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1. Introduction

One of the most important inequalities in mathematics is the famous Hé6lder inequality. This
inequality plays an important role in real/complex analysis, numerical analysis, probability
and statistics, differential equations and related fields. For any positive real number a; and b;,
Ho6lder inequality states that

1
q

k k 1 p
i;aibi < (izzlaf) (l;blq) , (1)
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where ;+%:1Withp>1.pr>0and0<q<1with%— =1, then

1
p
k k _1 % 1
Yoab; > (Y o) "(L Y] 2)
i=1 i=1 i=1
Jensen [5]] proved the following generalization of (I). For any positive real numbers a;; and p;
(1<i<k,1<j<r)suchthat p%+---+pir:1,wehave

k k 1 k 1

Y aj1...air < (Zafll)pl...(Za?r’)pl. (3)

i=1 i=1 i=1
Ando [2] generalized (1) and (2) to the context of positive definite matrices in which the product
is given by the Hadamard product (i.e. the entrywise product). Al-Zhour [1] established Holder
type inequalities for Tracy-Singh and Khatri-Rao products of positive definite matrices.

It is natural to extend Holder type inequalities to the context of bounded linear operators on
a Hilbert space. Thus, this work generalizes the inequalities (1) and (3) to the case of positive
operators in which the products are given by Tracy-Singh products (see [7]) and Khatri-Rao
products ([11]). We also obtain Cauchy-Schwarz type inequalities involving these products, and
some bounds of Tracy-Singh sums and Khatri-Rao sums as special cases. Furthermore, we
provide another versions of Cauchy-Schwarz inequality which are generalizations of Cauchy-
Schwarz inequality in C". In particular, our results include the matrix results in [1,2] and
operator results in [3].

This paper is organized as follows. In Section [2] we explain the notions of Tracy-Singh
product, Khatri-Rao product, Tracy-Singh sum, and Khatri-Rao sum. In Section 3| we establish
Hoder type inequalities involving Tracy-Singh products and Khatri-Rao products, and as a
consequence obtain some bounds for Tracy-Singh sums and Khatri-Rao sums. Operator versions
of Cauchy-Schwarz type inequalities involving Tracy-Singh products and Khatri-Rao products
are presented in Section 4} Finally, we conclude the paper in Section

2. Preliminaries

Throughout, let H and K be Hilbert spaces over the complex field. Whenever X and Y are
Hilbert spaces, we denote by 8(X,Y) the Banach space of bounded linear operators from X into
Y, and abbreviate ‘B(X,X) to ‘°6(X). The identity operator on a space X is written by I'x or I if
there is no ambiguity. Recall that an operator T € B(X) is said to be positive if (T'x,x) > 0 for
all x € X —{0}. For self-adjoint operators A,B € B(X), the partial order A > B means that the
difference A — B is positive. We denote the set of positive (invertible positive) operators on X by
BX)" (B(X)*, respectively).

We decompose the Hilbert spaces H and K as direct sums of certain Hilbert spaces as follows:

m n
H=@PH, K=K,
i=1 j=1
Thus, any operator A € B(H) and B € B(K) can be expressed uniquely as operator matrices
A = [Aij]zlj’-r:l and B = [Bkl]Z:lnzl
where A;; € B(H;,H;) and By; € B(I;,K;) foreach i,j=1,...,m and &,/ =1,...,n.
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Recall that the tensor product of A € *B(H) and B € B(K), in a viewpoint of the universal
mapping property, is the unique bounded linear operator from A ® B € ‘B6(H ® K) such that

(A®B)(x®y) = Ax®By, forallxeH,yek.

The tensor product was generalized to the Tracy-Singh product [7] and the Khatri-Rao product
[11] as follows:

Definition 1. Let A = [Aij];'ljlel € B(H) and B = [By1;’_, € B(K) be operator matrices defined
as above. The Tracy-Singh product of A and B is defined to be the bounded linear operator

m,n m,n
ANXB = [[Aij@Bkl]kl]ij : ‘@1Hi®Kj d .®1Hi®[}§j. 4)
I”]: l’-]:

When m = n, the Khatri-Rao product of A and B is defined to be the bounded linear operator

AEB = [Aij®Bij]i,j : @Hi®Ki - @Hi®Ki. 5)
i=1 i=1

Note thatif m=n=1,then AXB=AGB=A®B. When H and K are finite-dimensional
inner product spaces, these constructions reduce to the Tracy-Singh product and the Khatri-Rao
product of matrices, respectively.

