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1. Introduction

In 1999, Molodtsov [9] proposed the big idea of “soft set theory”. This is an advanced
mathematical aid for handling uncertainty in problems related to real world which has wide
potential applications and is applicable where mathematical models are not defined clearly. In
2002 and 2003, Maji et al. [6], [7] introduced the applications of soft set in decision making
problems and defined some basic terms of soft set theory. In 2009, Ali et al. [3] defined some
new operations in this theory. In 2010, Majumdar et al. [8] worked on soft mappings. Further,
Das and Samanta [[4]], [5] used the concept of soft points to investigate some basic properties of
soft metric space. In 2016, Abbas et al. [1] worked on the fixed point theory of soft metric spaces.
In 2016, Yazar et al. [[11]] gave introduction on soft continuous mappings and investigated its
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properties. Inspiring from all these ideas, we define the concept of soft multiplicative metric
space and discuss the relationship between soft multiplicative metric space and soft metric
space. Then, from the idea of [1], we establish the relation between soft multiplicative metric
and multiplicative metric and prove some “fixed point theorems” in soft multiplicative metric
space.

This article consists of eight sections. Section [I]begins with the recent development of soft
sets and soft metric space. Section [2| contains nomenclature of usual terms used in this article.
Section |3| deals with the basic concepts and definitions related to soft set and soft metric space.
In Section 4, we define the concept of soft multiplicative metric space with an example. Relation
between soft multiplicative metric space and soft metric space are discussed in Section |5 while
Section [6] contains the relation between soft multiplicative metric space and multiplicative
metric space. Then, in Section |7, we prove some fixed point theorems in soft multiplicative
metric space. At the end, Section 8| contains the outline of this article.

2. Nomenclature

U — Universal set; E — non-empty parameter set; (F,E) — soft set; U — absolute soft set;
F'} — soft point; SP(U) — collection of all soft points of absolute soft set; R(E)* — set of all
non-negative soft real numbers.

3. Preliminaries

This section contains some well-known basic definitions which are helpful while proving our
main results.

Definition 3.1 ([4]]). Let U be an initial universal set and E be the non-empty parameter set.
Then, a pair (F,E) is called a soft set over U if F' is a set valued mapping on E taking values in
2UVie,F:E—2V.

Example 3.2. Suppose U is a collection of four rooms in a hotel under consideration such
that U = {ry,re,r3,r4} and E = {a1,a2,a3} be the set of parameters where a;(j=1,2,3)
stand for the parameters: furnished room, expensive room and modern room. Let (F,E)
be the soft set which characterizes the nature of rooms such that F(ai) = {ri,rs},
F(a2)=U and F(as) = {ri}. By this collection, the soft set (F,E) can be viewed as
(F,E) = {(furnished, {r1,rs}), (expensive,{ri,re,rs}),(modern, {ri})}.

Definition 3.3 ([4]). A soft set (F,E) over U is said to be an absolute soft set if F'(e) = U for all
eck.

Definition 3.4 ([4]). A soft set (F,E) over U is said to be a soft point if there is exactly one
e € E such that F(e) = {u}, for some u € U and F(A) = ¢ for all 1 € E\{e}. Such a soft point is
denoted by F.

Remark 3.5 ([4]). The collection of all soft points of a soft set (,E) is denoted by SP(F,E).
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Example 3.6. Consider a universal set U ={ri,re,r3} and parameter set E = {A, u}, then F;l is
a soft point where F(A) ={r1} and F(u) = ¢.

Definition 3.7 ([4]). A soft point P} belongs to a soft set (F,E) if e € E, u € U and P(e) =
{u}SF(e) and we write PYE(F,E).

Example 3.8. Consider a universal set U = {ry,rg,rs} and E = {A, u}. Suppose a soft set (F',E)
such that F(1) ={ri,re} and F(u) ={re,rs}, then a soft point P;léF(A) as P(A) ={r1}&F(A) but
P éF(u) as P(u) = {ri}ZF ().

Definition 3.9 ([4]). Two soft points F/l{1 and FL‘Q are said to be equal if A = u and F(1) = F'(u)
i.e., ui=usg.

Definition 3.10 ([5]). Let R be the set of real numbers and B(R) be the collection of all non-
empty bounded subsets of R. Then, the function F : E — B(R) is called a soft real set and is
denoted by (F,E). If F' is a single valued function on E taking values in R, then the pair (F,E)
or simply F' is called a soft real number. We denote soft real number and soft constant real

number by 7,5, and 7, 3§, respectively where 7 will denote a particular type of soft real number
such that 7#(1)=r for all A e E.

