Communications in Mathematics and Applications

Vol. 9, No. 4, pp. [737H745), 2018 RGN

ISSN 0975-8607 (online); 0976-5905 (print)

Published by RGN Publications http://www.rgnpublications.com

DOI:110.26713/cma.v9i4.1197

| Research Article |

A New Type of Ideal Convergence of Difference
Sequence in Probabilistic Normed Space

Vakeel A. Khan'*, Henna Altaf' and Mohammad Faisal Khan?

! Department of Mathematics, Aligarh Muslim University, Aligarh 202002, India
2College of Science and Theoretical Studies,Saudi Electronic University, Riyadh, 11673, Saudi Arabia
*Corresponding author: vakhanmaths@gmail.com

Abstract. The idea of difference sequence sets X(A) = {x = (x3) : Ax € X} with X =1, ¢ and ¢¢ was
introduced by Kizmaz [[10]. Mursaleen and Mohiuddine [13]] defined the idea of probabilistic normed
space (PNS) and the ideal convergence in PNS. Motivated by the above two concepts, we in this paper
introduce the notion of difference I-convergent sequence in PNS and study the elementary properties
of this convergence.

Keywords. Triangular norm; Probabilistic normed space; AI-convergence; Al *-convergence; AI-limit
points; AI-cluster points

MSC. Primary 40A05; Secondary 46A70

Received: March 1, 2018 Accepted: April 5, 2018

Copyright © 2018 Vakeel A. Khan, Henna Altaf and Mohammad Faisal Khan. This is an open access article
distributed under the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

This article was submitted to “5th International Conference on Recent Advances in Pure and Applied
Mathematics” (ICRAPAM 2018) organized by Karadeniz Technical University Prof. Dr. Osman Turan Convention
Center in Trabzon, Turkey during July 23-27, 2018.

Academic Editor: Prof. Ekrem Savas, Istanbul Ticaret University, Turkey

1. Introduction

Statistical convergence for real sequences was defined by Fast [4] and Steinhaus [17] in 1951
and this concept was studied and applied by many authors, namely [6], [3]. This idea was
generalised to I-convergence by Kostyrko et al. [[11]]. Lately, I-convergence for sequence of
functions has been studied by Balcerzak et al. [2].
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The idea of probabilistic normed spaces is the generalisation of normed space and has
emerged from the concept of statistical metric spaces which was defined by Menger [12] and
later on was studied by Schweizer and Sklar [16]. It is useful in many areas like continuity
properties[1], topological spaces [5] etc. In 2012, M. Mursaleen and S.A. Mohiuddine gave
the concept of ideal convergence in probabilistic normed space (PNS) [13]l. Difference sequence
spaces l(A),c(A) and co(A) were defined by H. Kizmaz [10].

In this paper, we have defined the notion of difference ideal convergence of sequences
in probabilistic normed space. Section [2| deals with the idea of AI-and AI*-PNS and some
basic algebraic properties of these notions. In section [3, we have defined AI-limit points and
AI-cluster points in PNS and studied some related results.

To recall certain definitions such as ideal, I-convergence, solid space, sequence algebra,
difference convergence in probabilistic normed space. etc which will be used throughout this
paper, we refer to [11], [[7], [[9, [15], [8], [14], [14], [18]. We denote by N, C, R and Ra as the set
of natural numbers, complex numbers, real numbers and positive real numbers.

2. Main Results

In this section, we study the concept AI-and AI*-convergence of sequence in probabilistic
normed space. We take ideal I as non-trivial admissible ideal.

2.1 AI-Convergence in PNS

Definition 2.1. Consider an ideal I in N and (X,v,*) be a probabilistic normed space.
A sequence x = (xz) € X is said to be AI-convergent to [ € X with respect to the probabilistic
norm v if for each e >0 and ¢t >0

{keN:vay, (t)<1-etel.

We write I,4-limx = and the space of all such sequences as A(c!v).

Theorem 2.1. Let (X, v, *) be a probabilistic normed space. Then the following conditions are
equivalent:

(a) I a-limx=1.

(b) {keEN:vay, (t)<1-¢€}el, foreach € >0 and t> 0.

(c) {keN:vay_1(t)>1-€te.F(,) for each € >0 and t > 0.
(d) I-limvay,—(8)=1.

Proof. The proof follows from Definition O

Theorem 2.2. Let (X,v,*) be a PNS. If a sequence x = (x3) is Al-convergent then I, a-limit is
unique.

