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Abstract. In this study, we consider the spectral properties of the non-selfadjoint difference operator
L generated in /2(N) by the difference expression

A@n-1DYn-1)+@Wn — M2y, =0, neN,

and a general boundary condition

o0

hnyn =0,

n=0
where ag =1, ho # 0 and {a,}}” ;, {vn};.; and {hn};,~, are complex sequences and {h,}}.; € [1(N)Nl2(N).
Along with the designation of the sets of eigenvalues and spectral singularities of the operator L, we
investigate the quantitative properties of these sets under certain conditions using the uniqueness
theorems of analytic functions.
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1. Introduction

A large number of subject in quantum physics results in determining the eigenvalues and
eigenfuctions of differential operators. For instance, Hamiltonian of a quantum particle confined
to a box involves a choice of boundary condition at the box ends. Since different choices of
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boundary condition imply different physical models, spectral theory of operators with boundary
condition constitues a progressing field of investigation [[19].

The study of the spectral analysis of the non-selfadjoint Sturm Liouville operator can be
traced back to Naimark [[17,/18]. In his article [17]] the boundary value problem (BVP)

{—y” +q(®)y-A%y=0, xeRs,
y'(0)—hy(0)=0
where h € C and q is a complex valued function has been taken into consideration. He showed
that the spectrum of this BVP is composed of eigenvalues, spectral singularities and continuous
spectrum. He also proved that these eigenvalues and spectral singularities are of finite number
with finite multiplicity under certain conditions.

Krall [14,(15] studied the operator L generated by the boundary value problem (BVP)
including a differential Sturm-Liouville equation of the form

—y"+qx)y=2Ay, 0<x<oo, (1.1)

where the potential function ¢ is an arbitrary measurable complex function satisfying

f lq()ldx < 0o,
0

and the integral boundary condition
fo K(x)y(x)dx + ay'(0)— By(0) =0, (1.2)

where K € L2(R,) is a complex valued function and A is a spectral parameter and a, f are
complex numbers with |a|? +|B|? # 0. He extended the work of Naimark by applying a suitable
boundary condition (1.2) and generated the ordinary and nonhomogeneous expansion for L.
The adjoint L, of the operator L, was obtained in [15]. Note that L deserves a special interest,
since it is not purely a differential operator, i.e. Lj is the combination of a differential operator
and one-dimensional vector in L2(R..).

Later on, the integral boundary condition has been applied to differential Klein-Gordon,
quadratic pencil of Schrodinger type operators and quantitative spectral properties of the new
boundary value problems has been studied in [7,9,(16].

Spectral analysis of the operators including Sturm-Liouville, Klein-Gordon, quadratic pencil
of Schrodinger and Dirac type equations within the context of determination of Jost solution and
providing sufficient conditions guaranteeing the finiteness of the eigenvalues and the spectral
singularities has been major topic of the papers [4,6-9,(16,21-23].

As a result of wide application areas of difference equations from physics to engineering,
investigation of discrete analogues of well known differential operators has become a popular
research area in recent years. Some basic concepts of the discrete analogue of the differential
Sturm-Liouville equation in connection with the classical moment problem and Toda lattices
has been investigated in detail in []3,/20].

Guseinov [12] took into consideration the inverse problem of scattering theory for the discrete
analogue of the Sturm-Liouville equation

AnYn+1+tbnYn+an_1Yn-1=AYn, (1.3)
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where {a,}nen, {brlnen are real sequences, a, >0 and

Z [7|(I1—ay|+b,]) <oo.
nez
The Jost solution and some quantitative properties of the discrete analogues of the non-
selfadjoint Sturm-Liouville, Klein-Gordon and quadratic pencil of Schrodinger type operators
(which include the equation as a special case) has been studied in [1,[2,5,/10,(13}24].
In particular, discrete analogue of the BVP (1.1)-(1.2) has been treated in [5]].

Note that the equation
¥ +A-p@Py=0, xeR,,
is called the Klein-Gordon s-wave equation in quantum physics for a particle of zero mass with
static potential [6].
The present paper is motivated by the above mentioned studies.

In this study, we will consider the spectrum of the non-selfadjoint operator L generated by
the discrete analogue of the Klein-Gordon equation

A@n-18Yn-D+ @ =)y, =0, neN, (1.4)
and the general boundary condition
o0
hnyn =0, (1.5)
n=0

where ap =1, ho # 0 and {a,};2,, {v,})_; and {h,}}7; are complex sequences and {h,};”; €
L1 (N) N Za(N).

Observe that the dependence on the spectral parameter A is linear in the studies [2,/5,13]
while it is non-linear in (1.4). Thus, this study can be conceived as a generalization and extension
of the papers [2,/5,13] to the discrete Klein-Gordon operator case.

