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Periodic Boundary Value Problems for the Second Order
Impulsive Differential Equations

Chatthai Thaiprayoon, Jessada Tariboon, and Preya Khumsup

Abstract. This paper is concerned with solutions of periodic boundary value
problems for the second order impulsive differential equation. We prove the
existence of extreme solutions and present the method of lower and upper
solutions coupled with monotone iterative technique. Some comparison results
are also established.

1. Introduction

Many evolution processes are characterized by the fact that at certain moments
of time they experience a change of state abruptly. Often these short-term
perturbations are treated as having acted instantaneously or in the form of
impulses. Impulsive differential equations have been developed for modelling
impulsive problems in physics, medicine, population dynamics, biotechnology,
control theory, etc. (see also ref. [1, 5]). The monotone iterative technique
combined with lower and upper solutions has been applied to obtain existence
results for first order [4, 7] and second order [2, 3, 6] impulsive differential
equation with initial or boundary value conditions.

In this paper, we consider the second-order impulsive functional differential
equation with boundary conditions,

—=x"(t) = f(t,x(t), x(a(t))) — K(t)x'(t) = Fx(t),
t#t, teJ=[0,T],

Ax(ty) = Pe(x(t), x'(t)), k=1,...,m,

Ax'(ty) = Qr(x(ty), x'(tx)), k=1,...,m,

x(0) = x(T),

x'(0) = x'(T),

(1.1)
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where f € C(J x RLR), 0 < a(t) < t, P,Q, € C(R4LR), K € C(J,RM),
Ax(ty) = x(7) = x(t), Ax'(t) = x'(67) = x'(t;), x(t]7) and x(t;) denote
the right and left limits of x at t;, respectively. Similarly, x’(t,j) and x'(t, ) denote
the right and left limits of x” at ¢, respectively.

This paper is organized as follows. In Section 2, we introduce the concepts of
lower and upper solutions and formulate some lemmas which are necessary in our
discussion. In section 3, by using the method of lower and upper solutions and
the monotone iterative technique we prove the existence of extreme solutions for
PBVP (1.1).

2. Preliminaries

J =T\ A{ty, tg,.. o, ty}, Jo = [to,t1], I = (tiotipa), Kk = 1,...,m, 0 =
to <t < <ty <typy =T, PCUR)={x:J —> R, x|, €CU,R),
k=0,1,...,m and there exist x(t;) for k =1,2,...,m}, PC'(J,R) = {x : ] = R,
x|;, € C'(J,R), k = 0,1,...,m and there exist x'(t;") for k = 1,...,m}. Let
PC(J,R) and PC'(J,R) be Banach spaces with the respective norms,

lIxllpc = sup|x(6)l, [lxllpc: = max{||x[lpc, llx"llpc}-
teJ ter

A function x € PC'(J,R) N C%(J,R) is called a solution of PBVP (1.1) if it satisfies
(1.1).

Definition 2.1. We say that the function y, € PC'(J,R) N C3(J,R) is called a
lower solution of the PBVP (1.1) if
=Yo (1) = f(t, yo(t), yo(a(t)) = K(t)yo(t) = Fyo(t), teJ,
Ayo(te) = Pe(yo(te), Yo (ti)), k=1,...,m
Ay(te) = Q(yo(ti)s yo(ti)), k=1,...,m, 2.1
Y0(0) = yo(T),
¥6(0) = yg(T),
and it is called an upper solution of the PBVP (1.1) if the above inequalities are
reversed.

Lemma 2.2. Assume that p € PC'(J,R)NC3(J,R),

p"(t) = K(t)p'(t) + M(t)p(t)+ N(t)p(a(t)), telJ’,
Ap(tk):l‘kp/(tk)’ k: 1,...,m,

Ap'(t ) > Lip'(ty), k=1,...,m 2.2)

p(0)=p(T), p'(0) = p'(T),

where M, N € C(J,R"). Also assume that L, Ly >0and
1
(2 ) (e )
T
ZJ H* (s)ds (1 + L )} f H*(s)ds) <1, (2.3)
0
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where H*(t) = efrTK(‘)d‘ [M(t)+N(t)] and inf{H*(t);t € J} > 0 hold, then p(t) <0
onlJ.

