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Abstract. In this article we extend the notion of tangent complex to higher order and propose
morphisms between Grassmannian subcomplex and the tangent dialogarithmic complex for a general
order. Moreover, we connect both these complexes and prove the commutativity of resulting diagram.
The interesting point is the reappearance of classical Newton’s Identities here in a completely different
context to the one he had.
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1. Introduction

Suslin was the first who introduced the Grassmannian complex and Bloch-Suslin complex [13].
Later, Goncharov used geometric configurations in order to define the motivic complexes (see
[56-8]). Cathelineau [1,2] and Gangle [4] studied variants (Infinitesimal and Tangential) of these
motivic complexes and gave an expected form of tangent groups. Siddiqui in [10,11]] defined the
tangent groups T %(F') and T %#3(F) and its complexes for the first order. He used geometric
configurations to construct cross ratio, triple-ratio and Siegel cross-ratio identity and then
proposed various morphisms between Grassmannian complex and first order tangent complex.
In [9] we extended his work to second order by defining second order tangent groups T%’g(F ) and
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T%g(F) and other ingredients like cross ratio, Goncharov’s triple-ratio and Siegel’s cross ratio
identity. Using these groups we formed tangent complexes for weight two and three and then
connected these complexes to the Grassmannian complex. We also proved the commutativity of
resulting diagrams.

In this work we are going to extend this notion to a general order “n”. For this we define
n-th order tangent group T'%; (F) of weight 2 along with its functional equations. We define a
map 0.~ to construct the following tangent complex of general order

2
Oen : THL(F)— FoF o \F.
Using the results from [[12] we determine the coefficients of the cross ratio, Siegel’s cross-ratio
identity and determinants of order n. After these constructions we move to find morphisms of
connection 7'[(2) . and ﬂ% . between Grassmannian complex and Cathelineau’s tangent complex.
We show both the maps n% . and JT% .» are well defined. At last we prove that the diagram

is commutative.

2. Newton-Girard Identities

Girard was the first who established in 1629 some identities between the coefficients of
polynomial and its roots (see [3]]). Later, Newton reformed these relations and proposed a
general form which was a recursive formula, i.e., suppose f(y) be a polynomial like
@) =y"+c1y" ey P ey P+ Hep1y+en
with “n” of its roots r1,r9,...r,. We use the notation “6;’ for the sum of £-th powers of roots as
op :r]f+r]§+...+r},"’z where k€Z" and 6, =0 for k>n.
Then for every £ > 0 we obtain an identity in recursive form which we call Newton’s identity
0p+c10p_1+co0p_9g+83Cp_3+...+cp_101+kcp =0.
This identity allows us to deduce relations below
01+c¢1=0,
0g+c101+2¢c9=0,
03+ c109+c901+3c3=0, (o
04+ 103+ co09+c301+4c4=0.
By considering most generalized form of the polynomial
n
F=Y tiy'.
=0
Now assume that ¢, =0 for £ <0, we define 6, for £ >0 as

— .k k k
Op=ri+ro+...+r,.

By interchanging “k£” to “(—k)” we obtain

k k k

O_p=r{"+ry" +...+r,".
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Finally, we can conclude the general form of Newton’s identity as

tj(n—j)+tj+15_1+tj+26_2+tj+35_3+...+tn(5j_n:0; j<n. (2)
Furthermore, we can deduct the following results
t
M =2,
S
oty 12
M2 = _2 - _é ’
s s \ 3)
Mo = 3t  3tite t?
377 sz 83’
M= 4t4  4tqts 2t§ 4—t%t2 téi
1T §2 s2 s3 st
In general notation
nt, "“lt,_
M,=—"2- "M, 4)

s = os
here, weused M; =-6_, Vi=0,1,2,... and ¢ty =s.