Proof. Suppose there are two limits /1 and [ with /1 #[2. Given r > 0 such that (1-r)*(1-r) =
1 —¢€ for given € > 0. Define the sets for ¢ > 0 as follows:

Av,l(r, t) = {k € N . VAxk—l]_(t) = 1 - r}’
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Byo(r,t)={k eN:vay, 1,(t)<1-r}.

Then by definition of Al-convergence A, 1(r,¢) and B, o(r,t) € I and hence C,(r,t)=A, 1(r,t)U
B, a(r,t)€I. This implies C,(r,t)¢ € .#(I) so is non-empty. Let n € C,(r,¢)° then n€ A, 1(r,1)°n
B, o(r,t)°. So,

t t
Vll—lz(t) = VAx,-11 (5) *VAx,—I, (5) >(1-r)x(1-r)=1-c¢.

It follows that v;,_;, > 1—e€. Since € is arbitrary, we have v;,_,(t)=1= 11 =3.
This completes the proof. O

Theorem 2.3. Let (X, v, %) be a probabilistic normed space. Then
(@) If va-limx =1, then I, p-limx =1.
(b) If I A-limx =11 and I pa-limy = 1o, then I a-lim(x + y) =11+ Lo.
(¢) If I a-limx =1, then I p—ax = al.
Proof. (a): Suppose va-limx =/, then by definition for each ¢ > 0 and ¢ > 0 there exists N >0
such that
VAx,-1(t)>1—¢ foreach 2> N.
Observe that A(f) ={k € N:vp,, (1) =1-€¢} ={1,2,3,---,N —1}. Since [ is admissible ideal,
therefore A(¢) € I. Hence I, po-limx =1.
(b): Let I po-limx =11 and I,A-limy =[5. For given ¢ > 0 and ¢ > 0 given r > 0 with (1-r)*(1-r) >
1—e. By definition the sets
Ay 1(r,t)={keN:vpy () <1-r}el,
Byo(r,t)={k eN:vpy, 1,(t)<1-r}el.
Cy(r,t)=A,1(r,t)UB, a(r,t) €I so that C,(r,t)° € #(I). We prove
Cy(r,t)° S{k € N:V(axy+Ayy) -1 +12)(E) > 1 =€}
Let k€ C,(r,t)°, then
V(axp+Ayp) -1 +1) () ZVag, -1, (%) *VAy,—ly (%) >(1-r)*(1-r)>1-e.
Therefore,
Co(r,t)° S{k € N:V(ax, +Ayy) -1 +19)(E) > 1 —€}.
Hence
{B €N:V(Ax, +Ay,) -1 +1)(E) > 1—€tel.
Thus I a-lim(xp +yz) =11 +1s.
(c): The proof holds for a =0. Let a # 0. We are given I,o-limx = [, therefore the set
At)={keN:vry () >1-€ete F ).
We prove A(¢) € {k € N:Vvpax,—ai(t) >1—¢€}. Let k € A(¢). Then by definition

Vax,-1(t)>1—e€.
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Now
t t
Vaax,-al(t) = Vax, -1 (m) = Vax,—1(E) * v (m - t) =Vax, 1) x L=vay, (t)>1-e€.
Hence, we have A(t) S {k € N:vpqy, —ai(t) > 1€} and therefore I a-limax = al. O

2.2 AI*-Convergence in PNS

In this section, we introduce the concept of AI*-convergence of sequences in probabilistic
normed space.

Definition 2.2. Consider PNS (X, v, ). A sequence x = (x3) € X is said to be AI*-convergent to
[ € X with respect to the probabilistic norm v if there exists K ={k,, : k1 < ko <---} SN such
that K € .#(I) and VA-li,}’lnka =1. We write I ,-limx = [.

Theorem 2.4. Let (X,v,*) be a PNS and I be an admissible ideal. If I \-limx = [ then I -
limx =1.

Proof. Let I;A-limx = [. Then by definition there exists K = {k,, : k1 < kg---} € FI) (K¢ =
H(say)e I)and VA-hr}znka = [. Then for each € > 0 and ¢ > 0 there exists N > 0 such that
vAka_l(t) >1—¢ forall m >N. Since {&,, € K : vAka_l(t) <l-ejc{ki<ko<---<ky_i}tandlIis
an admissible ideal, we have

{km €K :vay, —1(8)<1-c}el.
Hence
{kEN:VAxk_l(t)S l—G}QHU{kl <k2<--'kN_1}€I

for each € > and ¢ > 0. It follows I, p-limx =1 O

Remark 2.1. The converse of above theorem is not necessarily true which is shown by the below
given example.