Proof. Firstly, we show that inf{p(t);t € J} < 0.1f p’(¢t) > 0 for all ¢, it follows that
p(t) is increasing and Ap(t,) = L;.p’(t;) = 0, then p(0) < p(T), a contradiction.
Hence, there exists a point { € J,, h € {0,...,m}, such that p’({) < 0. Let
inf{p(t);t € J} = b, where b is a constant, and there exists t, € J,, r € {0,...,m}
such that p(t,) = b or p(tf) = b. We only consider p(t,) = b, for the case

p(t*) = b the proof is similar. Let u(t) = (eLTK(s)dsp’(t)), we have

W(6) = (eJe KOBp/ (1) = e KOB [0y — K (0)p!(1)]
el KOS [ ()p(1) + N()p(a())]ds = n(t), @2.4)

%

and

Au(ty) = A U p(6)) > LR O e,
u(t) = (1+LDu(ty). 2.5)

Then, we obtain

h

h t; h 3
u(t) zu(O)[]_[(HLi*)] +ZJ n(s)ds[l_[(l—i-L}‘)} +J n(s)ds,
i=1 tiq j=i ty

i=1

h h t; h t
0 = u(0) [ [Ja+ L;)] + bZJ H*(s)ds []‘[(1 + L;)] + bf H*(s)ds.
i=1 i=1Jt;4 j=i

th

Thus

u(0) < ———— ZJ H(s)ds (1+L)} J

]_[(1 +L}) &

t

H*(s)ds) . (2.6)

Similarly, we can prove that

T
u(T) > u(t)[ ]_[ (1+LF ) f n(s)ds ]_[(1+L;)] +J n(s)ds
i=l+1 i=l+1Jt j=i Em
m i m T
> u(t)[ ]_[(1+L;<)] +b Z J H*(s)ds[]_[uﬂ;)] +bf H'(s)ds, (2.7)
i=l+1 i=l+1J i j=i [

for t GJZ Z(tl, tl+1]’ where El =t, Ek = tkl jk Z(Ek,fk+1], k=l+1,l -|—2,...,m
By using (2.2) and inequality (2.6), (2.7), we get that

u(t) < b [ !
[Ta+eotel K(S)dsl_[(1+L*)

i=l+1
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ZJ H(s)ds l_[(1+L)} f

th

13

H*(s)ds)

T

J H*(s)ds l_[(1+L )} f H*(s)ds}. 2.8)
i=l+1J [

T
Substituting u(t) = (el: K& () into (2.8), we have

-b 1

T m |: h
el K)s [Ta+L) elo KG)as [Ta+L)

i=l+1 i=1

h t; h t
ZJ H*(s)ds l_[(1+L;.‘)} +f H*(s)ds)
J H*(s)ds l_[(1+L )} f H (s)ds} 2.9)

By (2.9) if b > 0, which implies p’(t) < 0 for all ¢, Ap(t,) = Lyp’(t;) < O,
k=1,...,mand p(0) > p(T) a contradicts. Then, we have inf{p(t);t €J} <O0.

Next, we will prove that p(t) < 0 for all t € J. Suppose, to the contrary, that
p(t*) > 0 for some t* € J,, v € {0,...,m}. By letting b = —d where d > 0 from
(2.9), we have

, d 1
p'(t) < — — - -
eJe KOs [T (14 17) b oJo KGas [Ta+1Ly)
i=l+1 i=1

h t; h t
X(ZJ H*(s)ds ]_[(1+L;)] +£ H*(s)ds)

i=1 =i i

m J H*(s)ds ﬁ(l—l—L )] f H*(s)ds]

i=l+1 ]=1
T
= d( [7 KGs)ds ZJ H'(s)ds l_[(1+L )} f H*(s)ds). (2.10)

Assume that t* > t, then v > r. For the case t* < t,, the proof is similar and thus
we omit it. By mean value theorem, we have

p'(t) <

i=l+1

p(t*) _p(tv) = P(t*) - p(tj) + va/(tv)
= P/t =)+ L,p'(t,),s, €(t,,t7)

1
d(Lv+(t*—tj))( - +1)
efo K(s)ds

IA




Periodic Boundary Value Problems for the Second Order Impulsive Differential Equations 157