Example 3.11. Consider the soft set, given in Example If a function F : E — P(R) is
defined as F(a) =the number of rooms available in a hotel under the category a. Then, we
have F(a1) =2, F(ag) = 3 and F(a3) = 1. Then the soft real number (F,E) can be viewed as
(F,E) = {furnished room = 2;expensive room = 2;modern room = 1}.

Definition 3.12 ([4]). For two soft real numbers p and § and for all e € E, the following
conditions hold:

Definition 3.13 ([4]). A mapping d : SP(U) x SP(U) — R(E)* is a soft metric on the absolute
soft set U if d satisfies the following conditions:

(1) d(F%,F})20 for all F%,F,eSP(),

(2) d(F%,F})=0if and only if A =y and x = y for all F%,F;,&éSP(U),

(3) d(F%,F})=d(F;,F%) for all F5,F,,eSPU),

4) d(F5,F)2d(F5,Fy)+d(F},F;) for all F},F},FZESPU).
The soft set U together with soft metric d is called a soft metric space and is denoted by (U,d,E)
or simply by (U, d).
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Example 3.14. Suppose U = {u} and E = {a,b}, then SP(U) = {Fg,Fy}. Let d be a function
defined as d : SP(U) x SP(U) — R(E)* such that

d(F¥,F¥)=0 forall A\cE
d(FY,F)=d(F},F¥)=1,
then the pair (U, d) is a soft metric space.

Definition 3.15 ([1]]). Let {F} }, be a sequence in a soft metric space (U,d). Then, {F} n is
said to be convergent in (U, d) if there is a soft point Fﬁ €U such that d(F* n,Fﬁ) — 0 asn — oo.

Definition 3.16 ([1]). A sequence {F} }, of soft points in (U,d) is considered as a Cauchy
sequence in U if corresponding to every é =0, there exists m € N such that d(F* HFY j)éé, for
alli,j=mie., d(F} ,F; )—0asi,j—oo.

Definition 3.17 ([1]). A soft metric space (U, d) is called complete if every Cauchy sequence in
U converges to some soft point of U.

Definition 3.18 ([2]). A mapping d* : U x U — R* is multiplicative metric if d* satisfies the
following conditions:

(1) d*(uq,ug)=1forall ui,us e U;

(2) d*(u1,u9)=1if and only if u1 = ug for all uq,us € U;

3) d*(u1,u)=d*(ug,uq) for all ui,ugs e U;

4) d*(u1,u2)=d*(ui,us) -d*(us,us) for all u1,us,uz €U,
and the pair (U,d") is a multiplicative metric space.

Definition 3.19 ([11]). Let (X,d,E) and (Y,(,E’) be two soft metric spaces. The mapping
(T,yp): X,d,E)— (Y,ﬁ,E’) is a soft mapping where 7': X — Y and v : E — E' are two mappings.

4. Soft Multiplicative Metric Space

Inspiring from the ideas of [2] and [4]], we combine the concept of soft metric space and
multiplicative metric space to generate a new space called soft multiplicative metric space. With
the help of examples, we understand the concept of soft multiplicative metric space.

Definition 4.1. A function d* : SP(U) x SP(U) — R(E)* is a soft multiplicative metric on the
absolute soft set U if d* meets the properties given as:

(1) d*(F%,F;) 21 for all F%,F;eSPU);

(2) d*(F5,F;)=1 & A=pand x =y for all F¥,F;;&éSP(U);

(3) d*(F%,Fy)=d*(F},F%) for all F%,F,eSPU);

(4) d*(F5,F)Z2d*(F;,F})-d*(Fy,Fz) for all F},F},F7ESPU);

and (U, d*,E) is a soft multiplicative metric space.
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Example 4.2. Let d* : SP(U) x SP(U) — R(E)* such that
- 1ifF¥=F)
d*(F* Fl) = { AT
2if F 17 F 1
Clearly, d* meets all the properties of soft multiplicative metric. So, d* is a soft multiplicative
metric on the absolute soft set U and hence (U,d*,E) is a soft multiplicative metric space.

Definition 4.3. Suppose (U,d*) is a soft multiplicative metric space. Then, a sequence {F} n
in (U,d*) is multiplicative convergent to a soft point FﬁéU' if for given €= 1, we have a unique

positive integer ng such that d*(F* n,Fﬁ)Zé for all n = ng i.e., d*(F* Fﬁ) —1asn—oo.

n’
Definition 4.4. Suppose (U,d*) is a soft multiplicative metric space. Then, a sequence {F} tn

in (U,d*) is multiplicative Cauchy sequence if for given é= 1, we have a unique positive integer
ng such that &*(Fi o5 )<€Eforall m,n=ngie., &*(Fi o F3 ) 1 as m,n — oco.

Definition 4.5. A soft multiplicative metric space (U, d*) is complete if every multiplicative
Cauchy sequence in U converges to some soft point in U.

