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1. Introduction

Let H be a real Hilbert space which inner product and norm are denoted by ¢:,:) and | - |,
respectively. Let C be a nonempty closed convex subset of H and A : C — H be a nonlinear map.
Let P¢ be the projection of H onto the convex subset C. The classical variational inequality
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problem, denoted by VI(C,A) is to find u € C such that

(Au,v—u)=0, 1)
for all v e C. For a given z € H,u € C satisfies the inequality

(wu—z,v—u)=0, VveC, (2)
if and only if u = P¢z. It is known that the projection operator P¢ is nonexpansive. It is also
known that P¢ satisfies

(x=y,Pcx—Pcy) = |Pcx—Peyl?, (3)
for x,y € H. Moreover, Pcx is characterized by the properties: Pcx € C and (x—Pcx,Pcx—y) =0
for all ye C.

One can see that the variational inequality problem (1) is equivalent to some fixed point
problem.

The element u € C is a solution of the variational inequality (1) if and only if u € C satisfies
the relation u = Pc(u — AAu), where A > 0 is a constant. This alternative equivalent formulation
has played a significant role in the studies of variational inequalities and related optimization
problem.

Iterative methods for nonexpansive mappings have recently been applied to solve convex
minimization problems (see, e.g., [19,/26,34-36] and the references therein). A typical problem
is to minimize a quadratic function over the set of the fixed points of a nonexpansive mapping
on a real Hilbert space H:

minl(Ax,x) —{(x,b), 4)
xeC 2

where A is a linear bounded operator, C is the fixed point set of a nonexpansive mapping S and
b is a given point in H. In [35,]36], it is proved that the sequence {x,} defined by the iterative
method below, with the initial guess xo € H chosen arbitrarily,

Xn+1=U—-a,A)Sxp+0a,b, n=0, (5)

converge strongly to the unique solution of the minimization problem (4) provided the sequence
{a,} satisfies certain conditions. Recently, Marino and Xu [26] introduced a new iterative scheme
by the viscosity approximation method which was first introduced by Moudafi [27]]:

Xn+1=U - a,A)Sx, + a,yf(x,), n=0. (6)

They proved that the sequence {x,} generated by the above iterative scheme converges strongly
to the unique solution of the variational inequality

(A-=yf)x*,x—x"y=0, x€C, (7
which is the optimality condition for the minimization problem
1
min —{(Ax,x) — h(x), (8)
xeC 2

where C is the fixed point set of a nonexpansive mapping S, & is a potential function for yf
(i.e., h'(x) =yf(x) for x € H).
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For finding a common element of the set of fixed points of nonexpansive mappings and
the set of solution of variational inequalities for a-cocoercive map, Takahashi and Toyoda [31]]
introduced the following iterative process:

Xn+1 = AnXn + (1 —a,)SPco(x, — AnAxy), 9

foreveryn=0,1,2,..., where A is a-cocoercive, xg = x € C, {a,} is a sequence in (0,1), and {1,} is
a sequence in (0,2a). They showed that, if Fix(S)nVI(C,A) is nonempty, then the sequence {x,}
generated by (9) converge weakly to some z € Fix(S) N VI(C,A). Recently, Iiduka and Takahashi
[21] studied similar scheme as follows:

Xni1=apx+(1—a,)SPc(x, — A Ax,), (10)

for every n =0,1,2,..., where xo = x € C, {a,} is a sequence in (0,1), and {1,} is a sequence
in (0,2a). They proved that the sequence {x,} converges strongly to z € Fix(S)nVI(C,A). Very
recently, Chen et al. [13] studied the following iterative process

x1€C, xpi1=anf(xy)+A—a,)SPc(x, -1, Ax,), n=1, (11)
and also obtained a strong convergence theorem by the so-called viscosity approxiamtion method
[27].

Let ¢ : C — R be a function, and F : C xC — R be a bifunction. The mixed equilibrium problem
is to find x € C such that

F,y)+p(y)—px)=0, VyeC. (12)

The solution set of mixed equilibrium problem is denoted by MEP(F,¢). In particular, if ¢ =0,
this problem reduces to the equilibrium problem, which is to find x € C such that F(x,y) =0,
V y € C. The solution set of equilibrium broblem is denoted by EP(F).

The mixed equilibrium problem is very general in the sense that it includes, as special cases,
optimization problems, variational inequality problems, minimization problems, fixed point
problems, Nash equilibrium problem in noncooperative games, and others ([4,|7,/ 15}, 20]).

In 1994, Censor and Elfving [8] firstly introduced the following split feasibility problem in
finite-dimensional Hilbert spaces: Let Hi, Hs be two Hilbert spaces and C, @ be nonempty
closed convex subsets of H; and Hs, respectively, and let A : H; — Hy be a bounded linear
operator. The split feasibility problem is formulated as finding a point x* with the property

x*€C and Ax" €@Q. (13)
The split feasibility problem can extensively be applied in fields such as intensity modulated
radiation therapy, signal processing and image reconstruction, then the split feasibility has
received so much attention by many scholars (see [9-12]).

In 2013, Kazmi and Rivi [23]] introduced and studied the following split equilibrium problem:
letCcHiand Q € Hs. Let F1:C xC — R and Fs: @ x @ — R be nonlinear bifunctions and let
A :H{ — Hs be a bounded linear operator. The split equilibrium problem is to find x* € C such
that

Fi(x*,x)=0,Vx€C and such that y* = Ax* € @ solves Fo(y*,y) =0, VyeQ. (14)

Communications in Mathematics and Applications, Vol. 11, No. 1, pp. , 2020



4 General Iterative Scheme for Split Mixed Equilibrium Problems...: J. Deepho and P. Kumam

The solution set of the split equilibrium problem is denoted by
SEP(F1,F3):={x* € C:x" €e EP(F1) and Ax" € EP(F5)}. (15)

They gave an iterative algorithm to find the common element of sets of solution of the split
equilibrium problem and hierarchical fixed point problem (refer to [5,/6] for more details).