T
ZJ H*(s)ds l_[(l—l—L )} J H*(s)ds)
0

1
p(t,) = p(t,1) < d(Lyy+ (6= t],) (e Txod 1)

m t; m T
x (ZJ H*(s)ds []__[(1 + L;f)] +L H*(s)ds)
i=1 vt Jj=t

‘ 1
p(t41) —p(t) < d(L, +(t,41 —t,) ( . +1)
+1 ( +1 ) efo KE)s

m t; m T
X(ZJ H*(s)ds[l—[(1+Lj)} +L H*(s)ds).
i=1Jt;, J=t

Summing up we obtain

uL 1
p(t*) — p(t)<d(21: )(fmds+1)
T
ZJ H*(s)ds l_[(l—l—L )} J H*(s)ds).
0

Finally, we have the next two cases.
(i) if b < 0, then

0<p(th) < p(t*)—l-d(ZLi—l-T)( fTi()d +1)
Zf H* (s)ds (1+L )} f
0
1
0 < d+d(ZL +T)(m+1)

T
ZJ H* (s)ds l_[(1+L;.‘)} +f H*(s)ds).

i 0

T

H*(s)ds)

Hence

m T
(ZLi—l-T)( o ZJ H(s)ds l_[(l—i—L )] f H*(s)ds)>1
i=1 S 0

which contradicts (2.3).
(i) if b = 0, then p’(t) < 0. This yields Ap(t;) = Lip’(t;) < 0so p(t) is decreasing
and therefore p(T) < p(0) < 0 which is a contradiction. The proof is complete. []
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Consider the PBVP

p"(t)=K()p' (t)+M(t)p(t)+N(t)p(a(t)) —o(t), teJ’,
Ap(t ) =Lip'(t ) +vr, k=1,...,m,

Ap'(t ) =Lip' (ti)+ A, k=1,...,m, (211
p(0)=p(T), p'(0)=p'(T),
with
(Hy): K, M, N € C(J,R"), c € CU,R), a € C(J,R) and L, L* > 0, 7}, A, €R,
k=1,...,m

Lemma 2.3. Assume that (Hy) holds. Then p € PC'(J,R) N C?(J,R) is a solution
of (2.11) if and only if p € PC'(J,R) is a solution of the following impulsive integral
equation:

T
p(t) = J Gy(t,5)o1(s,p(s), p(a(s)), p'(s))ds
0

m

+ 3 [=Git, t)(LEp (6) + A + Golt, 6L (6) + 1)), (212)
k=1

where
oy (t,p(t), p(a(t)),p'(t))
= —K(O)p'(t)+ [W? = M(D)]p(t) = N(t)p(a(t)) + o (t), (2.13)
for fixed W > 0, and

Gty e — ] I 4 M) 0 <5 <<,
(69) = ST ) | MO W00, 0z p <5<
1 eW(T—ts) _ oW(t=s) 0s<s<t=T,

Gy(t,s) = 2(VT —1) | =W+ 4 W60 0<r<s<T o

Proof. Substituting o; from Eq. (2.13) into the differential equation in (2.11), we
obtain

—p"()+ W?p(t) = o1 (¢, p(t), pla(t)), p'(1)), teJ’.
Then by using Lemma 2.1 of [2] we have the assertion. O

Lemma 2.4. Let assumption (H,) hold and W > 0. Moreover, assume that

Le TK W2 MEHNEs Y L )45 S <1, @15
£ m( | KW -MEONGs+, k)+§Z (<1, (2.15)

1 1+e""
¢=5(L

2( WT _
Then problem (2.11) has a unique solution p € PC(J,R) N C?(J,R).

T

K(S)+IWZ—M(S)I+N(s)ds+ZL;) WZLk<1 (2.16)
k=1
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Proof. Some ideas are taken from Lemma 2.3 of [2]. For any p € PC!(J,R) N
C2(J,R), define an operator A by

T
(Ap)(t) = f

Gy(t,8)01(s, p(s), p(a(s)), p'(s))ds
0

+ > [=Gi(t, i )(Lip (t) + A) + Go(t, i) (Lip (1) + 1)1, tE€J,
k=1

where G;, G, are given by Lemma 2.3. We need to find a fixed point of the operator
A. By computing directly, we obtain