Definition 4.6. Consider a soft multiplicative metric space (U,d*,E). A function (T,v) :
(U,d*,E) — (U,d*,E) is said to be soft multiplicative contraction mapping if for every soft
point F%,F;€U, there exists a soft real number 7,024 21 such that

(T, 9)EFD, (T, FD) 2 Ad*(FL, Y.

Example 4.7. Consider U =E ={1/n:neN} and d* : SP(U) x SP(U) — R(E)* such that for all
F},FyeU, d*(F3, Fjy) = eIl
Let (T,v) : (U,d*,E) — (U,d*,E) be a soft mapping such that for all x € U and 1 € E,
(T, y)F?) = Ff/5. Then, given any x,y € U and A,u € E, and for each % € E, we have

d* (T, ) FD), (T, W) FDYR) = d* (F5,FY%)(k)

-3
=e'5 5
2@ (F, )

(S {[=]

Thus, (T, ) is a soft multiplicative contraction mapping with A =

5. Relationship Between Soft Metric Space and Soft Multiplicative
Metric Space

In this section, we show that with every soft metric space, we can define soft multiplicative
metric space and vice-versa.

Theorem 5.1. Suppose (U,d) is a soft metric space. Let d* be a function defined as d* :
SP@U)xSP(U)— R(E)* such that d*(F%,F}) = 1+d(F%,F3). Then, (U,d*) is a soft multiplicative

metric space.
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Proof. By using the conditions of soft metric space and &*(F",Fﬁ )=1+ El(Fx,Fﬁ ), the first three
properties of soft multiplicative metric space are obtained trivially. We only need to satisfy the
property |(1){ of Definition Now, for all Fi,Fﬁ and FjéSP(U), we have
d(F5,F)Zd(F5,F))+d(F),,F?)  (by property (4) of Definition 3.13)

=> 1+dWF},F)21+d(F;,F)+dF,,F;)

= 1+d(F},F)2A+dEF;Fi)A+dF}F;)

= d"(F5,F)Ed"(F5,Fd*(F),F}).
Thus, d* is a soft multiplicative metric on the absolute set U. O

Example 5.2. Suppose (U, d) is a soft metric space where d : SP(U) x SP(U) — R(E)* such that

-~ 0if F*=F’
AF5FH=4. A"k
1 1fF§ #F},

Let d* : SP(U) x SP(U) — R(E)*. Then, clearly

~ -~ 1if F*=F)
d*F5,F)=1+dF,F)=4_" A H

2 1sz #Fﬁ
is a soft multiplicative metric on U.

Theorem 5.3. Suppose (U,d) is a soft metric space. Let d* be a function defined as d* :
SPU) x SP(U) — R(E)* such that d*(F%,F3) = e FLFD Then, (U,d*) is a soft multiplicative
metric space.

d(F%,F})

Proof. By using the properties of soft metric space and d*(F* ,Fﬁ) =e , we prove that d*

satisfy all the properties of soft multiplicative metric space.
(1) d(F%,F)20=d*(F%,Fy)=1 for all F,F;eSP().
2) d*(F%,F)) =1 T =1 o d(F,F)) =0 & F¥ = F, for all F%,F)ESPU).
(3) Clearly, d*(F%,F;) = d*(F},,F5) for all F¥,F,eSP(U).
(4) We have
d(F5,F5)2d(F},F)) +d(F},F?)

= AFLF)) 2 LdF} F)+d(F,F})

= AFLF)) z LdFLF)) | dF,FY)

= d"(F5,F)Zd*(F},F)-d*(F},F?) for all F5,F;,F;€SP(U). m
Example 5.4. Suppose U is the universal set, E is the non-empty parameter set and (U,d) is a
soft metric space where d : SP(U) x SP(U) — R(E)* such that
0 if Fi= Fz

dF)Fy) = {i if F¥#F)
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Let d* : SP(U) x SP(U) — R(E)*. Then, clearly
d*(F%,F2) = e Fifi) = Lif Fy=Fy

T eif F¥#F;

is a soft multiplicative metric space on U.

Theorem 5.5. Suppose (U,d*) is a soft multiplicative metric space. Let d be a function defined
as d :SP(U) x SP(U) — R(E)* such that d(F%,F;) =log{d*(F%,Fi)}. Then, (U,d) is a soft metric

space.