In 2016, Suantai et al. [[30] proposed the iterative algorithm to solve the problems for finding
a common elements the set of solution of the split equilibrium problem and the fixed point of a
nonspreading multivalued mapping in Hilbert space, given sequence {x,} by

x1 € C arbitrarily,
wy =TENI —yA* (I - TE)A)xy, (16)
Xpni1=nxn +(A—a,)Su,, VnelN,

where {a,}<(0,1), r, =(0,00) and y € (O, %) such that L is the spectral radius of A*A and A*
is the adjoint of A, Cc H;, Q@ cH2,S:C - K(C)is a %-nonspreading multivalued mapping,
F{:CxC —Rand Fy:Q x® — R are two bifunctions. They showed that under certain conditions,
the sequence {x,} converges weakly to an element of Fix(S)NSEP(F1,Fs).

Several iterative algorithms have been developed for solving split feasibility problems and
related split equilibrium problems (see, e.g., [16,/17,24]).

In this paper, we will consider a finite family of nonexpansive mapping. Let K; : C — C,
where i =1,2,...,N, be a finite family of nonexpansive mappings. Let Fix(K;) denote the fixed
point set of K;, that is, Fix(K;);={x € C : K;x = x}. Finding an optimal point in the intersection
mzi\i 1 Fix(K;) of the fixed point sets of a family of nonexpansive mappings is a task that occurs
frequently in various areas of mathematical sciences and engineering. For example, the well-
known convex feasibility problem reduces to finding a point in the intersection of the fixed
point sets of a family of nonexpansive mappings (see [3]). The problem of finding an optimal
point that minimizes a given cost function over ﬁf\i Fix(K;) is of wide interdisciplinary interest
and practical importance (see, e.g., [2,/14,/18]). A simple algorithmic solution to the problem
of minimizing a quadratic function over ﬂ?i 1 Fix(K;) is of extreme value in many applications
including set theoretic signal estimation (see, e.g., [22,37]).

We study the mapping W,, defined by
Uno =1,
Un1 =21 K1Upo + (1= 2,1,
Un2 = An2KoUp1 + (1= A2,

UnN-1=An N-1EN-1Un N-2+ (1 = Ay N-DI,
Wn :UnN:AnNKNUn,N—l'F(l_AnN)I, (17)

where {1,1},{An2},...,{ N} €(0,1]. Such a mapping W, is called the W-mapping generated by
K1,Ko,...,Kxn and {1,1},{An2},...,{A,N}. Nonexpansivity of each K; ensures the nonexpansivity
of W,,. Moreover, in [[1, Lemma 3.1], it is shown that Fix(W,,) = ﬂzi\i 1 Fix(K;).
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Motivated and inspired by the above results and related literature, we propose an
iterative algorithm for finding a common element of the set of solutions of split mixed
equilibriumproblems and the set of fixed points of finite family of nonexpansive mappings
in real Hilbert spaces. Then we prove some strong convergence theorem which extend and
improve the corresponding results of Kazmi and Rizvi [23] and Suantai et al. [30] and many
others.

2. Preliminaries

In this section, we collect some notations and lemmas. Let C be a nonempty closed convex
subset of a real Hilbert space H. We denote the strong convergence and the weak convergence of
the sequence {x,} to a point x € H by x,, — x and x,, — x, respectively. It is also well known [28]
that Hilbert space H satisfies Opail’s condition, that is, for any sequence {x,} with x, — x,

the inequality
limsup||x, — x| <limsup ||x, — y| (18)
n—oo n—oo

holds for every y € H with y # x.

Lemma 1. In a real Hilbert space H, the following inequalities hold:
@ llx=yI? = llxl® =y - 26~ y,9), ¥ x,y € H;
(2) le+y1? < loel® +2¢y,x+y), ¥ x,y € H;
3) IAx+ (1= Dyl = Al + (L= Dllyl* = AQ - DVlx - yI% ¥ A€[0,1], V x,y € H.
An element x € C is called a fixed point of S if x € Sx. The set of all fixed point of S is denoted
by Fix(S), that is Fix(S)={xe C :x € Sx}.
Recall that the following definitions:
(1) S is called v-strongly monotone, if each x,y € C, we have
(Sx—Sy,x—y)=vlx—yl?
for constant v > 0. This implies that
(Sx—=Sy)zvllx-yl,
that is, S is v-expansive and when v =1, it is expansive.
(2) S is said to be v-cocoercive [32,.33], if for each x,y € C, we have
(Sx-Sy) = v|Sx-Syl?,
for constant v > 0. Clearly, every v-cocoercive map S is %-Lipschitz continuous.
(3) S is said to be relaxed u-cocoercive, if there exists a constant u > 0 such that

(Sx—-Sy,x—y)= (—u)lle—SyIIz, Vx,yeC.

(4) S is called relaxed (u,v)-cocoercive, if there exists two constants u,v > 0 such that

(Sx—Sy,x—y) =(-w)Sx-Syl2+vix-yl?, Vax,yeC,
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for u = 0,8 is v-strongly monotone. This class of maps is more general than the class of
strongly monotone maps. It is easy to see that we have the following implication:

v-strongly monotonicity = relaxed (u,v)-cocoercivity.