Lemma 1 ([[7,8]). Let A,C € B(H) and B,D € *B(K) be compatible operator matrices. Then
(i) The map (A,B) — AXB is bilinear and jointly continuous.
(i) (AXB)*=A*XB".
(iil)) (AXB)YCXD)=ACKBD.
(iv) If A and B are invertible, then (AKB) 1 =A"1XB~1.
(v) If A,B >0, then (AXB)* = A“X B for any a > 0.
(vi) If A,B >0, then AXB > 0.

Foreachi=1,...,r,let H; be a Hilbert space and decompose H; = 69;‘;'1 H; ; where all H; ; are
Hilbert spaces. We set IE}ZIAL- =A;= ElilzlAi. For r e N—{0} and a finite number of operators
A; e B(H;) fori=1,...,r, we denote

XA = (A1XAYK---KA,_1)KA,, [[JA; =(A1BA)E--HA,_1)EA,.
i=1 i=1

Lemma 2 ([10]). There exists an isometry Z such that
r r
[J4; = 2" (X Az
i=1 i=1
forany A; € B(H;), i=1,...,r.

The notions of the Tracy-Singh sum and the Khatri-Rao sum, introduced in [6,(12]], are
defined as follows:
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Definition 2. Let A = [A;;]7"_; € B(H) and B = [By1;,;"; € B(K). We define the Tracy-Singh

sum of A and B to be the bounded linear operator

m,n m,n
AHB = AXIK+IyXB : @[H]i®|]’§j—> @Hi®Kj. (6)
i,j=1 i,j=1
When m = n, we define the Khatri-Rao sum of A and B to be the bounded linear operator
AEB = A@Ikx+1IyaB :@Hi®Ki—>®Hi®Ki. 7
i=1 i=1

If m =n =1, the Tracy-Singh sum reduces to the tensor sum.

3. Holder Type Inequalities Involving Tracy-Singh Products and
Khatri-Rao Products

Recall that the harmonic mean of A,B € B(H)*" is defined by
AIB=2(A"+BY) 7

Lemma 3 (see e.g. [4]). The map (A,B) — A!B is concave on B(H)™ x B(H)" .

Lemma 4. For each r €(0,1), the following map is concave on B(H)" x B(K)*:
(A,B) — ATRB'™", (8)

Proof. Recall that the operator monotone function x” has an integral representation

sinrm xt™ 1
X" = f dt.
T [0,00] X+

By continuity, we may assume that A,B € B(H)*". We have by Lemma (1| that
A"XBY" = (A"®RB"YIXB) = (AXB™ 'Y (IXB).
Using the functional calculus for AKX B! and Lemma |1} we have

ATRBYT = {Smr”f (A &B—l)(tmz)r—l(AlzB—l+t1@1)—1dt}(1®3)
T [0,00]

_ Slnr”f YA TRB) Y ARB L + IR IIRB Y 1 de
Y [0,00]

- B[ aREYARE T + dRNATEB)  dr
4 [0,00]

- B[ rtameyteetARD Y ar
T [0,00]

_ Sm’””f 1P ARD!(IKB)] dt.
27 J[0,00]

By Lemma the map (AKI,IKB)— (: TAXI)!(I XB) is concave. Since the map (A,B) —
(AXI,IXB) is linear, the map (A,B) — (: AKX I)!(I XB) is concave. It is well-known that
any nonnegative linear combination of concave maps is concave. As the integral is the limit of
nonnegative linear combinations, the map (A,B) — A" X B!™" is concave. Since the Tracy-Singh
product is jointly continuous, this map is also concave on B(H)" x B(K)*. O
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We obtain Hélder type inequality for positive operators as follows.

Theorem 1. For each i =1,...,k, let A; € BH)* and B; e BIK)*. If p,q > 1 and %+ % =1, then

k k 1 k 1

Y (A:RB) < (Y A?) ®(Y Bl ©)
i=1 =1 =1

k k 1 k 1

YimB) < (Y Ar) (LBl (10)
=1 =1 =1

Proof. Let us prove (9) by induction on k. Clearly, (9) holds for 2 = 1. Now, assume that
k » 1 k .
(L a7) (L B)
Consider X1,X9 € B(H)" and Y7,Ys € B(K)*". By Lemma we have that for any a,r €(0,1),
(aX1+(1-a)X2) K(aY1+(1-a)Y2)!'™" > a(XIRY ) +(1-a)(X5KY, ")

1
q

k
> ) (A;XB)).
i-1

Setting @ = 1/2 and r = 1/p, we have

1 1 1
(X1 +Xo)P B(Y1+Y2)7 > X! RY, + X} RY .