Proof. Since (U,d*) is a soft multiplicative metric space, therefore all the conditions of soft
multiplicative metric space are satisfied. Now, we prove that d satisfy all the properties of soft
metric space.
(1) d*(F%,F;)21=d(F%,F;)20 for all F,F,eSP(U).
(2) d(F%,Fi)=0<log{d*(F5,F;)} =0 o d*(F%,F))=1< Fi =F), for all F{,F}&SP(U).
(3) Clearly, d(F%,F;) = d(Fy,F%) for all F{,F;éSP(U).
(4) We have d*(F§,F2)2d*(F},F})-d*(F},F?)
= logld™(F},Fi) £ log{d™ (F},F})-d*(Fy,F}))
= logld™(F},F;) £ log{d™ (F},F)} +logld ™ (F}, F))
= d(F5,F)ZdF},F)+dF;,F;) forall F},F;, F;eSPQ). O

Example 5.6. Suppose (U,d*,E) is a soft multiplicative metric space where d* : SP(U) x

SP(U)— R(E)* such that
-~ 1 ifF*=F;
d*(F5,F3) = { CTAT Tk

2 ifF{#F;

Let d : SP(U) x SP(U) — R(E)*. Then, clearly
- - 0 if F% = F?,
d(F%,FY) =logld" (FS, Fipy =4~ “A~"n

log2 if F# Fﬁ

is a soft metric space on U.

6. Relationship Between Soft Multiplicative Metric Space and
Multiplicative Metric Space

In this section, we construct a multiplicative metric space with the help of soft multiplicative
metric space.

Theorem 6.1. Suppose (U,d*,E) is a soft multiplicative metric space such that E is a finite set.
Let us define a function m j. :SPU)xSPWU)— R* as

mg.(F;,F;) = T&xd*(F’C,Fﬁ )x), for all F{,F,€SP(U).

Then, m 3. is a multiplicative metric on U.

Commaunications in Mathematics and Applications, Vol. 11, No. 3, pp. [425 , 2020



432 Fixed Point Theorems in Soft Multiplicative Metric Space: S. Rathee et al.

Proof. Since (U,d*) is a soft multiplicative metric space, therefore all the conditions of soft
multiplicative metric are satisfied. Now, we prove that m. satisfy all the conditions of
multiplicative metric space.

(1) For all F§,F;;éSP(U), we have
d*(F5,Fi)21
= d*(F§,F))x)21, forallkecE
= maxd*(F;,Fi)x)21
xkeE
= mfl(Fx,Fﬁ)é 1.
(2) my(FY,Fp) =1 e maxd*(F},Fy)() = 1o d*(F§,Fp) =1 Fy = F},, for all F§, FjeSP(@).
(3) Clearly, m(F%,F;)=m}(F,,F7) by condition (3) of Definition 4.1.
(4) By condition (4) of Definition 4.1, we have
d*(Fx,F;)éd*(Fx,Fﬁ)-d*(Fy,F;)
= d*(F},F)00)2d* (F},F)w)-d* (F),F2)x)
= maxd*(F},F2)(x)Z maxd*(F},F3)(x)-maxd " (F},F2)(x)
keE Y keE xeE v
=> mgl*(Fx,Ff,)ém&*(Fx,Fﬁ).mgl*(Fy,Ff,).

Thus, m 3. is a multiplicative metric on SP). O
Theorem 6.2. Suppose (U,d*,E) is a soft multiplicative metric space such that E is a finite set.
Let us define a function m j. :SP(U)xSP(U)— R* as

. X Yy — J¥(F* 7Y
mg-(F,F}) T&Xd (Fy, F)(x),
for all F’ﬂFﬁéSP(U). Then, (U,d*,E) is complete if and only if(SP(U),m;i*) is complete.
Proof. Suppose (U,d*,E) is complete. Let {F ,}n be a multiplicative Cauchy sequence in

(U,d*,E). Let €>1 be a constant soft real number. Then, there exists a natural number n, such
that

d*(F5 . F3 ,)é forall m,n=no.

Hence, &*(Fi 3 ) <e for all x € E and m,n = ny.

Thus, mz.(F5 , ,F} ) <e for all m,n = ny.

Therefore, {F 1}, is a multiplicative Cauchy sequence in (m 3. ,SP)).
As (U,d*,E) is complete, therefore {F ,}n must converge to some soft point in U.
Let {F§ }, —F) ,F]eU,
=> d*(Fy,Fin) -1
= max[i*(Fy,Fi ) —1
xkeE ’
= mZ-l(Fy,Fin) -1

Therefore, (SP(U),m g+) is complete.
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Suppose (SP(U),m&*) is complete. Let {F }, be a multiplicative Cauchy sequence in
(SP((?),m(;l*). If €51, we can choose € = miélé(K) > 1, as E is a finite set. Then, there exists a
KE

natural number n¢ such that
mg.(F5 F; )<e forallm,n=ng

d*(Fj{,m,Fj{’n)ieSé(K) for allkx € E and m,n = ny.