(5) A mapping S : C — C is called nonexpansive if |[Sx—Sy|| < |x—yl, V x,y€ C.

(6) A mapping f : H — H is said to be a contraction if there exists a coefficient (0 < a < 1)
such that

Ifx)—fFWMI<alx—yl, ¥V x,yeH.

(7) An operator B is strongly positive if there exists a constant ¥ > 0 with the property
(Bx,x) = 7lx|?, ¥V xeH.

(8) A set valued mapping S : H — 2H is called monotone if for all x,ye H, f € Sx and g€ Sy
imply
(x-y,f -8 =0.
A monotone mapping S : H — 2 is maximal if the graph G(S) of S is not properly
contained in the graph of any other monotone mapping. It is known that a monotone
mapping S is maximal if and only if for (x,f) e HxH, (x—y,f —g) = 0 for every (y, g) € G(S)
implies f € Sx. Let B be a monotone map of C into H and N¢v be the normal cone to C at
veC,ie., Nocv={weH :{v—u,w)=0, V ueC} and define
{Bv +Ncv, veC;
Sv =
o, veC.
Then S is maximal monotone and 0 € Sv if and only if v € VI(C,B) (see [29]).

For solving the mixed equilibrium problem, we assume that the bifunction F; :C xC — R
satisfies the following assumption:

Assumption 1. Let C be a nonempty closed and convex subset of a Hilbert space Hy. Let
F1:C xC — R be the bifunction, ¢ : C — RU{+o0o} is convex and lower continuous satisfies the
following conditions:

(Al) Fi(x,x)=0,V x€C;

(A2) F1is monotone, i.e., F1(x,y)+F1(y,x)<0, V x,ye C;

(A3) foreach x,y,z€C, ltilI(I)lFl(tz +(1-tx,y)<F1(x,y);

(A4) for each xe€ C,y— Fi(x,y) is convex and lower semicontinuous;

(B1) for each x € Hy and fixed r > 0, there exist a bounded subset D, < C and y, € C such that,
for any ze C\D,,

1
Fi1(z,y:) + p(y2) — p(2) + ;(yx -2z,z—x)<0;

(B2) C is bounded set.

Communications in Mathematics and Applications, Vol. 11, No. 1, pp. , 2020
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Lemma 2 ([25]). Let C be a nonempty closed and convex subset of a Hilbert space Hy. Let
F1:C xC — R be a bifunction satisfies Assumption[ljand let ¢ : C — RU {+o0} be a proper lower
semicontinuous and convex function such that Cndom@ # @. For r >0 and x € Hy. Define a
mapping Tfl :H{ — C as follows:

1
Tfl(x): {zEC:Fl(z,y)+(p(y)—<p(y)+;(y—z,z—x) EO,VyEC},

for all x € Hy. Assume that either (BI) or holds. Then the following conclusions hold:
(1) for each x € Hl,Tf‘1 ZD;

(2) TI is single-valued;

3 Tfl is firmly nonexpansive, i.e., for any x,y € Hy,
1T = TPyl < (T %= Ty, - 9);

(4) Fix(T") = MEP(F,, P);

(5) MEP(F1,) is closed and convex.

Further, assume that Fy: Q x @ — R satisfying Assumption [Ijand ¢ : @ — RU {+o0} is a proper
lower semicontinuous and convex function such that @ Ndom ¢ # @, where @ is a nonempty

closed and convex subset of a Hilbert space Ho. For each s >0 and w € Ho, define a mapping
Fy
T,?:Hy — Q as follows:

TF2(y) = {w €Q : Fo(w,d) +(d) — p(w) + %(d —w,w-v)=0,Vde Q}.
Then we have the following:
(6) for each v €H2,T52 ZP;
(7 sz is single-valued;
(8 sz is firmly nonexpansive;
(9) Fix(TY?) = MEP(F3,¢);
(10) MEP(F9,}) is closed and convex.

Lemma 3 ([34,35]]). Assume that {a,} is a sequence of nonnegative real numbers such that
a1 <A —-yp)a, +6,,
where v, is a sequences in (0,1) and {0,} is a sequence such that

@) X yu =0

o0
(i) limsupd,/y, <0or Y |6, <oo.
n—oo n=1
Then, lim a, =0.
n—oo

Lemma 4 ([26]). Assume B is a strong positive linear bounded operator on a Hilbert space H
with coefficient y >0and 0<p < IBI~L. Then |I - pBll<1-py.

Communications in Mathematics and Applications, Vol. 11, No. 1, pp. , 2020
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3. Main Result

Theorem 1. Let C be a nonempty closed convex subset of a real Hilbert space Hi and
Q be a nonempty closed convex subset of a real Hilbert space Hy. Let A : Hi — Hy be a
bounded linear operator, let K1,K9,Ks,...,KN be a finite family of nonexpansive mapping
of C into Hy and let D be a p-Lipschitzian, relaxed (u,v)-cocoercive map of C into Hy. Let
F1:CxC—R, Fo:Q xQ — R be bifunctions satisfying Assumption (1} let ¢ : C x RU{+oo} and
¢ :Q x RU{+o0o} be a proper lower semicontinuous and convex functions such that C ndom ¢ # @
and @ Nndom ¢ # @, respectively, and Fo is upper semicontinuous in the first argument. Let f
be a contraction of H1 into itself with coefficient a (0 < @ < 1) and let B be a strongly positive
linear bounded operator with coefficient y > 0 such that |B| < 1. Assume that 0 <y < % and
O = mzi\ilFix(Ki)ﬁSMEP(Fl,(p,Fz,(/))OVI(C,D) # @. Let the sequences {x,} and {y,} be generated
iteratively by x1 € H1 and
{yn = TFVI - ¢A* I - TE) A)x,
An+1 = YfWhxp)+ U —a,BYW,Pc(I —s,D)y,, n=1,

where {a,} < [0,1],{r,} < (0,00),{s,} = [0,00) and ¢ € (0, %) such that L is the spectral radius of
the operator A*A and A™ is the adjoint of A. Assume that the following conditions are satisfied:

