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1. Introduction

The hypergeometric function performs an essential role in mathematical analysis and its
applications. Many special functions encountered in physics, engineering and probability theory
are special cases of hypergeometric functions. Due to various implementations of generalized
hypergeometric and Mittag-Leffler functions, many researchers have made their contribution to
extend it in various forms. Recently, many authors [1-7,14-16[] introduced several extensions
of the well-known special functions due to their importance in mathematical and functional
analysis.
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Throughout this article, we denote by Z;, R™ and C the sets of non positive integers, positive
real numbers and complex numbers, respectively.
The classical generalized hypergeometric function [10] has been defined by
& (Yl)n('}/Z)n .. (Yr)n Zn
Filyi,v2,...,Yr;01,09,...,05;2] = —,
rfslY1,Y2 Yr;01,02 s Eo(al)n((SQ)n((Ss)n n

where (|z| <1,r =s+1) and §;, does not belong to Z; for £ =1,2,...,s.

(1.1)

Wright [17] has further extended the generalized hypergeometric function in the following

form
X I'(ay+11n)...I'(a, +7,0n) 2"

r\I"s = —,
@ nX::O I'(B1+pin)... IT'(Bs + psn) n!

where 7; and y; € R* such that
S r
1+ Z Wy — Z 7;>0
k=1 i=1

when 7; and y; are equal to 1, then equation (1.2) differs from the classical generalized

(1.2)

hypergeometric function ,F; by a constant multiplier only.
Malovichko [12] has investigated the generalization of hypergeometric function, but

Dotsenko [9]] considered one of the special cases which has the following form
T3 & T@1+n)IG2+7n) n

R{’(2) = 9R1(61,62;03;0,0;2) = = 1.3
2R (2) = 2R1(61,62;03;w,p;2) TGI(G2) =, [(53+2n) n! (1.3)
and expressed its integral representation in the following form
2R7(2) = 9R1(61,62;03;0,p;2)
I'(63)p b opoa-1 85-62-1 -5
= tPO27H (1 —¢P)?3 727 (1 - zt¥) "1 dt, (1.4)
['(63—62)1'(62) Jo
where Re(63) > Re(d2) > 0.

In 2001, Virchenko et al. [8] introduced the said Wright type hypergeometric function by
taking % =v > 0 in the following form
I(83) & (51)aT(B2 +vn) 2"
['(62) = T(63+vn) n!’

In this article, we establish new integral formulas involving the extended Wright type

oRY(z) = v>0, |z]<1. (1.5)

generalized hypergeometric function (1.2). Further, we give some special cases for the Wright
type hypergeometric function (1.5). For the recent consideration we require the following results
of Oberhettinger [13]], and Lavoie and Trottier [[11], respectively

-1 > 5. _os —6(2) LENTO ~y)
fo 7Yt +a+ V2 +2at)0dt = 20a (2) a9 (1.6)
where Re(6) > Re(y) > 0.
1 AR SR A U 2\2" T(y)I'(5)
Y=1/1 _ 1201 _ _ S SN
[ otamom (1= ) e (2] T an

(Re(y) >0, Re(5) > 0).
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2. Main results

Here, four different formulas involving the extended Wright type generalized hypergeometric
function are derived by inserting suitable argument in the integrand of (1.6) and (1.7).

Theorem 2.1. Let 6,A,ap, € C; m = 1,2,...,r and B, € C/Z;; n =1,2,...,s with Re(5)>0,
Re(1)>0, z>0and pp,; m=1,2,...,r, uj; n=1,2,...,s belong to R* such 1+3 i Mn=20,—1Pm>0.
Then the following result holds true:

(al,pl),---y(ar,pr); X

* 51 \/ -1
22 z+a+Vz2+2az2) Y dz
fo TR BB s |54+ V22 1 202
_ 1—‘(2(‘)‘)a6_/l (al,Pl)a---,(ar,pr),(A‘i‘ ]-7 1),(1_67 1)7 f (2 1)
B 25—1 r+2 s+2 (ﬁlnul)r"’(ﬂSnuS)y(/l,]-),(]-_'_/l-i_(sa1); ’ .

Proof. Let I be the left hand side of (2.1). Now applying the series representation of extended
Wright type generalized hypergeometric function (1.2)) to the integrand of (2.1), we get

o 2 T(ay +p1k)...T(a, + prk) x* 1
I :f 227Nz +a+ V22 +2az)t — dz.
o I;)F(ﬂl"‘ﬂlk)---r(ﬁs"‘ﬂsk)k!(z+a+\/22+2az)k

By interchanging the order of integration and summation under the assumption of Theorem
we have
X I'(ay + . Tlay+prk) ko o _
I, = kgb F((ﬁi - Zi:;riﬁs - ZSZ;%[) 227V z+a+V22+2az) MRqz.
By using the result (1.6), we have
I i [(a1+p1k)...T(ar+p.k) ﬁzm 4 Bya- (g)a T(26)L(A+k = &)
poo L(B1+pu1k) ... T(Bs + usk) k! 2) T(A+6+A+k)
_ [(28)a’* & T(ay+pik)...T(ar+prk) 1 (x)k F'A+1+k) T(A-6+F)