The remainder of the manuscript is organized as follows: In Section [2| we present the Jost
solution and Green’s function of the operator L. Section (3| deals with the eigenvalues and
spectral singularities of L and investigate the quantitative properties of these eigenvalues and
spectral singularities under certain conditions.

2. Solutions of L
Assume that

Y n(l—an|+v,l) <oo, (2.1)

neN

holds. It is known from [1] that the equation (1.4) has the unique solution

. (xj . z

fn(2) = ane™? (1 + ) Knme”"i) , neNu{0}, (2.2)
m=1

for A =2cos (%), z € C,. Note that the expressions of K,,,, and a, can be written uniquely in

terms of (a,) and (v,). Moreover, the inequality
o0

Knml<C ) (1-a.l+lv.D), (2.3)

r=n+T 3]
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holds for the kernel K,,,,, where [|%|] is the integer part of % and C > 0 is a constant.
Therefore, f,(z) is analytic with respect to z in C; :={z :z € C,Imz > 0} and continuous in
Ci:={z:2€C,Imz = 0}. f,(2) is introduced as the Jost solution of the equation (T.4). Moreover,
the following asymptotics is found

frn(2) =exp(inz)[1+ o(1)], n — oo,
fn(2)=ayexpinz)[l+o0(1)], Imz— oco.

Let us define ¢,(2z) as the solution of subject to the conditions
po(2) =0, ¢1(2)=1,

where
(@)= Pn(V) = {Pn (2c08 g)} 2€Cy, neNUIOL.

It is clear that, ¢ is entire function and
p(2) = p(z +4m).

If we use the usual definition of Wronskian, we obtain
WIf, o1 =WIfn(2),0n(2)] = anlfn(@2)pn+1(2) = fn+1(2)pn(2)]

=fo(z), z€C,.

Let us introduce the functions

N@z):= ) hpfa(2),
n=0

N@) =Y hppa(2),
n=0

-1 ~ x &
Si(2):= {N(2)¢k+1(z)—N(z)fk+1(z)— Y hafa@@ra@+ ) hn(Pn(Z)lel(z)}-
WIf, el n=k+1 n=k+1

We also define the semi-strips Py:={z:z2€C,z=¢+i1,-0<¢<4nm,7>0} and P := Pyul0,4r].
For all z € P and fy(z) # 0, the Green’s function of the operator L is obtained by the standard
techniques as

Gnr(2) =G D(2)+G2(2),

where
(2)S1(2)
GV ()= fn 24
nk(z) N(Z) ’ ( )
and
@), . 0, k<n,
G, ()= (pkﬂ(z)fné‘z])[;fp,i(z)fkﬂ(z), B, (2.5)
Hence, for ¢ = {¢r} € [2(N), £ e NU {0}, we obtain that
(RA)p), == Gpr(2)pr+1, neNU{0}, (2.6)
k=0

is the resolvent of the operator L.

Commaunications in Mathematics and Applications, Vol. 11, No. 2, pp.[271 , 2020



Spectral Analysis of Klein-Gordon Difference Operator ... : N. Yokus and N. Coskun 275

3. Eigenvalues and Spectral Singularities of L
Let us denote the set of eigenvalues and spectral singularities of L by o4 and o, respectively.
From (2.4)-(2.6) and definition of the eigenvalues and the spectral singularities, we get
ad:{A:AZZCOSE,z EPO,N(z):O}, (3.1)

0ss = {A:1=2c0s% 2 € P,N(z) =0} (3.2)
We define the sets

Ai1:={z:2€ Py,N(2) =0},

Ag:={z:2e P,N(z2) =0},

and Az and A4 as the sets of accumulation points of the sets A; and Aq, respectively, and A
as the set of zeros in Py of N(z) with infinite multiplicity. It can be seen that

A1NAs=¢, Az3cAy, AscAy, AscAy,

and the linear Lebesgue measures of Ag, A3, A4 and Aj are zero. From the continuity of the all
derivatives of N(z) on the real axis, we find

A3 CA5 and A4CA5. (33)
Also, we can rewrite the sets of eigenvalues and spectral singularities of L as
z
o4 = {A.)Lchosé,z €A1},
Ogs = {A A= 2cosg,z EAQ}.

Theorem 3.1. If the conditions (2.1) and {h,},_; € 11(N)nIl2(N) hold, then
(i) The set of eigenvalues of L is bounded, countable and its limit points can lie only in [-2,2].

(i) ogs<c[-2,2], 055 =0gs, and u(oss) = 0 where u denotes the linear Lebesgue measure.