(C1) ,}Lm a, =0, and

(19)

oo
=00,
n=1

(e.0] [e.0]
(C2) Y lap+1—apl<ocoand 3 Ispi1—8ul<oo;
n=1 n=1

(C3) {sp}cla,b] for some a,b with 0<a<b< 2(0;—12‘”2), v = u,uz;

(C4) Y Mn,i _/ln—l,il < 00, for all 1 = 1,2,...,N;
n=0
(C5) liminfr, > 0.
Then, the both sequence {x,} and {y,} generated by converges strongly to q € © where
q = Pe(yf +( — B))(q) which solves the following variational inequality

(rfl@)-Bq,p—q)<0, VpeO. (20)
Proof. Since a, — 0as n — oo by the condition (C1), we may assume, without loss of generality,
that a,, < ||B||"! for all n. From Lemma we know that 0 < p < IBl~! that I - pD| <1-py.

First, we show that I —s,D is nonexpansive. Indeed, from the relaxed (u,v)-cocoercive and
p-Lipschitzian definition on D and condition we have

IZ = s,D)x — (I —$,D)yl* = l(x - y) — s,(Dx — D y)|*
= |lx = I — 25, ¢x = y,Dx—Dy) +s2|Dx— Dyl
< llx = ylI* = 2s,[-ullDx - Dyl|® + vlx — y*1+ s2 | Dx - Dy|?
< lloc = ylI% + 28, 12wl — y11? — 2s,0llx — y 112 + 252 lx - y|1?
=1+ 23nu2u —2s,U +u23%)llx —y||2
< llx—yl?, (21)

which implies that the mapping I —s,D is nonexpansive.
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Next, we show that A*(I — Tf:f )A is a %-inverse strongly monotone mapping. Since Tfnz is
firmly nonexpansive and I — Tfnz is l-inverse strongly monotone, we see that

IA*(I - TE)Ax - A*(I - TE)Ay|? = (A*(I - TE2)(Ax - Ay), A*(I - TE)(Ax — Ay))
= (I -T2 Ax - Ay), AA*(I - T/*)(Ax— Ay))
< LI - T72)(Ax - Ay), (I - T12)(Ax — Ay))
=L|(I -TE*)(Ax - Ay)|?
<L(Ax— Ay, -TE2)(Ax - Ay))
=L(x—y,A*I-TI)Ax—A*(I-T»)Ay) (22)
for all x,y € H;. This implies that A*(I — Tff )A is a %-inverse strongly monotone mapping.

Since ¢ € (0, %), it follows that I —¢A*(1 — Tfnz )A is a nonexpansive mapping. Next, we divide
the proof into several steps.

Step 1. We will prove that {x,} is bounded.
Indeed, take p € @ arbitrarily. Then we have p = Tr'p and p = (I - ¢A*(I - TF?A)p. By
nonexpansiveness of I — &A™ (I — Tff )A, it implies that

lyn = Il = I TEHI = EA* I = T A)x, — TENI - EA* T - TE) A)p||
< —EA*T - TF2) Ay — (I - EA* (I -TE2)A)p||
< llxn —pll. (23)
Putting p, = Pc(I —s,D)y,, we have
lon =Dl = I = $,D)yn = pll < llyn = Il < %, = pI. (24)
It follows that
Ixn+1— Pl = lan(yf (Wpxn) = Bq) + (I = anBYWypp — p)l
< anllyf (Wyxn) = Bpll + Il - an Bl Wypn — pll
< anly I f Waxtn) = F)I + Iy f(2) - Bpll+ (1 - anPlipn —

<[1-(-yoapllx, —pl+a,lyf(p)-Bpl
an(if_ya)

=[1-(y-ya)a,llx, —pll+ —————Iyf(p)—Bpll
Y—-ra
lyf(p)—Bpll
SmaX{IIxn—pll,Yf_p—p} (25)
Y—ro
which give that
lyf(p)—Bpll
||xn—p||Smax{uxo—pn,ﬁf’—p}, n=0. 26)
Y—-ra

Therefore, we obtain that {x,} is bounded, so is {y,}.

Step 2. We will prove that ,}l_,m lxn+1— 2,1 =0.
Note that,
lon+1—Pnll = I1Pc = s$p+1D)yn+1 —Pc = SpD)yyll
< =sp+1D)yn+1— T = SpD)yy,l|

Communications in Mathematics and Applications, Vol. 11, No. 1, pp. , 2020



10 General Iterative Scheme for Split Mixed Equilibrium Problems...: J. Deepho and P. Kumam

= (I =sp+1D)yn+1—UT = $p+1D)yn +(sp —Sp+1)Dy, |l

< lyn+1=Ynll +1sn = Sp+1llD ynll. 27
Observe that,
Iyn+1—ynll = 1TENI = EA* (T = TE) A1 — TEHI = EA*(T = TF?) Ay |
< lln+1 —xnll (28)
Substituting into (27), we have
IPn+1 = Pnll < 1%p+1 = xnll +sp = Sp+1lIDynll. (29)
Observe that

lxn+2 = Xn+1ll = I = @n+1BY Wy 10041 — Wrpn) —(@n+1— @n)BWy pp
+ylan+1(f Whr1xn+1) = fF(Woxn)) + fF Wy X@n+1 — an)lll
= (A - ap1P)llpn+1 = Pnll + I1Wni10n = WnpalD +lan+1 — anlIBWy, 04
+ylans1allxn 1 —xnll + 1Whi1xn = Wyxn ) + l@n+1 — anlllf (Wypxn)ll. (30)