When we consider the case ty = 1 —s the above identities will become

-t

N1=s_—1,
—2t9 t]

Ne= g G2

N3:—3t3_ 3tito 3 t?{ ( (5)
s—1 (s=-12 (s=1)3’

N4:—4t4_ 4tit3 2t2 B 42t B t4
s—1 (s=1)2 (s=1)2 (s-1)¥ (s—1)4

the general form will be

ntp nl tn—r
= - N,.. 6
1-s r=1 1-s g ( )

Ny

3. Tangent Group of Order 3 in Weight 2

Let Flels be a truncated polynomial ring over an arbitrary field F then we call the Z-module
T%’g’([F) a tangent group of order 3 if it is generated by (s;s’,s”,s”’| € Z[F[el4] and quotient by
the expression

<S;SI,S”,SW] —<t;t/,t”,t"[] +<£;(E)”(£)//,(E)/N] _<]_—t;(1—t)’,(]_—t)”’(1_t)m
s \s s s 1-s'\1-s 1-s 1-s

+<S(1—t)'(s(1—t))/ (s(l—t))” (S(l—t))m
H1-9)\t(1-9)) "\t(1-5)) "\t(1-s)

where (s;s',5"s""| =[s+s'e+s"e?+5"e3]—[s] and s,s',s",s" € F. The expressions (ﬁ)', (5)”, (%)',

!/ 1
(%)”, (j((i:st;) and (i((ll:g) are defined in [9] and [[11]. Others are given below

(t)m_t/// s/(t)// S”(S)’ S/ll(t)
S B S S \S S \S S \S ’
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(1_t)ll/_ S/ll (1_t)+ SH (1_t)l+ sl (1—t)”_ SIH
1-s] (A-9)\1-s) (A-s)\1-s)] @A-s)\1-5 (1-s)’
(s(l—t))”_ B

t(1-s)) s31-t)3’
where

B=(t"2s3 —tt"s3+ 2tt"s% — 2(t")2s% — tt"s + (t')?s + tst's' — ts't’
+ 358" —t3(s")? — 135" — 255" + £2(s')? + 25"
Consider the diagram

G:5(/& 024(A|]:[£] ) CS(AU:[E:L;)

2 2
/4 b/
l/ 1,53 l 0,53
0

3 e x 2
T,%’2([F)—>[F®[F & N\“F

Flel) — (F)

here 0,3 is a map which behaves like

3ty [3tite 13 3t 3t1t t3
3 3 1te 13 3 1t2 1
"’e?’(“;tl’t%tﬂﬂ:{T‘(s—z‘s—s)}“l‘s”{l_s‘(u_s)z‘<1_s>3)}®s

+{3£_ Stity  t] }A{3t3 NECU } ®
s s2 3 1-s |(1-s)2 (@-s)3))
where

(s;t1,ta,t315 € TAS(F); s,t1,t2,t3€F; s#0,1,

To minimize the complication we express the map ng 5 as ng 8= nl+m?
® ok *o0k \3
nl(\/gz):i(_l)i{(?,((viviﬂ)@_(Ui Vi D707, )+(Uivi+1)3e)® ViVi+2) }; imod3,
= (vivi+1) (v;vi41)? (vivi+1) (Vi+1Vi+2)
(9)
%% * % 3
9 s\ o Wivindes | Wivi)eWivi,), Wiy, )°,
i=0 (v;vis1) (vivis1) (v; UL+1)
* % * % * % 3
A 3(Uivi+2)63_3(vi Ui+2)52(vivi+2)e+(vz Vite)”e } i mod3 (10)
(vivi+2) (Vv +2)? (Wvis2)® | )’
n§,€3(\/83) = (r(vo,...,03);7e(Vi3), 7e2(V53),, res(Via)l3 (11)

where V= (vg,...,0p).
Proposition 3.1. Commutation holds for the diagram (F') of complexes.i.e.

2 2 _ 2
063 Oy 3 =Ty 30 d.