Proof. From (2.3), we get the analycity of N(z) in the upper half-plane and continuity of N(z)
in the real axis. In addition to this, the asymptotic

N(z)=apho[1+0(1)], Imz>0, Imz— oo, (3.4)
satisfies. Making use of (3.1I)), (3.2) and (3.4) and uniqueness theorems of analytic functions [11]],
we obtain (i) and (i1). O

Definition 3.1. The multiplicity of a zero of N(z) in P is called the multiplicity of the
corresponding eigenvalue or spectral singularity of the operator L.

Now, we will consider the condition
(0 0]

e"(I1-a,l+ v, +1h,)<oo, €>0. 3.5)
n=1

Theorem 3.2. If (3.5) holds, then L has a finite number of eigenvalues and spectral singularities
and each of them is of finite multiplicity.

Commaunications in Mathematics and Applications, Vol. 11, No. 2, pp.[271 , 2020



276 Spectral Analysis of Klein-Gordon Difference Operator ... : N. Yokus and N. Coskun

Proof. From (2.3) and (3.5), we get
—€
Kyl < Cexp(?(n+m)), (3.6)
for all C >0 is a constant, n=0,1,2,... and m =1,2,.... Using (3.6) and (2.2)), we have

IN(2)| < f e m(i+Im3), 3.7)

m=1
It is seen from (3.7) that N(z) has analytic continuation to the half-plane Imz > _76 Because
of N(z) is a 47 periodic, the limit points of its zeros in P cannot lie in [0,47]. For this reason
and using Theorem 3.1 we find the finiteness of eigenvalues and spectral singularities of L. [J

The condition (3.5) ensures the analytic continuation of N(z) from the real axis to the lower
half-plane. Now, we will consider the condition

0 1
> e (11 =anl+lval +1hpl) <oo, £>0, 5=P<L, (3.8)

n=1
which is weaker then (3.5). Obviously, N(z) is analytic in the upper half-plane and infinitely
differentiable on the real axis. However N(z) does not have an analytic continuation from the
real axis to the lower half-plane. Thus, a different method to investigate the finiteness of the
eigenvalues and spectral singularities of L has to be thought. We will use the following lemma.

Lemma 3.1 ([2]). Assume that the 47n periodic function £ is analytic in the open half-plane, all
of its derivatives are continuous in the closed upper half-plane and

suplE® ) <np, keNU{0). (3.9
z€eP

If the set G with linear Lebesgue measure zero is the set of all zeros of the function & with infinite
multiplicity in P, if

fw Int(s)du(Gg) > —oo,
0

k
where t(s) = igfm;j , R eNU{0}, u(Gy) is the Lebesgue measure of the s-neighborhood of G, and

w €(0,47m) is an arbitrary constant, then = 0.
Theorem 3.3. Under the condition (3.8), As = @.

Proof. We will apply the previous lemma to our case. Using (3.8), (2.2) and (2.3), the following
inequality can be written

IN®(2) <np, EeNU{0},

for the k.th derivative of N(z) where
o0
np = 2k Z mF exp(—emﬁ),
m=1

and C >0 is a constant. Also, we obtain the following estimation
00 1-p
N szkcf xte s gy < DA*RIEFT (3.10)
0

where D and d are constants depending C, € and .
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Hence, we can write that

w
fo Int(s)du(As 5) > —oo, (3.11)
where #(s) = igf"’,ﬁk , k€ NU{0}, u(As;) is the Lebesgue measure of the s-neighborhood of A5

and 7, is defined by (3.10).

Now, we have

£(s) SDexp{—%e_ld_%s_%}, (3.12)
by (3.10). From and (3.12), we get

fows_%d/,t(A5’s)<oo. (3.13)
Since % >1 holds for arbitrary s if and only if u(As;) =0 or As = @. O

Now, we can present the major theorem of our study using the previous result.

Theorem 3.4. Assume that (3.8) holds, then L has a finite number of eigenvalues and spectral
singularities, and each of them is of finite multiplicity.

Proof. We are supposed to show that the function N(z) has a finite number of zeros with finite
multiplicities in P. From and the previous theorem, it is seen that A3 = A4 = @. Hence, the
bounded sets A1 and A do not have limit points, i.e., N(z) has only finite number of zeros in P.
Since, As = @, these zeros are of finite multiplicity. O

4. Conclusion

In this paper, we mainly take into consideration the spectrum of the boundary value problem
including Klein-Gordon difference operator and a general boundary condition. We present the
Jost solution of the problem, and state the Green’s function. After determining the sets of
eigenvalues and spectral singularities of the problem, we investigate the quantitative properties
of these sets under the Naimark’s and Pavlov’s conditions using the uniqueness theorems of
analytic functions.
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