Therefore, {F}  }, is a multiplicative Cauchy sequence in (U,d*,E).
As (SP(U),m g+) 1s complete, therefore {F'}  }, must converge to some soft point in SP).
Let {F§ }, —F, ,F]eSP),

= m&*(Fy,Fin) -1
= maxd"(F},F} )x)—1
xkeE ’
= d*(F),F5 )—1
Therefore, (U,d*,E) is complete.
Thus, (U,d*,E) is complete if and only if (SP(U'),m;i*) is complete. O

Example 6.3. Suppose U = {1} is the universal set and E = {1, u} is the non-empty parameter
set. Then, SP(U) = {F},F}}.
Let us define d* : SP(U) x SP(U) — R(E)* such that
d*(FL,F})=1 where x€E
d*(F},FH(W)=2=d*(F,,F)\)
7% 1 1 7* 1 1
Then, d* is a soft multiplicative metric on U.
Now, let m 3. :SP(U) x SP(U) — R* defined as
- Lif F*=F3
- (FX,F) = d*(F¥,F))(x) = AR
ma.(F, F) = axd (3, 1)) {2 if F* # F)

Here, m ;. is a multiplicative metric on U.

7. Fixed Point Theorems in Soft Multiplicative Metric Space
This section contains some fixed point theorems in soft multiplicative metric space.
Theorem 7.1.Let (U,d*,E) be a complete soft multiplicative metric space and (T,y) :

U,d*,E)— (U,d*,E) is a soft multiplicative contraction mapping. Then, there exists a unique
soft point F5€U such that (T, y)F5)=F7.

Proof. Consider a soft point F’;géU. Define a sequence of soft points {F} }, in U such that
Fyt = (T, y)FD).
Since (7T',w%) has a soft multiplicative contraction, therefore

4 F FE@ (F F
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2@ E

~ (g% X1 X0 A"
SEAHN L
Let for p > 0, we have
"7 % Xn+p Xn\~ 7% Xn+p Xn+p-1 A 7% Xn+p-1 Xn+p-2 . 7% Xn+1 Xn
d (F/lntu,FAn)Sd (F/lntu,FAner—l) d (F/1n+p—1’F/ln+p—2) d (F/lrwl’F/ln)

}‘ln+p—1 }‘Ln+p—2

~ (7% X X T*(F* X 15 (F* oy k"
2{d*(F}LFD) Ad FLLFO) cAdTEL O

~ (kK] pXo\ ATTPTLLRTP 2L pn
2{d*(FD,F)
~ (7% X X i_’_n,
2@ (F, PO
This shows that {&*(Fiziz:l,Fiz )} — 1 as n — co. Thus, the soft sequence F}" = (T,y)"(F)") is

1
soft multiplicative Cauchy sequence. But (U,d*,E) is given to be a complete soft multiplicative

metric space. Therefore, there exist a soft point FﬁéU' such that Fi: — Fﬁ as n — oo.
Further,

(T p)F),FNZd T, p)E), (T ) EFD} - d (T, p)F), F)
A Fy FOV A FLFD) 1 as n—oo
= dUT,yF),F=1

This shows that F} is a soft fixed point of (T,y) i.e., (T, y)(Fy) =F;,.
Now, we prove the uniqueness of soft fixed point of (T',y). For this, let F7 be another soft
fixed point of (T',v) i.e., (T,w)(Fj) = Ff, Then,

d*(F%,F2) = d* (T, ) (F), (T, y)(F2)
2{d*(FY F)"

oty
Thus, d*(F;,,FZ) =1 and thus F}, = F7.
This shows that Fﬁ is the unique soft fixed point of (T, y). O

Remark 7.2. The condition that (7', y) is soft multiplicative contraction mapping cannot be
omitted in Theorem For example, Let U = {1} and E = {A, u}, then SP(U) = {Fl,Fﬁ}. Define
a mapping d* : SP(U) x SP(U) — R(b)* as

1if Fi= Fﬁ
2 if Fi# Fﬁ
and (T,y): (U,d*,E) — (U,d*,E) is a mapping defined as (T,y)(F}) = F}, and (T,y)(F;) =F}
then (7',v) is not a multiplicative mapping and the mapping has no soft fixed point.