Proof. Since all maps are already defined so we need direct calculations which gives the
conclusion below
033071%63(\/33):{ ((v oUz)es  (V]V3)es (vov2 3 (vag)es (V505)e (V3 V5)e2
’ (vov3) (vive)  (vov2)  (vivg)  (vov2) (voug)
(v]v3)e (V]V3)2 (v;‘v;)g (vyv3)ee  (V]V3)e (V]VG)2
(ivg) (1vs)  (ovs) (wovs)  (V1vs) (vive) )
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*

Wiv3)2  Wiv)? Wius) Wiv32 | (vo,v1)(v2,v3)
(Wovs)?®  (W1ve)  (vove)®  (v1v3)® } (vo,v2)(v1,3)
{ ((v(’;v;)gs N (V]v3)es ~ (Vyv7)es _ (vyv3),3 ~ (vgv3)e2 (VyVY)e
(vov2) (v1v3) (vov1) (vav3) (vov2) (vov2)
_ (v7v3)e2 (VIV3)e . (vgv1)ez (Vo] e . (v3v3),2 (v;v:’;)g)
(vivz) (vivs)  (vov1) (vov1)  (vav3) (vav3)

(wgus)d  @jup? wiup? (v;v;)ﬁ} (v0,v3)(v1,V2) 12
(Lov2)®  (v1vg)®  weu1)®  (vau3)d | (vo,v2)(v1,v3)
Next, we move to evaluate the other side n(z) (3 © d(Vgg). Since, we have
7 2 0d(Vig) =1t 0d(Vig) + %0 d(Vig). (13)

Applying, the definitions of7?, 72 and d

__ 2 ((Whr D vk o]0 ), F ] )P
1 * i i°7i+17¢3 o T2 s Y1 i°7i+l’ ¢
1 od(V,e) = Al { (—1){(3 -3
03 (0123) ;‘) (vi,Vi41) (vi,Vi+1)? (vi,vi4+1)3
@M}} imods3. (14)
(Vi+1,Vi42)

Furthermore, we use the facts p ® % =p®q—p®r in the expansion of inner sum. This gives

us total 18 terms which can further be classified into the terms like (uL)f3 v, (u)£22(u)5

3
% ®v. Now, if we expand through the sum of alternation then total number of terms will be

v and

raised up to ninety. After cancellations and simplifications we acquire an expression identical

with (12). O

3.1 Generalized Tangential Dialogarithmic Group

Let F[els be a truncated polynomial ring over an arbitrary field ' then the Z-module T'%J(F')
is called tangent group of order “n” if it is generated by (s;sg,sgz,...,sgn]g € Z[F[el,+1] and
quotient by the expression

t (t t t
(s;sg,sgz,...,sgn] —(t;tg,tgz,...,tgn] + <—;(—) ,(—) ,...,(—)
€ £2 en

S \S S S

() ) G5
S_l) S—]_ g, S—]_ 62,..., 8_1 o

s(t—1) (s(t-1) s(t—1) s(t—1)
+<t(8—1)’(t(8—1))5’(t(s—1))52"“’(t(s—1))£n]’ 5,670, 1L,s 71, (15)

where

<s;s£,sgz,...,s£n] = [s+358+s£2£2+...+sgn£”]—[s]; (s,8¢,...,8cn €F),

t) _len sg(t) sgz(t) sg(nn(t) sgn(t)
slew s s \s)imn s \s)wa 7 s \s), s \s)’
= + +..+ — ,
§s=1)pn 1-sls-1 1-s\s—-1), 1-s\s-1);a-» 1-3s
s(t—l)) _ Sen (s(t—l))+ Sen-1 (s(t—l)) W LSt (s(l—t)) ten
ts—1))n td-s)ltts-1) tA-s)\ts-1), =~ td-s)\t(1-9)),0v» t1-35)
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For n = 1,2, we obtain the groups T %.(F) and T%’%(F) which are discussed in [9,/12]], where
using these two groups, the tangent or Cathelineau Complexes are formed and are connected
with Grassmannian complex.