Replacing X; by Xf and Y; by Yiq, we get

1
q

XP+ X RYI+Y0)i > X1 KY; + Xy K Yy, (11)
Applying and the inductive hypothesis, we have

1

[

k+1 1 k+1

(SafolEn - (i aen) of(fmen)
> (:ZlAf)

hST
Q[

1 1
+ (AZ+1)p X (BZ+1)q

g(iéBg)

k
> ) (AiXB)+Ap1 KBy
=1
+1
= Y (A;XBy).
i=1
Thus, (9) holds for any % € N. Using Lemma [2| together with (9), we have

k
Z(Ai 0B;) = Z*{

i=1

o~

k
(Ai&Bi)}Z
=1

1=

Notice that Theorem (1| can be viewed generalization of [1, Theorem 1 and Corollary 2] and
[2, Theorem 14] to the case of operators.
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In the next corollary, we generalize Holder’s type inequality of real numbers (3) and matrices
[1, Corollaries 3 and 4] to the case of operators.

Corollary 1. For each 1<i<k,1<j<r, let A;j € BH)* and p; > 1 with ¥/_ i, =1. Then

::1@ ) < g@ PP, a2
Z(m )\:@ P 13)

Proof. Let us prove by induction on r. Clearly, is true in the case r = 1. Suppose
r ok . %
Y. (B4,) < R L47)",
i=1 j=1 Jj=1"i=1
where a; > 1for j=1,. rwithz;zlaijzl. Setp—pp”;“l1 anqu—p’ for j=1,...,r. We have
by Theorem [ and Lemma that

~

r+1

Z (&Au) = é[(gAij)gAi(rn)

<& (Ran) ®[ LAz,

Since Zr-z i =1, we have by the inductive hypothesis that

Z(’liAlJ) < [g(é AP qj)qj] IE[ZAf(,::]_) pr1+1

rook T k -

(B [

=[®(i )"i] [k pre1 | Pret
Jj=1"i=1 = Aicen

— Hl(iAp')plj

S aE

By Lemma 2 we reach the second inequality. .

In the next result, we provide upper bounds for the Tracy-Singh sum and Khatri-Rao sum.

1 1
Corollary 2. Let A € B(H)* and Be B(K)". If p,gq>1and —+— =1, then
P q

AHB < (Ap+I)1U &(Bq+1)q (14)
A®EB < (AP+I)P B(Bq+I)q (15)

Proof. Setting k =2 and taking A; =A, Ay =1, B; =1 and By = B in Theorem|[I] we reach the
results. O

Commaunications in Mathematics and Applications, Vol. 10, No. 3, pp. , 2019



Holder Type Inequalities Involving Tracy-Singh Products. . .: A. Ploymukda and P. Chansangiam 537

Lemma 5. For each r € (0,1), the following map is convex on B(H)"* x B(K)**:
(A,B) — AT"RB". (16)

Proof. We have by Lemma [I|that
ATKB" = (ATXB")(IXB) = (A"'XB) (IKB).

We have
—r 1+r sinrz -1 r-1 -1 -
ATRBM = A TRKBYIRI YA KB +tIRD dt (IKB)

T [0,00]

_ Sm"”f £ (A RB+tIRINARB ™| (IRB)dt
T [0,00]

_ Smr”f L [IRI+tARB | UKB)dt
b4 [0,00]

_ Sm”’f 7 URB+ARDIRB Y] IRB)dt
T [0,00]

_ smrﬂf  ITIXB)[IXB+tAXI] ' (IXB)dt.
T [0,00]

Since the map A — A1 is convex and the map (A4,B) — tAX I + I X B is affine, the map
(A,B) — (IRB)[tARI+IXBI"{(IKB)

is convex. Thus, the map (A,B)— A" X B!*" is convex. O
Theorem 2. For each i = 1,...,k, let A, € BMH)** and B, e B . If p>1>qg > % and
1 1 _
E - ; = 1, then
k k B —Il) k %
Y(4iRB) > (Y. A7) "m(YB!), 17
i1 i=1 i=1
k k _ —% k %
Y(4:imB) > (Y A7) "a(LB])" (18)
i=1 =1 =1

Proof. Let us prove this theorem by induction on k. It is obvious that is true for £ = 1. For
the inductive step, assume that

(iA{p) p@(fB?)% < 3 (A=B))
=1 i=1 i=1

Consider X1, X5 € B(H)** and Y;,Ys € B(K)**. By Lemmal5, the map (X,Y) — X #» KY7 is

convex. Then
1 1

_1 1 _1
(X1 +X9) P R(Y; +Y9)7 < X, ?RYS +X,7 KY,.
Replacing X; by X;” and Y; by Y/, we have