Next, we estimate |W,+1x, — Wyx, |l and [Wy,4105 — Wy pnll. It follows from the definition of W,
that

IWis10n=Wopll = IAn+ 1t NENUn+1 N-10n+(1=An 1 NP —An NENUn N-1Pn—(1=An NP2 |l
S Aps1,N = A NPnll + 1A s 1 NENUns1,N-100 — A NENUn N-104 |l
< Ans1,N —AuNllonll + 1A s i NENUns1N-100 —KNUpn N-105)l
+1Ans1,N = A NIIKNUn N-102
= MilAn+1N = A N1+ Ans 1N IUn+1,N-10n = Un N-102, (31)
where M1 is an appropriate constant such that

M; = max {sup{l p, I}, sup{lKnUn n-10x 1}

n=1 n=1

Next, we consider
1Un+1,N-10n —Un N-10nll

= A1, N-1EN-1Uns1,N-20n+(1=An i1 N-1D0n—An N-1EN-1Upn N-20n—(1=A, N-1)pr

<|An+1,N-1 = AnN-1lllpall + 1A ns 1, N1 EN-1Uns1,N-200n = An N-1EN-1Upn N—20x |l

<|Aps1,N-1—AnN-1lllpall + Ansi N1 IKN-1Uns1,8-20n —KN-1Un n-20x|

+1Ans1,N-1 = A N-1IKN-1Upn N—20n |l

< MolAn+1,N-1 = An N-1l+ 1Un+1,N-20n = Un N-20n1l, (32)

where M5 is an appropriate constant such that

Mj = maX{surl>{||pnII},su11>{||KN-1Un,N-2pnII}}.
n= n=
In a similar way, we obtain
N-1

||Un+1,N—1pn - Un,N—lpn” = MS Z |/1n+1,i - /1n,i|, (33)
i=1
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where M3 is an appropriate constant such that

Ms = max{surl){llpn||},surl>{||KiUn,i_1pn||}|, i=1,2,...,N}.
n= n=

Substituting into
N-1

”Wn+1pn - Wn,on ” = M1|/1n+1,N - An,N| + An+1,NM3 Z |/1n+1,i - An,il
i=1

N
<My | Ans1i—Anil, (34)
i=1
where M5 is an appropriate constant such that M4 = max{M, M3}. Similarly, we have
N
IWs1%n = Waall < M5 ) [An+1i = Anil- (35)
i=1

Substituting (29), and into

lxns+2 —xps1ll <[1— an+1(')7 - aY)]||xn+1 — x|

N
+Ms5 (Z [An+1,i = Anil +18n = Spa1l +lay — an+1|) , (36)
i=1

where M5 is an appropriate constant such that

Ms = max {My, IBW,pal,y sup{l f (Wox) I}, 1Dyl }.

n=1
An application of Lemma [3|to implies that
lim [lxp41 =%l =0. (37
n—oo
Observe that (28), and condition we have
lim [[pp+1—pnll = lim |yp41—yall =0. (38)
n—oo n—oo

Step 3. We will prove that ’}Lm lxn — ¥y, = 0.
Since x, = ap-1Yf(Wy_1x,-1) + (I —a,-1B)W,_1p,-1, we have

lx, — Wnpn I <llx, — Wn—lpn—l |+ ”Wn—lpn—l - Wnpn |
N
= an—l”'}/f(Wn—lxn—l)_BWn—lpn—l” +”pn—1_pn”+M4 Z |An+1,i_/1n,i|7 (39)

which on combining with conditions and gives -
,}E& lxn = Wypnll =0. (40)
For p € ©®, we have
lyn = pI2 = ITENT - EA* T - TE) A)xy, - TE 1 p |2
< T -EA* T -T2 A)x, - plI?
< lan = pI® + EIA*T = T A%, I +28(p = %0, A* (I = T12)Axn)
< lltn =PI+ E(Axy = TF2 A, AA*(I = TE) At} + 28(A(p — %), Axn — TE? Axcy)
< |lxp —p||2 +L&E%(Ax, - Tffon,Axn - Tffon) +28(A(p —x,),Ax, — Tf;fon)
—(Ax, — Tf;fon),Axn - Tf;fon)
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< llxn — 1% + LE® | Ay, — TE? Ay |2
+28(Ap — T2 Ay, Axy — TF2 Ay — | Ay — T2 Ay |1%)

1
<l =PI+ L& Aty = Tp? Ay | + 28| 5 1Ay = T2 A | = | Ay = T2 A |

= lln — pII? + E@LE - DIl Axy — TE2 Ay |12, (41)
From (24), and (1)), we have
l2n+1 = PI% = lan(y f (Wytn) — Bg) + (I — a0 BY W, 0, — D)II?
< (anllyfWypx,) = Bpll+ (1 - a,Plp, - pl)?
< anllyfWyxn) = Bpll® + (1 — anPllips — pII* + 2a, lyf Wyxn) = Bpllllpn - pl
< apllyf Waxn) = Bpll® + (1= anPllyn — 11> + 2an lyf (Wyxn) - Bpllllpr - P
< anllyf (Woxn) = Bpll® + (1= anP)lllocn — plI® + ELE - DI Ay — T2 Ay 1]
+2a,yf(Wpx,)—Bplllpn, —pl
< anllyf(Wypxn) = Bpll® + o, — pII® + (1 — anP)ELE - )| Axy, — TE? Axcy ||
+2a,llyf(Wpxn,)—Bpllipn —pll
= apllyf Wan) = Bpll® + i, — plI? = (1 — anPEQ - L Axy, — TE? Axcyy |12
+2a,lyf(Woxn) — Bplllpn — pl. (42)
That is,
(1- anP)é(L=LEAxy — TE? Ay ||
< apllyf(Wypxn) = Bpll® + llxn — pI% = [ 2n+1 — pI® + 20, 1y f (Wyxn) = Bplll pn — P