G 1+ G 1
HBSJX{ 1(t,8)} = m, HESJX{ 2(t,8)} = 5
For any x, y € PC*(J,R), we have

lAx — Ayllpc

sup |Ax — Ay|

teJ

IA

sup
teJ

T
J G1(t,8)[01(5,x(s), x(a(s)), x'(s)) — o1 (s, ¥ (), y (a(s)), ¥ (s))]ds
0

i[_Gl

(t, )Ly (x (t) — ¥/ (6)) + Go(t, 6 )Ly (x'(8) — ¥'(84)) ] ‘
k=1

+sup
teJ

< &llx = yllpcr-

(2.17)
Similarly,
lAx" — Ay'llpc
sup |Ax" — Ay’|
teJ
T
< sup J =Gy(t,8)[01(s,x(s), x(a(s)), x'(s)) — 015, ¥ (s), ¥(a(s)), y'(s))]ds
te 0
+ sup Z[Gz(f, L (X (6) = ¥'(6)) = WG (¢, ) Li (X (6) = }’/(fk))]'
te) k=1
< Yllx = yllpcr- (2.18)
Hence

lAx — Ay |lpct < max{&,P}|x — yllpcr.

(2.19)

By the Banach fixed point theorem, the operator A has a unique fixed point. This
completes the proof.

O



160

Chatthai Thaiprayoon, Jessada Tariboon, and Preya Khumsup

3. Main Results

We are now in a position to prove that the problem (1.1) has extremal solutions.

Theorem 3.1. Let the following assumptions hold:

(Hy):

(H,):

(H;):

(Hy):

(Hs):

feclJxRLR), 0<a(t) <t P, Q. € CR%R) for k = 1,...,m
and if there exists a point t € J such that a(f) € {t,ty,...,t,}, then
tefty,ty,...,thl

Yor Zo € PCY(J,R)NC?(J,R) are lower and upper solutions of problem (1.1),
respectively, and y, < 2, on J.

there exist K, M, N € C(J,R") such that

[f(t,u,v) = K(Ow] = [f(t,a,v) — K(t)w]
<Kt w—-—w)+M(t)a—u)+N(t)(v—v),

for yo(a(t)) <v <v < zg(a(t)), yo(t) Su<ia <z(t), t €J,
there exist constants Ly, L;; k =1,...,m, such that

P(r(t), r'(t) — Po(F (), F'(t)) = L [ (8) — r'(t)],

Qi(r(ty), (1)) — Qi (F (1)), 7' (1)) = Li[r'(t)) — ()],
for yo(ti) < r(ty) S 7(te) S z(te), k=1,...,m,
the functions K, M, N € C(J,R") and constants L; > 0, L;>0,k=1,...,m,
satisfy (2.3), (2.15) and (2.16).

Then problem (1.1) has extremal solutions in [yo,29] = {w € PC'(J,R) : yo(t) <
w(t) <zy(t), ted}.

Proof. Consider the following sequence:

=Yy () =Fy,_1(t) =K() [y, (t) = y;_, ()] = M()[y,(t) = yp_1(8)]
—N(O)[yn(a()) = yp1(alt))], teT,

AY,(t) = Pe(Ynoa (i), Y (6)) + Ly, (6) — v, (6], k=1,...,m,

Ay (t) = Qu(Vne1(t), yr () + L[y (t) — yr (6], k=1,...,m,

¥n(0) = yu(T),

¥,(0) =y, (T),

=2, (t) = Fz,,(t) = K(O)[z,(t) =z, _, ()] = M(£)[=,(t) — 2,1 (£)]
—N(t)[z,(a(t)) — 2,1 (a(t))], teT,

Az, (t) = Pe(2,-1(t), 251 (6)) + Lic [z, () — 2,1 (8)], k=1,...,m,

Az (t) = Qulzn1(ti), 2, () + L[z, (t) — 2z, (t)], k=1,...,m,

2,(0) = 2,(T),

z/(0) =z (T),

forn=1,2,.... Moreover, by Lemma 2.4, we have y;, z; are well defined.
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We show first that
Yo(t) S y1(t) Sz (t) Sz(t), teld. 3.1
Let v =y, — ¥;. By Definition 2.1 of a lower solution of (1.1), we have
V() =y ()= y{(6)
> Fyo(t) = Fyo(t) = K(0)Ly;(t) = yo()] = M(0)[y1(t) = yo(0)]
—N(O)[y1(a(t)) = yola(t))]
> K(O)[yo(0) = y1 (O] + M(0)Lyo(t) = y1 ()] + N(OLyo(alt)) — y1(alt)],
or
V() = K(e)V'(£) + M(t)v(t) + N(t)v(a(t)),
and
Av(ty) = Ayo(te) — Ay (ty)
= Pe(¥o(tr), Y5 (1)) = P(yo(tr), yo(tr)) — Li[y1(tx) — yo(tr)]
= Lyv'(ty), k=1,..., m,