4. Tangential Analogue of n-th order Complex

We have described the group T'%; (F) earlier and now we propose a map 0. in order to establish

3 »

dialogarithmic tangent complex of order “n” i.e.
2
0pn : TAYF)—FoF o \F.
The map 0.~ has already been defined for n =1,2 as

t t t t
Oc:(s;tlg—-®(1—-8)+—®s+—-A——; s,teF,
s 1-s s 1-s

2ty t 2t t2 2ty t2 2t t2
652:<s;t1,tz]§H(T2—S—§)®(1—s)+( 2 1 )®s+(—2 LIA[=2 L_|;

+ - —= +
(1-s) (1-s)? s 82 (1-s) (1-s)?
s,t1,t2€F,
(see [11] and [9]] for details). From (8), we have

3t5 [3t1te 3 —3t 3t1t #3
063 (<S;t17t2:t3]g) = {TE}_ (j_ _1) }®(1_3)+{ 2 - ((S _1]j2 + (8_11)3) }®S)

3t3 3t1to t?l) } { —3t3 3t1to t?l’ }
+i————-=]A - + . 16
{ s ( s2 s3 s—=1 \|(s-12 (s—-1)3 (16)
Here, we use the results of (2), to rebuild these maps. So, we write

Oc:(s;t1lo— M1 ®(1-8)+N1®s+M{ANq,
0.2 (s;t1,t212 — Ma®(1—s)+ No®s+ My ANy,

s : (s;t1,ta,t3]5— M3 ®(1—s)+ N3®s+ M3 AN3,
the pattern above allows us to propose a similar morphism for a general order n.
Ocn : (s;t1,t0,... 1] = M ®(1-s)+ N, ®s+M, AN, (17

where M, and N,, are defined in (4) and (6), respectively. Our aim is to connect this analogue of
Grassmannian sub-complex and the n-th order complex in tangential settings. The result of
connection of both complexes gives the diagram below.

2 d 2 d 2
CsApie),.,) — CelApye,,,) — C3Apy, ) (5.1d)
L nis” ln(z),fn
0en
T Ay (F) FeF* e \’F

For n =1,2, the map n% . 18 given in [9] but here we describe maps n% . and ng .2 in a different
fashion that is in terms of Newton’s relations. This enables us to write this map for the higher
values of n.

Commaunications in Mathematics and Applications, Vol. 10, No. 3, pp.[509 , 2019
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h k0 __ * *Y. R * * R * * e * *
So, we use the notations V;, =(vg,...,0,); aij=(v; ,vi+1)€j, bij=/,v;, ) and z;=(v;, ;,v; )

V 1<i,j<n. Consider the polynomials
n n

g®)=Y aut'; @)=Y byt
=0 =0

gt)=ajo+ajit +ai2t2 +ai3t3 +...+a;,t",
h(t)=b;o+b;1t+ biztz + bi3t3 +...+b;t",

then the Newton’s identities for these polynomial will be

a:
My =-2,
a;o
2
2a;0 @;
Miyp=—2- —;1,
aio  aj
3
Mis = ais _3anaiz %
1o — ’
@i0 af,  aj
My = 4a;4 4a;103 20‘?2 4a%1ai2 a?l
4= 2 T2 3 4
@i0 @0 @0 %o %o
these relations can be generalized recursively as under
nai, "Laimn-
My, =2y 2y (18)
Similarly, for the polynomial A(¢)
bi1
Nij=-2,
11 biO
2b;9 b?l
Nig = - =
bio by
3
Nis = 8bi3  3bitbiz  bjy
1o — . 2 3
bio b b
Nia= 4biy  4bi1biz 207, 4b%bis _ b_;'ll
4= " 2 2 3 4
bio b b% bio b0
with general term
nb; n—lb. _
Nin= 2= = =ENir. 9)
io =1 bio

Now, using above relations we have

2 ) b
72 (Vig) = ZO(—l)‘ (Mil ® z—l(‘)’ + M, /\Nil), imod3,
i= l

2 , b
72 o (Vig) = ;)(—w (Mize z—:;’ + Mz ANip), imod3.
1=

Commaunications in Mathematics and Applications, Vol. 10, No. 3, pp.[509 , 2019
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[43 »

Hence for order “n” one can write as
72 o (Vig) = Z(—l)’( in®—2 4 M, /\Nm) imod$. (20)
i=0 <i0

Now, we come to define J'L'i - For n=1,2 it is already defined in [9] and see 1i for n =3 then

we can propose such map for a general number.