)

Zl*(Fx,Fg):{

Corollary 7.3. Suppose (U,d*,E) is a complete soft multiplicative metric space and (T,y):
(U,d*,E)— (U,d*,E) is such that (T, v)" is a soft multiplicative contraction mapping for some
positive integer N. Then, (T,y) has a unique soft fixed point.
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Proof. From Theorem (T,w)N has a unique soft fixed point say FféU. But
(T, )N (T, ) ED = (T, (T, )N FDY = (T, 9)F5).
Therefore, (T',y)(F7) is also a soft fixed point of (T,w)N. Hence, (T, y)(F}) = F;.
This shows that F7 is a soft fixed point of (T, y). O

Theorem 7.4. Suppose (U,d*,E) is a complete soft multiplicative metric space. Suppose
(T,y): U,d*,E)— (U,d*,E) is a soft mapping such that

AT, ) F), (T, ) FDN 213 (T, ) F),F - d (T, w)F,FT" (7.1)
for all Fx,FlyléU and 0<h i% is a soft real number. Then, the soft mapping (T,vy) has a unique
soft fixed point in U and the soft sequence {(T,9)"(F})} converges to the soft fixed point.

Proof. Consider a soft point FigéU . Define a sequence of soft points {Fi{,n}n in U such that
PRt = (LFy)
Since (T',v) satisfies the given contractive condition, therefore
&*(Fizi,FiZ) =d* {(T,w)(Fj{Z),(T,t//)(Fizj)}
2[d* (T ) F), F) - d (T, p)FY ), i)

n—1

IA

(@ (F By -dr(Fp, Bt
> (d"FPL Y RdFR L

~ ~ 13
= d*(Fy FyEd (Fy FyrObs

‘wl

:&*(Fiz,F;:j)}E, where % = -

é {&*(an—l ,an:z )}};2

n-1
~ (g% X X0\ 2"
<{d (Fﬁ,F/lg)} .
Let for p > 0, we have
7% o ¥n+ Xn\z= J*p¥n+ Xn+p-1\ Jxp¥n+p-1 1a¥n+p-2 % Xn+ Xn
d (F/ln-#i ’F/ln)s d (F/ln+§ ’F/ln+Z—1) ’ d (F/ln+§—1 ’Fan+z—2) o d (F/ln+1 ’F/ln)
-~ % Ln+p—1 ~ % Ln+p—2 ~ % n
A FYFOWT A FLLFOY - FY FYY
~ % X1 X0 En+p—1+kn+p—2+_._+kn
<{d"(F 1’FAO)}
~ (3% X X k—n—
<{d (Fai’Fag)}l’k‘
This shows that {d*(F Z:ﬁ , F’AC” )} — 1 as n — oco. Thus, the soft sequence F;z = (T,w)”(F;g) is soft
multiplicative Cauchy. But (U,d*,E) is given to be a complete soft multiplicative metric space.

Therefore, there exist a soft point Fﬁé[j such that Fi" — Fﬁ as n — oo.
Further,

A (T )FD,FNZA (T, p)F), (T, ) EFD} - d* (T, p)F), F)
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(A" (T p)EF,F- A" (T ) F,Fylt - d (T, ) F), Fi)
= AT WEFED,FI " 2 d (T FE,Fy N d F FY)
> QT ED,F U (T ) F), Fomph - g Fe F) e
= d"(T,y)F),F)}—1 as n—oo
= d*{(T,y)F),F}=1
This shows that Fy is a soft fixed point of (T, ) i.e., (T, y)F;) =F;.

Now, we prove the uniqueness of soft fixed point of (7', ). For this, let Ff; be another soft
fixed point of (T',v) i.e., (T,u/)(FJz,) = F}i Then,

d*(F},F3) = d" (T, y)F), (T, p)F}))
ZHA* (T, WEFED,Fi}-d* (T, ) F2), FP - 1
Thus, d*(F;,F?) =1 and thus F}, = F}.
This shows that Fﬁ is the unique soft fixed point of (T, y). O

Example 7.5. The converse of Theorem [7.4|need not be true. For example, let U = E = {% :neN}.
Define a mapping d* : SP(U) x SP(U) — R(E)* such that

Lif F§= Fﬁ

2if Fy # Fﬁ

and (T,y): (U,d*,E)— (U,d*,E) is a mapping defined as

1 |Flif n=1

(T’W)(Fg):{Fi ifntl
k

then (T, y) has a unique soft point FlléSP(U ) such that (T,i//)(F%) = F11 but it does not meet the
condition (1).