Example 2.1. Consider the normed space (R, |-|) with the usual norm and let a *x b = ab for all
a,b €[0,1]. Define

Vi(t) := for all x € R and every ¢ > 0.

t
t+ x|
Then (R, v, *) is a PNS. Let N = UD ; be a decomposition of N such that for any n € N each D;

J
contains infinitely many j’s where j >n and D;nD, = ¢. Let I be the class of all subsets of N

which intersects with at most a finite number of D;’s, then I is an admissible ideal. Define a

sequence x, = % if neD;. Then
f)=— — ]_ — .
VAx, () Py as n— oo
Hence I,5-limx, = 0. Now suppose that IjA—limxn =0, then there exists K ={nj:n1<ng<---}
cN with K € #(I) and va-limx,; = 0. Since K € 7 (I), we have K° = H(say) € I. Then, there

p
exists p € N such that H c ( Dn).

n=1
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But then D1 €K and therefore
_ ! >0
nj = p+1

for infinitely many n;’s from K which contradicts va-limx,; = 0. Hence we get a contradiction.

Theorem 2.5. Let (X,v,*) be a PNS and I satisfies AP condition. Then I ,-limx =1 implies
IY,-limx=1.

Proof. Suppose I be an admissible ideal that satisfies AP condition and I,5-limx = ¢. By

definition for each € >0 and ¢ > 0, we have {k € N:vay, ¢(t) <1—¢€}€l. Define the set A, for

peN

A {kel\ll 1< <1 1 }
= t1—— <Vpay, - -——.

Observe that {A1,Az---} is a countable set, belongs to I and A;nA; = ¢ for i # j. There

exists a countable family of sets {B1,B2---} € I such that the symmetric difference A;AB; is a
o0

finite set for each i e N and B = UBi € I. Hence B¢ = K(say) € .# (I). We will prove (x3)zek is
i=1

Av-convergent to ¢. Let n >0 and ¢ > 0, choose g € N such that % <1. Then

1 g+1
{k e N:VAxk_g(t)S 1-nic {k € N:VAxk_g(t)S 1——} c U A;.
q i=1

Since A;AB;,i=1,2,---,q +1 are finite, there exists k¢ € N such that

g+1 qg+1
UBi N{k:k=kyl= (UAi)ﬁ{kaZko}.
i=1 i=1
qg+1 qg+1
Ifk=koand ke K then k ¢ U B;. Therefore, k ¢ U A;. Hence for every k = kg and k € K, we
i=1 i=1
have vy, —¢(2)>1-1.
Since 1 > 0 is arbitrary, we have I, -limx =¢. O

Theorem 2.6. Let (X, v, *) be a PNS. Then the following statements are equivalent:
() I,-limx=1.
(i1) There exist two sequences y = (y;) and z = (z3) in X such that x =y +z,va-limy =¢ and
the set {k :z}, # 0} € I, where 0 denotes the zero element of X.

Proof. Suppose (i) holds. Then there exists K ={k,, : k1 <ko <---} =N such that K € .#(I) and
va-limxy, =1. Define the sequences y and z as follows:
_Jar ifkeK
T {l if ke K°
and zj = x3, — y;, for all £ €N. For each € >0, >0 and k£ € K°, we have vp,, ;(¢)=1>1-e¢. Thus
va-limy =1. Since {k:z}, #0} c K¢, we have {k:z}, #0} € I.

Let (ii) holds. Then the set K = {k : 2z}, # 0} € .#(I) is an infinite set. Let K ={k,, : k1 <kg <---}.
Since x,, = yg,, and va-limy =1, va-limxy,, = . Therefore I, -limx = 1. O
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3. AI-Limit Points and AZ-Cluster Points in PNS

Definition 3.1. Let (X, v, %) be a probabilistic normed space, [ € X is said to be A-limit point of
sequence x = (x3) € X with respect to the probabilistic norm v if there is a subsequence of x that
A-converges to [ with respect to the probabilistic norm v. By .%,A(x), we denote the set of all
A-limit points of the sequence x.

Definition 3.2. Let (X,v,*) be a PNS. An element / € X is said to be Al-limit point of the
sequence x = (x3) € X with respect to the probabilistic norm v(I,5-limit point) if there is a
subset K ={k1 <k <---} of N such that K € I and va-limx;, =I. We denote by AiA(x), the set
of all I, A-limit points of the sequence x = (xz).

Definition 3.3. Let (X,v,*) be a PNS. An element / € X is said to be Al-cluster point of
x = (x3) € X with respect to the probabilistic norm v if for each ¢ >0 and ¢ >0

K={keN:vpy, (t)>1-c}e¢l.

