligall-



84 Coskun Yakar

Setting b,, = ||q, || and a,,_; = ||p,—1]l, it is easily follows that
b, < liq, |l
< Ly(by 1)+ Ly(ay_1) byoy + Ly by,
An application of Gronwall’s inequality yields,

0 < lig,ll

= LzJ exp[Ly(t = )1 [lgn-1OI"" + 1Py (I llgn-1()Il1ds on J,
0

and hence

exp(L,T)
max|q,(t)ll < Ly———— [maxllg,—; (DI + max]|p,—; (O llg,-1 (OII].-
1

This completes the proof. O
Next we give the following remarks and corollaries for special cases.
Remark 3.1. Instead of assumption (v) in Theorem 3.1 if we assume that
IN,(£,%) = N (6, Y| < Lyllx — yll, teJ
where L, is a positive constant, then we can see that the convergence is quadratic.

Remark 3.2. Let the assumption of Remark 3.1 valid. If we assume that N (¢, x) is
uniformly convex in x instead of condition

N(t,y) SN(t,x)—N,(t,y)(x—y) wherey<x,telJ;

assumption (iv) in Theorem 3.1, then by Lemma 4.5.1 in [2], the assumed
inequality results. Moreover, the quasimonotonicity of N(t,x) in x implies by
Lemma 4.2.5 in [2] that N,(t, a(t))x is also quasimonotone in x.

Corollary 3.1. If the assumptions of the Theorem 3.1 hold with s, = t,, then the
conclusion of the theorem remains valid.

Proof. For the proof, we let [5’0(t) = B(t+n7), do(t) = a(t) and i(t) = u(t) and
proceed, as we have done in Theorem 3.1. d

Corollary 3.2. If the assumptions of the Theorem 3.1 hold with s, = T, then the
conclusion of the theorem remains valid.

Proof. Similarly, we let @y(t) = a(t —n4), ﬁo(t) = fB(t) and i(t) = u(t) and
proceed, as we have done in Theorem 3.1. O
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