61*(Fx,Fg):{

Theorem 7.6. Suppose (U,d*,E) is a complete soft multiplicative metric space. Suppose
(T,y): (U,d*,E)— (U,d*,E) is a soft mapping such that

& (T, ) F, (T, ) E Z1A (T ) F),FY-d* (T, p)(F), i

for all Fj{,Fﬂ eUand 05h 2% is a soft real number. Then, the soft mapping (T,y) has a unique

soft fixed point in U and the sequence {(T,)"(F)} converges to the soft fixed point.
Proof. Consider a soft point Figéﬁ . Define a sequence of soft points {Ff{,n}n in U such that
Fizi = (T,i//)(FiZ).
Since (T',v) satisfies the given contractive condition, therefore
d*(Fyt ) = d* (T, y)EFR), (T, w)EFy )
[ (T, p)F),Fy'y-d (T ) F ), i

2 FP L FY AN E L FY
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(g% n+ n— }_L
@ E)
L n+ ny. g% n n-1)1h

IA

> (d"FEPL Y RdER
> d* (F Fo2 3 (B, Foh i
= &*(FiZ,FiZj)}E, where & =

[y
|| S
ol

2@ EpL

~ (% Bn
2@ (F FO
Let for p > 0, we have
7% Xn+p Xn 7% Xn+p Xn+p-1\ J* Xn+p-1 Xn+p-2 7% Xn+1 Xn
d (F/ln-#p ’F/ln) = d (F/1n+p ’Fﬂfn-ﬁ—p—l) ' d (F n+p-1 ’F)ln+p—2) o d (Flln+1’F/1n)
A F FROW @ FR W d FR FRO

2@ (F TR R R
1 0

2@ FD FO)
This shows that {d *(Fzzz ,Ff{: )} — 1 as n — oo. Thus, the soft sequence Fj{z = (T,w)”(F;g) is soft

multiplicative Cauchy. But (U,d*,E) is given to be a complete soft multiplicative metric space.

Therefore, there exist a soft point F;,EU such that F;" — F} as n — oco.

Further,
d (T, ) ED, Fy 2d (T, ) F3), (T, ) FDYy-d™ (T, 9)F),Fi)
2[d* (T, p)F,F)-d*F F)-d*F Fl - d* F FY)
L)

A" (T ) F,F " <1dF F)-d* By FV - d* (F

=
~ ~ ~ P~ 1
d* (T, ) FD, Fy 2 Ud* Fy F)-d* (Fy L FOY - d* (F31 Fi)]

=

= d*(T,y)F),F;}—1 as n—oo
= d* (T, y)F),F=1

This shows that F} is a soft fixed point of (T,y) i.e., (T, y)Fy) =F;.

Now, we prove the uniqueness of soft fixed point of (T',y). For this, let F7 be another soft
fixed point of (T',v) i.e., (T,w)(Fj) = Ff, Then,

d*(F},F}) = d" (T, p)F;), (T, w)(F;)
2 (T, y)F)), F2}-d* (T, p)(F2), F

-1

Thus, d*(F},,F7) =1 and thus F}, = F}.
This shows that Fﬁ is the unique soft fixed point of (7', y)
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Theorem 7.7. Let (U,d*,E) be a soft multiplicative metric space. If the function (T,vy):
(U,d*,E)— (U,d*,E) meets the following condition:

d* (T, ) F, (T, ) FD 2Ad*(FF, FIN -[d* (T, 9)F5),F5-d* (T, w)F),F)°,  (71.2)
where a+2b<1, 0<b<1, S then we get a unique soft point FiéSP(U') such that (T,y)(F5) = F.
Proof. Let F3° be any soft point in SP(U).

Fix Fﬁ =(T,y)F)°)

Fﬁ = (T,W)(Fﬁ)

Fil = (T, y)(F5)
We have
d*EFPF) = d (T wED), (T y)Fy )
(A FFY N A (T ) F,FY - d (T p)E, F 1P
A (F F ) [ (F B A (FY L F P
= {d"FyLFPW 2@ (F FP T
> AELENR@ER
a+b
1-b

2{d"(Fy" F Y, where k =
= (% n— n— k2
(@ (F, For)
~ ~ % kn
2@ (F2 L F)
So, forn>m
d(Fy Fy2d Ey Fym ) d " Fy L Fy ) d N E L F )
-~ % kn—l ~ % kn—2 ~ % rm
<{d (Fﬁ,Fﬁg)} {d (Fﬁ,Fﬁ)} ~{d (Fﬁ,Fj{g)}
= (gx Xl pron kT 4R 24 k™
<{d"(F, , F))}
- LS
<{d (Fﬁ,Fﬁg)} 1-F
We get
7 * n myZ= % ﬂ
d (Fj{n,Fzm)S{d (in,Fj{g)}l—k
This signifies that &*(Fj{z,Fi"m') — 1 as n,m — oco. Hence, {F;:} is a multiplicative soft Cauchy

sequence. Since U is complete, therefore there exists Fi €U such that Fi” — Fi as n — oo.
Now,

d* (T, 9)F; ), F5 Y2 d (T, p)F, (T, p)F; O} -d* (T,9)Fy), F} )
A (F Fy N - d (T, y)Fy),Fy)
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[d* (T, p)F; ), F5 N0 -d* (T, 9)Fy), F )
2{dFyFy N -d N FLFY AN (FY, FON AR (FYLFY)
-1
This signifies that (T, w)FZ)=F%". So, the soft point F¥  is a fixed soft point of the mapping
(T,v). Now, if Fﬂ is another fixed soft point of the mapping (T',v), then we have
d*(Fy F) ) =d (T, p)F5 (T, p)F) )}
Z(dH(FS P N (@ (T ) FE),FY Y- d (T, y)F ), F )P
2@ FYF WA (F FY)-drF L FOP
= {d*(FYF )
(d*FY FY ezl
Since a +2b<1 and 0<b <1, therefore a <1 and thus
d*(FF ) =1=>F =F) .