< an Iy f Wnxn)=Bp I+l — pll+12n 1= pIDIxn —2n 111+ 2an 1y f (Wyxn)—Bpll l on—pl.
(43)

Since é(1—L¢&) > 0, it follows by conditions and the existence of r}l_g)lo lx, — pl that
lim [|Ax, — T2 Az, | = 0. (44)
Since Tfnl is firmly nonexpansive and I —¢A* (1 - Tff )A is nonexpansive, we have
lyn = I = 1TEXI = A - TE) A)xp i1 - TE p |2
< (TP = A I =T A)x, — Tf p, (I =A™ (I = T{2)A)xy, — )
= (yn—p,I —EA* I - TE2)A)xy - p)

1 % x

= 2 (I3 = PP+ IT~EA* U] ) A=D1 ~llyn 20 —EA" U =T A0 —p
1 *

= 2 (190 = I+t = 1 = (lyn =0 + EIA° U =TI A, I

~28(yn — 2, A" (I~ TE)Ax,)) ), (45)
which implies that
lyn = PI% < 1tn = DI = lyn — 201 + 28 (yn — 20, A* I = TE)Axt)
< lxn = PI* = lyn = 2n % + 28l yn — 2 Il A*(T = TE2) Aty . (46)
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From (24), and (46), we get
l2n+1 = P1I? = lan(yf (Wyxn) — Bp) + (I — ay BYW,, pp, — p)II?
< (@nlyfWyx,)—Bpl + (1 - ap¥lpn — pI)?
< allyf Waxn) = Bpll® + (1= anPlipn — pI* + 205 |y f Wnxn) = Bpllipn — pll
< aullyf (Woxn) = Bpll® + (1= anPllyn — plI* + 205y f (Waxn) - Bplllipn — pll
< anllyfWyxn) = Bpll®> + (1= anP)llxn — I = 70 — 2412
+ 28y — 2 IIA*T = TE)Axp 11+ 20, Iy f (Waxn) - Bpllll o — plI. 47
Therefore,
(1= anPllyn — 2al? < apllyf Wyxn) —=Bpl? + lx, — plI® = 2041 — pII”
+26(1 = anPllyn — xnlIA*T = TE2)Axy |
+2a,llyf (Wypxn) - Bplllpn —pl
< anllyfWaxn) = Bpl® + (In = pIl + %541 = PIDI2n — Xn1
+ 261 = anPlyn — xnlIA*UT = TE)Axy |
+2a,llyf(Woxn)—Bpllipn —pl. (48)
It follows from condition 37, and the existence of nlLIIgO lx, — pll, we have
lim e, = ynll = 0. (49)
Step 4. We will prove that nh_g)lo la, — Wypnll =0.
For p € ©®, we have
lon —pI? = IPcU = $,D)yn — Pc - s,D)p|?
< (¥n = P) = $p(Dyn —Dp)|?
= llyn—pI* = 284(yn — p,Dyn —Dp) + 521Dy, — Dpl®
< llxn = pI? = 2sn[-u Dy, —Dp|I* +vllyn — pI*1+ s2 1Dy, — Dpll?
< llxn = pI* +28,u Dy, —Dpl® = 25,0l yn — pI* + 821Dy, — Dp|?
< llxn = pI% + (285 +57 - 22’;” IDy, -Dpl?. (50)
Observe that
l2n+1—pI% = llan(yfWyx,) — Bp) + U — 2 BYWypn — p)II?
< (@ lyf Wyxn) —Bpll + Il — anBIlI Wy, — pl)?
< (anllyfWypx,) = Bpll + (1 - anPlp, - pl)?
< anllyfWyxn) = Bpll® + l pn — pII* + 2, 1y f (Wyxt,) = Bpll on — P . (51)
Substituting into (51)), we have
%6 = DI < @nllyf (Watn) = BpI? + 6, = pI2 + (25,1 + 52 - 22’;”)||Dyn -Dpl?
+2a,llyf(Wypxn) - Bplllipn — pl. (52)
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It follows from the condition that
(2av

2
u
+2anlyf(Wyxn) = Bpllpn - pl

= —2bu—b%)IDy, ~ Dpl® < aylyf Waxn) = Bpl? + 6 = pII* = [£0+1 — p1?

< anllyfWoxn) —=Bpl? + (12, = pll + lxp1 — pIDIxn — X1l

+2anllyf Wpxn) —Bpllllon —pl.
From conditions and that
,}E{}o”Dyn —-Dpl =0.
On the other hand, we have
lon = pI? = IPc(I —$,D)yn — Pl — s, D)p|*
< = snD)yn, —(I = s,D)p, pn—p)

(53)

(54)

1
= §{||<I—snD>yn—<I—snD>p||2+||pn—p||2—||<I—snD>yn—(I—snD>p—<pn—p)||2}

1
< §{||yn ~plI2+1on—=DI% = 1(yn — 0n) = $n(Dy, — Dp)II*}

1
= §{||xn — P +llpn = P2 =1lyn — pnl2=52IDy, — DplI2+28,(¥n—Pn,Dyn—Dp)},

which yields that

lon =12 < 20— pI2 =0 — P2 + 28,1y — pr Dy, — Dpl.
Substituting into yields that

Ixns1— DI < anllyf(Wnxn) —Bpll2 + lxn — 1% = llyn — pnll?