We denote by I’ £ A(x) the set of all I,5-cluster points of the sequence x.
Theorem 3.1. Let (X, v, x) be a PNS. Then Al (x) T\ (x) € Z,a(x), where x = (x3) € X.

Proof. Letle AﬂA(x), there exists K ={ky, : k1 <kg <---} SN such that K ¢ I and va-limx;, =1.
For each € >0 and ¢ > 0, there exists N € N such that for £ > N, we have va,,_;(¢) > 1—¢. So,

{keN:vag, () >1—-€eto{kni1, BN, )
and thus {£ € N:va,, _;(¢)>1—¢€} ¢ I which implies [ € FiA(x).
Let [ € FiA(x) then for each ¢ > 0 and ¢ > 0, we have {k € N : va,, ;(¢) > 1—¢} ¢ I. Let

K ={k,, : k1 <kg <---}. Then there is a subsequence (x;,) of (x,) that A-converges to [ with
respect to the probabilistic norm v. Hence [ € Z,a(x). O

Theorem 3.2. Let (X,v, *) be a PNS and x = (x) be a sequence in X. Then Af/A(x) = FiA(x) = {1},
if Ip-limx =1.

Proof. Letlq,ls€ AiA(x), with I1 # 2. Then there exist two subsets K, K', K ={k,, : k1 <kg--}
and K' ={p,, : p1 < p2 <--+} of N such that
K ¢1 and va-limx, =11,
K'¢ I and vp-limx,, =12.
Given € >0 and ¢ > 0 there exists N € N with m > N, we have VAx,,, —15(£) > 1—¢. Hence
A={pm €K :vry, 1,(0<1-€}<{pm:p1<p2<---pn}.
As I is an admissible ideal so A€ I. If B={p,, €K' :vpp,,—y(t)>1—€},then B¢ 1.
Otherwise if B € I, then A UB =K' € I which is a contradiction. Also I,-limx =17, we have

C={keN:vpy 1, (t)<1-c}el.
Hence

C={keN:vay_,(t)>1-cteFU).
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Since for every I # ls, BNC°® = ¢, B c C. Hence A{,A(x) = /1. On the other hand, suppose
l1,l0€ F‘I/A(x), with [1 # [9. Then for each ¢ >0 and ¢ > 0, we have

A={keN:vay_1,()>1-ctel,
B={keN:vay _1,(t)>1-€}¢ 1.

Observe that ANB = ¢ and therefore B < A€. Also, I a-limx = /1 implies A° ={k e N:vp,, _;,(¢) <
1—-e€}€l. Hence B € I, which is a contradiction. Therefore, T£ AX) =17, O

Theorem 3.3. Let (X,v,*) be a PNS. If x = (x3) and y = (y;) be two sequences in X and
A={keN:xy #yr} el Then Al (x)= Al (y) and T (x)=TZ (y).

v v

Proof. Suppose [ € A£ A(x), then by definition there exists K = {k,, : k1 <kg <---} =N such that
K ¢ 1 and vpa-limx,  =1. For each € >0 and ¢ > 0, we can find N € N such that vAka_l(t) >1-¢
for m>N.Define Ki1=KNnAand Ko=K-A. A€l impliesKie€l. AsK=KiUKgand K ¢1
so Ko ¢ I. It is obvious that the subsequence (y;)rck, of the sequence y =(y;) is Av-convergent
to /. Hence [ € AﬁA(y) and therefore AﬂA(x) c AiA(y). Similarly, we can prove AﬁA(y) c AiA(x).
Thus A{,A(x) = AﬁA(y). Letl € F£A(x), then for each ¢ >0 and ¢ > 0, we have

B={keN:vpy, (t)>1-€}e¢l.
Define C = {k € N:vp,, _;(2) > 1—¢}. We need to show C ¢ I. Suppose on contrary C € I then
C¢e. 7). Also we have A, € . Z(I). Thus C.nA.€.%(I). C°NA° c B implies B € .#(I). Hence
B € I which is a contradiction. So C ¢ I and F£ Alx) S F£ A(y). Similarly F£ N2 F£ A(x) and hence
Il ()=TL, (). O

4. Conclusion

In the present paper we have introduced and studied the notion of difference I-convergence
of sequence in PNS and elementary properties of this convergence. We investigated the
general type of I-convergence for difference sequences, that is, Difference Ideal Convergence in
Probabilistic Normed Spaces in more general setting. These definitions and results provide new
tools to deal with the convergence problems of sequences occurring in many branches of science
and engineering.
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