Thus, we obtain a unique soft fixed point of (T',v). O

Theorem 7.8. Suppose (U,d*,E) is a soft multiplicative metric space. If the function (T,y) :
(U,d*,E)— (U,d*,E) meets the following condition:

d* (T, y)F), (T, p)F)
S[d* (T, Y)F5), F5Y-d (T, w)FY), FXN* - [d (T, w)F),Fo}-d* (T, w)F;),FiP,

where a +b< %, then we obtain a unique soft point FféSP(U') such that (T,y)(F7)=F;.

Proof. Let Ff{o be any soft point in SP(U).
Fix Fy! = (T, y)F)")
F2 = (T, y)(F3h)
Fio = (T, y)FY")
We have
d*(Fyt ) = d™ (T, y)E), (T, y)EP )
2[d (T, ) EF,F-d (T, y)F),Fy -1
Ld (T, p)F5), Fy - d (T, p)F3 ), FyP
[ (F Fy-d N (Fy Fy ) [N Ryt - d (R F))
[ (FL F-dFy L Fy O - [ (F L Ry -d (R FRr )
= {d"(FL Y 2@y F et

a+b

= d*(Fyt Py d  (Fy Fyr )} imas

Sd Fy F), where k=
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2@ @

~ % kn
<{d (F’?,F;g)}
So, for n>m
d* (P FEmZd (3, i) d* (P Fn2). g (B Fim)
~ [ 7x X BVl gk 2 7% X k™
<{d (Fﬁ’ng)} Ad*(F }Fig)} ~{d (F/li,F’;g)}
Z{d L FR Rk
o~ s 2
23" (FD FO) T
We get
J* n myZ [ 3% ﬂ
d*(F P 2" (F PO
This signifies that d*(F}",F}™) — 1 as n,m — co. Hence, {F;"} is a multiplicative soft Cauchy

sequence. Being the completeness of U, there exists Fj{*éU' such that F’AC” — F% as n — oo.
Now,

d* (T, y)F; ), F3 Y2 d (T, p)F, (T, 9)F; O} -d* (T,9)Fy"), F} )
[ (T, p)F),Fy-d* (T, p)F; ), F )1°
[ (T ) F), Finy-d* (T, p)(F; ), Fy°
2[d*FyL F-dNFy S FIO1 [N FYL Y A EL P — 1
This signifies that (T,w)(Ff) = Fi and hence Fj{ is a soft fixed point of the function (T',y).
Again, if Fﬁ " is some other soft fixed point of the function (7',v), then we have
d*(FFF ) = A (T, ) FS), (T, p)F3 )
[ (T, 9)FL),FEY-d* (T, 9)F ), F [ (T, p)FL ), FY )
AT, p)F) ), FEP
2[@HEFY FY)-d*FY FO1 - [AHES FY) -3 FYFDP
—{d*(FY L F
(@ @F ROz
Since a +b < % implies that 2b < 1, therefore
d*(F F))=1=>F =F}, .
Thus, we obtain a unique soft fixed point of (T',v). O

Theorem 7.9. Suppose (U,d*,E) is a soft multiplicative metric space. If the function (T,v):
(U,d*,E)— (U,d*,E) meets the following condition:
A (T, ) F), (T, ) FNE A" B, FNd (T, ) F), F3)-d* (T, p)(F), F2)P
[Q (T, ) FD,FY - d* (T, p)(F), FI,
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where a +2b +2c < 1, then we get a unique soft point FiéSP(U) such that (T, y)(F7}) = Fy.

Proof. The proof follows from Theorems (7.7 and O

8. Conclusion and Future Scope

“Soft set theory” is a wide mathematical aid for handling vagueness and uncertainty. In this
paper, some basic concepts of soft set and soft metric are considered and a new concept of soft
multiplicative metric space is introduced. An attempt has been made to show the existence and
uniqueness of fixed point theorems in context of soft multiplicative metric space.

Inspiring from the ideas presented in this paper, one can introduce the concept of generalized
soft multiplicative metric space, Fuzzy soft multiplicative metric space and so on. An attempt
can be made in the direction of fixed point in these spaces.
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