+2s,lyn = pnlllDyyn —Dpll +2a,llyf(Wyx,) —Bplllpn —pll.

It follows that
13 = pnll® < @nlly f () = BplI* + 1, = pII* = llxp 1 - I
+2spllyn = PulllDyn —Dpll +2anllyf(Wnxy) = Bpllllpn — pll
< @nllYf(Waxn) = BpII? + (125 = pll + 12041 = P DI — xn 1l
+ 28, llyn — PnllDyn —Dpll + 2,y f (Wpx,) —Bplllpn — pl.
From conditions and (54), we have
r}l_g)lo lyr = pnll = 0.
Observe that
lyn = Woynll < IWpyn = Wopnll + IWnpn = xnll + 127 = yull + lyn = pnl
<2|lyn — pnll + I1Wynpn —xpll + llxn — yull.
From conditions (40), and (59), we have
r}ljglo lyn —Whynl =0.
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Observe that Pg(yf + (I —B)) is a contraction. Indeed, for V x,y € H;, we have
IPoCyf + I —B))(x)—Pe(yf +(I =B = I(yf +I —B)x)—(yf + U —-B)y)l
=yIf@)-FWI+IL-Blllx—yll
<yalx—yl+@-pPlx—yl
=(ya+1-plx—yl. (62)
The Banach’s Contraction Mapping Principle guarantees that Pg(yf + (I —B)) has a unique
fixed point, say q € H;. That is, ¢ = Pe(yf + (I —B))(q). Next, we show that
limsup(yf(q)—Bq,x, —q) <0. (63)

n—oo

To see this, we choose a subsequence {x,,} of {x,} such that

limsup(yf(q) - Bq,xn —q) = lim (yf(¢) ~ Bq,xn, — q). (64)

n—oo
Correspondingly, there exists a subsequence {y,;} of {y,}. Since {y,,} is bounded, there exists a
subsequence {ynij} of {iyn,} which converges weakly to w. Without loss generality, we can assume
that {y,,} ~w

Step 5. We will prove that w € ©.
Since Hilbert spaces are Opial’s space, from (61), we have

liminf|y,, —wl <liminf|y,, - W,wll
1—00 1—00

=liminflly,, = Wyyn, + Wpyn, — Wawll

L—00

< liminf|W,y,, - W,wl|

1—00

<liminf|y,;, —wll, (65)
i—o00
which derives a contraction. Thus, we have w € Fix(W,,). It follows from Fix(W,,) = mzi\i 1 Fix(K;).
Next, let us show that w € VI(C,B). Put
Muw, = Dwi{+Ncwi, wi1€C;
?, w1 ¢C.
Since D is relaxed (u,v)-cocoercive and condition we have
(Dx—Dy,x—y)=(-w)|Dx—Dy|* +vlx-yI*= W -up®lx - y|* =0,

which yields that D is monotone. Thus M is maximal monotone. Let (w1,w2) € G(M). Since
wo—w1 € Ncw; and p, € C, we have

(w1 —pn,w2—Dwi)=0.
On the other hand, from p,, = Pc(I —s,D)y,, we have
(W1 = Pn,pn—U—=5,Dy,)) =0, (66)
and hence
(W1 = pn,w2) = (W1 — Pn;,Dwy)
Pn; = Yn;

n;

2<w1_Pnprl>_<wl_pni’ +Dyni>
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16 General Iterative Scheme for Split Mixed Equilibrium Problems...: J. Deepho and P. Kumam

= <w1_pni>le_M_Dyni>

n;

Pn; = ¥n;
= (wl_pni,le_Dpni> + (wl_pni;DPni _Dyni> - <w1_pnia%>
n:

12

Pn; = Yn;
Z<w1_Pni,DPni_Dyni>_<w1_pni,%>, (67)

n;
which implies that (wi —w,ws) = 0. We have w € M~10 and hence w € VI(C,D).
Next, we show that w € MEP(F'1, ). Since y, = Tf;l (I-¢(AT - Tf:f )JA)x,, we have

F1(yn,y)+ @(y) — p(yn) + %(y — YnsYn —%p —EA T - T,F:)Axn> >0, VyeC,
which implies that
F1(yn, )+ @(y) = p(yn) + %(y—yn,yn —Xp) = %(y—yn,éA*(I—Tf;?)Axw =0, VyeC.
From Assumption we have
P —p(yn) + %(y—yn,yn —Xn) = %(y—yn,éA*(I—Tff)Axm
= -F1(yn,y) 2 F1(y,yn), Vy€C,
and hence

1 1 .
P = PWn)+ ~— (Y = Yny> ¥n =) = ~— (¥ = Yy, AT = T2 ) An,)

n; n;

ZFl(yayni)a Vy€07
This implies by y,, — w, condition (44), (49), Assumption and the proper lower

semicontinuity of ¢ that
Fi(y,w)+pw)-¢p(y)<0, VyeC.
Put y; =ty+ (1 —t)w for all ¢ € (0,1] and y € C. Consequently, we get y; € C and hence
F1(ys,w) + @w) — ¢(y) < 0. So, by Assumption we have
0=F1(yt,y:) + () — p(y1)
<tF1(y:,y)+ (A -F1(y:, w) + te(y)+ (1 - t)p(w) — p(y;)
< t(F1(yt, ) + () — p(y1)).
Hence, we have
Fi(y, ) +9(y)—p(y) =0, VyeC.
Letting ¢t — 0, by Assumption and the proper lower semicontinuity of ¢, we have
Fiw,y)+¢(y)-pw)=0, VyeC.
This implies that w €e MEP(F'1, ¢).
Since A is a bounded linear operator, we have Ax,, — Aw. The it follows from that