AV(t) = Ayy(t) — Ayi(t)
> Q(yo(tr), ¥o(ti)) = Qi(yoti), Yo (ti)) — L[y (i) — o (te)]
= Lv(t), k=1,..., m,

v(0) = y0(0) — y1(0)

} =v(0)=v(T),
v(T) = yo(T) = y:(T)

v/(0) = y5(0) — y1(0)
V/(T) = y(T) — y1(T)
Then, by Lemma 2.2, v < 0, which implies y,(t) < y,(t), t € J. In a similar way,

we can show that z,(t) > z,(t), t € J.
Next, we will show that y,(t) < 2,(t), t €J. Let p = y; — %, then, we obtain

p"(t) = Fzo(t) = K(t)[2(t) = 2(£)] = M(£)[2,(t) — 20(t)]
—N(6)[z1(a(t)) — 20(a(t))] = Fyo(t) + K(6)[y1(t) — yo(t)]
+M(t)[y1(t) — yo(t)] + N(t)[y1(a(t)) — yolalt))]

= Fzo(t) — Fyo(t) + K(t)[y1(t) — yo(¢) — 21 (£) +25(t)]
+M(E)[y1(t) — yo(t) — 21 (t) +20(¢)]
+N(O[y1(alt)) = yola(t)) — 21 (a(t)) +zo(a(t))], (3.2)

} =/(0) >v'(T).
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or

p" () 2 K(0)p'(6)+ M(t)p(t) + N(t)p(a(t)),
and
Ap(t) = Ay(te) — Az (t)
= Pe(yo(tr), ¥o(ti)) + Li [y (t) — yo(t1)]
—Py(2o(t1), 25(t1)) — Lic[2](t3) — 2o ()]
= Lip'(ty), k=1,...,m,

Ap'(t) = Ayi(t) — Az (t)
= Qr(yoltr), yo(tx)) + Ly [y, (tx)

— Yo ()] = Qu(2o(tr), 2o (t1)) — Ly [27(t5) — 25(t1)]
> vLip'(ty), k=1,...,m,

p(0) = y1(0) —2,(0)

p(T) = y1(T) = 2(T)
p’(0) = y1(0) — z,(0)
p'(T) =y (T)—=(T)

Still by Lemma 2.2, p < 0, which implies y;(t) < 2z,(t), t €J as required.
Using mathematical induction, we can show that

} = p(0) = p(T),

} = p'(0) 2 p'(T).

Yo(t) Sy () S S yu(8) S z,(8) < -+ < 2(t) < z0(0),

for t €J and n=1,2,.... Employing a standard argument, we have
lim y,()=y(6),  lim 2,(t) = 2(t)
n—oo n—oo

uniformly on t € J, and the limit functions y, z satisfy problem (1.1). Moreover,

Y, 2 € [¥o,%0]-

In the next step we will show that y is the minimal solution and z is the maximal
solution of (1.1). To prove it we assume that u is any solution of problem (1.1)
such that u € [y,,2,]. Let y,_1(t) < u(t) < z,_,(t), t € J, for some positive
integer n. Put v =y, —u. Then

V() = =Fy, () + K[y () =y, ()] + M) [y,(t) = yp_1(8)]
+N(t)[y,(alt)) = yn_1(alt))] + Fu(t) (3.3)

or

V() =KV () +M()v(t) + N(t)v(a(t)),
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and

Av(t) = Ay,(te) — Au(ty)
Pe(Yn1(tr), Yo (6 + LicLy () — vy (8] = Pe(u(ty), u'(ty)
Lkvl(tk), k= 1,...,m,

AV'(t) = Ay, (t) — Au'(ty)
Q(Vn-1(tr), ¥y () + L[y () = vy (6] — Qe(ult), u'(ty)

> Lpv'(t), k=1,...,m,

v(0) = y,(0) — u(0)

Y(T) = yo(T) — u(T) } = (0} =v(T),

v'(0) = y,(0) —u'(0)
VI(T) =y, (T)—u'(T)
Hence, y, <u, t € J, by Lemma 2.2. Similarly like the above, we can show that
u(t) < z,(t), t €J. This yields y,(t) <u(t) <z,(t), t €J.
Finally, if n — oo, then

Yo(t) < y(t) <u(t) <z(t) <zy(t), teJ.

This completes the proof. O

} ='(0) = v/(T).
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