ﬂien(\/gg) = <r(\/03);r€(\/83)7 rgZ(\/83),- .. ,re”(\/z;g)]g . (21)
Lemma 4.1. The map n(z)’ (n 18 free of the choice of volume form Q.

Proof. From (20), we have
2 . bio
72 0 03,03,03) = Y (-1 (M © 22 - ®+ M ANy, imod3, (22)

1=0

n n-1
. Lo . b _ .
where M;, = 2&ir _ ¥ %M" and N;, = nb‘f‘" -y ll()’f 2 N;,. Clearly, the map rg en consists of

x;
10 r=1 to r=1

two different expressions of the form M;, ® ;** bio and M;, AN;,. Since value of the expression

M;,® Zng will remain unchanged if we 1nterchange Q with AQ (see [[7, Proposition 3.7]) and the
same result holds for M;,, A N;,. Hence n% . has no dependence on (. O

Lemma 4.2. ng e 0d(Vy,) is free of the size of vectors v; € V.

Proof. Using definitions of 7(2) » and d when we evaluate the composition T% »od(Vy3) we obtain

A( en
the combination of homogeneous ratios of determinants like —AU(U Uv As we have the property
i J

AA@], vl AA@] D) AW],07)en
MA@, v AA©,Y)  Awi,v))
which ensures the validity of required result. O

Proposition 4.3. Commutativity holds for the diagram (5.1d).
agﬂ Oﬂ%,gn - Hg,en Od .
Proof. Chose a tuple (V) € 04( Flel,. ) then definition gives us

73 en(Vig) = (r0o, .., v8);7e(Vgg), r2(Vg), ..., ren (Vo)1

employing the description of d.» given in (17)

nt, "L, nt, "“lt,_
den o7y (n(Vg) = (T"— ”err)®(1—s)+(1_"S -y 1"_;Nr)®s

r=1 r=1
t, "l ¢ -
+ (M -y Iy ) ( 2on Z ) (23)
s 108 -

where s =r(Vo3); t1 =1(Vy); to = ’"?(\/33) up to ¢, =ren(Vgg).

n-1 n-1
t toe ¢ too . ) )
The phrases —"s” - ¥ “=*M, and f_’; — Y. 7N, contains expressions like (@)en, (@),i(a@),;

i+j=n,(a)(@) (@), i+j+k=n,....
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(WoLsTLY e get terms of the form (@)en ® (&,1), (@),i(),; @ (k, D);

i+j=n,(a)(a)(a):®(,l),i+j+k=n and so on. The coefficients of these terms will occur

After tensoring with s =

according to the pattern of Newton identities.
To find value of right hand side n%,  °d we use the formula

* A4 Yy
ﬂ(z),en o d(\/03) = Alt(0123) ( 2
i

2 . .
Z(—l)’(M,-n®L°+MinANin)), imods3, (24)
i=0 0

where M;, and N;, are defined earlier. First we expand the inner sum which gives us terms of
the type M;;®a and M;j A My, where M;; and M}; are Newton’s identities which are defined
in and (19). By substituting these values in and applying the alternation sum we only

need a little simplification to achieve the required result. O

5. Conclusion

In this work we have shown that the higher order tangent group T'%;(F) and its defining
relations are valid for higher orders. The above results motivate us to compute higher order
tangent groups for weight 3. One can find the group T'%3 (F) and use it to construct the higher
order tangent to Goncharov’s complex for weight 3 or even higher.
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