Tf;f'AxniﬂAw, as i — oo. (68)
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By the definition of Tf;z,Axni , we have

1
Fo(TF? Axn,y) +(y) = G(TF2 Axp)+—(y = TF? Axy,, Tr2 Axp, — Axp,) 20, ¥ y€Q.
n; ng r i "

n;

Since F'y is upper semicontinuous in the first argument, it implies by that
Fo(Aw,y)+ ¢p(y)— Pp(Aw) =0, V yeQ.
This shows that Aw € MEP(Fy, ). Therefore, w e SMEP(F1,¢,F3,¢) and hence w € O.
Since q = Pe(yf + (I —B))(q), we have
limsup(yf(q)~Bq,x, —q) = lim (yf(q) = Bq,xn, —q)

i1—00
={yf(g)-Bq,w—-q)=<0.
That is holds.

Step 6. We will prove that x, — g as n — oo.
We consider

Ixn+1 =gl = 1T = @nBYWppn — @) + @n(y f (Wyxn) - Bl
< I = anB)YWrpn — I + 205y f Wyxn) - Bg,Xn1 — q)
<(1-an?)?lon —qlI® + 2,y f Wpin) — Bq, %41~ q)
< (1= P21y =P+ 20y Y fF Wnitn) = (@), X 41— @) +20 (Y F(Q)—Bq, %11~ q)
< (1- an P2l — gl + 2anyallxn — gl %ns1— gl + 2an yf(@) ~Bg,xps1— )
< (1-an PP llxn—q I+ anyallx, — gl + lxne1 — ¢I*)+20, (y (@) -Bq, xps1— ),
which implies that

A-a,7)?+a,ya 2a
n¥ nY len—q||2+—”WWf(q)—Bq,xnﬂ—q)
n

2
X - =
lns1— gl T aya —

1-2a,7+a,ay) aZy? 2a
= VIR Ny~ 2+ ey — g 4 "y f(q) ~ Bg, a1~ @)
l1-a,ya l-a,ya l-ayya
2a,(y—ay) 2a,(y — ay) 1 any?
< [1- 2 g2+ S I — (y£(g) - B, ani - )+ e — M,
l-apya l-apya ly—ay 2(y-ay)
where Mg is an appropriate constant such that Mg = sup l|x, — ql|?. Put I, = % and
n=1 "
-2
tn = 52 (Yf(@) = Bq,%n+1~ @) + 550 Me. That is,
ln+1 = qlI* < (1= 1p)llxn — gI* + Lntp. (69)
It follows from condition and that
oo
lim [, =0, Z l, =00 and limsupt, <0. (70)
n—oo n=1 n—.oo
Apply Lemma [3|to to conclude that x,, — q as n — oo. This complete the proof. O
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4. Corollary

Corollary 1. Let C be a nonempty closed convex subset of a real Hilbert space Hi and
® be a nonempty closed convex subset of a real Hilbert space Ho. Let A : Hy — Hy be a
bounded linear operator, let K1,K9,K3,...,Kx be a finite family of nonexpansive mapping
of C into Hy and let D be a u-Lipschitzian, relaxed (u,v)-cocoercive map of C into Hy. Let
Fi1:CxC—R,Fo:Q xQ — R be bifunctions satisfying Assumption (1} let ¢ : C x RU {+o0} and
¢ :Q xRU{+o0o} be a proper lower semicontinuous and convex functions such that C ndom ¢ # @
and Q@ Nndom @ # @, respectively, and Fo is upper semicontinuous in the first argument. Let f
be a contraction of H1 into itself with coefficient a (0 < a < 1) and let B be a strongly positive
linear bounded operator with coefficient y > 0 such that |B| < 1. Assume that 0 <7y < % and
O = né\ilFix(Ki)r‘lVI(C,B)ﬂSMEP(Fl,(p,F2,(p) # @. Let the sequences {x,} and {y,} be generated

iteratively by
Yo = TP —EA*(I - TE) A)xy, 0
Xn+1 = UnYnf Wyxy)+ I —a,B)W,y,, n=1,

where {a,} c[0,1], {r,} <(0,00) and ¢ € (0, %), L is the spectral radius of the operator A*A, A*
is the adjoint of A. Assume that the following conditions are satisfied.:

o0
(C1) r}im a, =0, and a, = 00;
oo =

n

0 oo
(C2) X |an+1_an|<ooand > |Ppe1—rnl <oo;
n=1 n=1

(C3) {sp}cla,bl for some a,b with 0<a < %U;—Zﬂz), v= uuz;
(C4) ¥ Ani—An_14] <00, forall i =1,2,...,N;
n=1
(C5) liminfr, >0.
n—oo

Then, the both sequence {x,} and {y,} generated by converges strongly to q € ®, which solves
the following variational inequality

(yf(@)—Bq,p—q)<0, VYV peO. (72)

Proof. Taking {s,} =0 for all n, in Theorem [1, we get the desired conclusion easily. O

5. Conclusion

In this paper, we first propose a modified iterative scheme in Theorem 1 and then we prove
some strong convergence of the sequence {x,} generated by to a common solution of finite
family of nonexpansive mappings and split mixed equilibrium problem. We divide the proof into
6 steps and our theorem is extend and improve the corresponding results of Kazmi and Rizvi
[23] and Suantai et al. [30].
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