1
q

XP+X,P) PRI +Y) < X, KY; +X,KYs. (19)
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It follows from and inductive hypothesis that

R+l _1_17 k+1 % ko B _1% k %
(Sar) (3 ) :{(;Aip)+Akf1} @{(;Bg)wgﬂ}
k -1 k 1 1 1
<(zar) " m(LB) vy

i=1 i=1

k
< ) (A;XB;j)+ A1 XBjq
1

k+1
= Y (A;XB)).
i=1
Therefore, holds for any % € N. We reach by applying and Lemma O

Notice that Theorem [2[is an operator extension of [1, Theorem 2 and Corollary 5] and
[2, Theorem 14].

1 11
Corollary 3. Let Ac B(H)*"" and Be B . If p>1>qg> 3 and ——— =1, then
q p
ABB > (AP +1) » R(BI+1)1, (20)
AEB > (AP +I) 7 0B+ 1)

4. Cauchy-Schwarz Type Inequalities Involving Tracy-Singh Products
and Khatri-Rao Products

The Cauchy-Schwarz inequality is a special case of Hélder’s inequality (I). This inequality
states that for any real numbers a; and b;,

EO\3 (R 3
Za?) (Zb?) : (22)
i=1 i=1

Taking p = ¢ =2 in Theorem (1, we obtain Cauchy-Schwarz inequalities involving Tracy-Singh

k
Y aib; <
i=1

products and Khatri-Rao products as the following.

Corollary 4. Foreach i =1,...,k, let A; € B(H)* and B; € B(K)*. Then

k k 1 k 1

Y(4:®B) < (Y A% ®(Y BY), (23)
i=1 i=1 i=1

i(AiBBi) < (fA?)% & (fB?)%. (24)
=1 1=1 =1

In any Hilbert space H, the Cauchy-Schwarz inequality states that

[Ce, | < llxlHlyll (25)
for every x,y € H. We can rewrite to

X, Yy, %) + (¥, 0){x, ) < x,0)(y,y) +{y,y){x,x).
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For any x,y € C", we have
(" )y x) + (v x)x"y) < (") (y*y) + (" y)x™x). (26)
Fujii [3]] gave operator extensions of in which the products are given by the tensor product

and the Hadamard product. In the next result, we generalize to the Tracy-Singh product
and the Khatri-Rao product of operators.

Proposition 1. Let A,B € B(H,K). Then
(A*B)X(B*A)+(B*A)X(A*B) < (A"A)X(B*B)+(B*B)X(A"A), (27)
(A"B)E(B*A)+(B*A)H(A™B) < (A*A)I(B*B)+(B*B)(A*A). (28)

Proof. This proof is quite similar to [[3, Theorem 2.2]. Applying Lemma (1| we have
0 < (AXB-BXA)"(AXB-BXA)
= (A*"XB*"-B*"XA*)AXB-BKXA)
= (A"XB*)AXB)-(A*KB*)BXA)-(B*KA*)AXB)+(B*XA*)YBXA)
= (A"A)X(B*B)-(A*B)X(B*A)-(B*A)X(A*B)+(B*B)X (A" A).
We reach the second inequality by using Lemma O

5. Conclusion

We extend Hélder type inequalities for positive real numbers to the context of positive operators
on a Hilbert space. The concavity and convexity of certain maps are established via suitable
integral representations of the associated operator-monotone functions. We obtain Hoélder
type inequalities for Hilbert space operators concerning Tracy-Singh products and Khatri-Rao
products via these maps. We also establish Caucy-Schwarz inequalities concerning Tracy-Singh
products and Khatri-Rao products. Consequently, we get lower bounds and upper bounds
for Tracy-Singh sums and Khatri-Rao sums of operators. Furthermore, we provide another
versions of Cauchy-Schwarz inequality involving Tracy-Sing products and Khatri-Rao products.
The results in this paper concerning the Tracy-Singh product include operator results concerning
the tensor product, and matrix results concerning the Tracy-Singh product and the Kronecker
product. Our results involving the Khatri-Rao product include operator results involving the
tensor product, and matrix results involving the Khatri-Rao product, the Kronecker product
and the Hadamard product. Our results regarding the Tracy-Singh sum include operator
results regarding the tensor sum, and matrix results regarding the Kronecker sum. Our results
concerning the Khatri-Rao sum include operator results regarding the tensor sum, and matrix
results regarding the Khatri-Rao sum, the Kronecker sum and the Hadamard sum. In particular,
our works include Hélder/Cauchy-Schwarz type inequalities in [[1-3].
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