20-1 ,;0 T(B1+ pik)...T(Bs + usk) k! T(A+k) T(1+6+A+k)

a

Upon using the result (1.2), we obtain the required result. O

Theorem 2.2. Let §,A,ap, € C; m =1,2,...,r and B, € C/Z); n =1,2,...,s with Re(5) > 0,
Re(1)>0, z>0and ppm; m=1,2,...,r, up; n=1,2,...,s belong to R* real positive numbers such
1+3° Hn—2,,—1Pm >0. Then the following formula holds true:

[e.0]
f 227Nz +a+ V22 +2a2) MY,
0

_T(A-6)a®*
2

(a1,p1),...,(ar, pr); xz

(B t1)s--»Bsskis); |5+ a0+ Va2 1 %0z
(@1,p1);---5(ar, pr),(8,1),(A+1,1),(6 + 3,1); |«
(B1,111), - ., (s, 1), (A, 1), (AE0EL 1), (24022 1) ’5

Proof. Let I be the left hand side of (2.2). Now applying the series representation of extended
Wright type generalized hypergeometric function (1.2) to the integrand of (2.2), we get

© o 2 T(ay +p1k)...T(a, + p k) (xz)F 1
I :f 22 M z+a+V22+2a2)t dz.
o };:Or(ﬁl"'ﬂlk)---r(ﬂs"'ﬂsk) k! (z+a+Vz2+2az2)

dz

r+3\Ps+3 . (2.2)
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By interchanging the order of integration and summation under the assumption of Theorem
we have
© T(ay+pik)...T(a, +prk) xF [
Ip= Y Nerpik). Tay +pk) f 201, 4 g 4 V22 4 2a2) Mg,
im0 L(B1+p1k) .. .T(Bs + usk) k! Jo
By using the result (1.6), we have

o0 k 5+k -
L=3¥ F(a1+p1k)...F(ar+p,k)x_2(/1+k)a_u+k)(a_) +k T(26 + 2E)T (A — 6)
= T(B1 + pak)...T(Bs + psk) ! 2 T(1+6 + A +2k)

_T(A-8)a’* f F(a1+p1k)...l“(a,.+prk)i(f)k (A+E)[(26 +2k)
T 2071 = T(Br+ k). .T(Bs + psk) R1\2) T(1+8+A+2k)

_1“(/1_5)a5—/1 o0 F(al+p1k)...1“(ar+prk)F(6+k)F(/1+1+k)F(6+%+k) (x)k 1
28 S T(Br+ k). T(Bs + k)T + )T (2251 4 ) T(A43%2 4 ) (2

k!’
Upon using the result (1.2), we obtain the required result. O
Theorem 2.3. Let i,6,am, € C; m = 1,2,...,r and B, € C/Z,; n = 1,2,...,s with Re(5) > 0,

Re(6+i)>0, Re(26 +1)>0, z>0 and pm; m=1,2,...,r, up; n=1,2,...,s belong to R such
1+3° Hn—2) _1Pm >0. Then the following formula holds true:

(a1,01),...,(ar,pr);

1 . 2(6+1)-1 6-1
S+i-1q _ 26-1(1_%2 _Z _EY (12
foz a-2%7(1-3) (-2 ¥ | oy (1= g)a=27 |
2 2(6+i) . (al,pl),"-1((17",07'),(5?1);
‘(5) PO+ | (510 (Boopte), 25 +1,1); %] (2.8)

Proof. Let I3 be the left hand side of (2.3). Now applying the series representation of extended
Wright type generalized hypergeometric function (1.2) to the integrand of (2.3), we get

I 2(6+i)-1 6-1 X T(ay+p1k)...T(a, + p,k) x* z\k
_ S+i-171_ _\26-1 _E _E 1Tp01 rtPr _* N2k
I?’_fo 27 1-2) (1 3) (1 4) = T(By + p1k)...T(Bs + k) ! (1 4) (1-2)"dz.

By interchanging the order of integration and summation under the assumption of Theorem

we have

dz.

_ © [(ay +P1k)---r(“r+Prk)ﬁf125+i—1(1_2)2(6+k)—1 (1_ 5)2(6+i)—1( B i)(6+k)_1
izo U(B1+p1k).. . T(Bs +usk) k! Jo 3

By using the result (1.7), we get

© T(ag+p1k)...T(a, + p,k) x* (2)2<6+i) [(6+i)[(5+k)

I3:l;JF(ﬁ1+M1k).-.F(ﬁs+ysk)k! 3 T(25+i+k)

I3

2)2(0+0) © T R).. T(a,+p RIS +k) «F
:(_) re+i)y (a1 +p1k)... T(ar + prR)I( . ) *
3 o L(B1+p1k)...T(Bs + usk)(26 + j + k) k!
Upon using the result (1.2), we obtain the required result. O

Theorem 2.4. Let i,6,am, € C; m = 1,2,...,r and B, € C/Z;; n =1,2,...,s with Re() > 0,
Re(6+i)>0, Re(26+i)>0, z>0 and pm; m=1,2,...,r, up; n=1,2,...,s belong to R such
1+3° Hn—2,,—1Pm >0. Then the following formula holds true:

[)125_1(1 )21 (1 _ 2)25_1 (1 - Z)(M_l r¥s

(al, ,01)" . ‘7(a7‘> Pr)7

(ﬁlyﬂl),...,(ﬁs"us); dZ

Xz (1 — 2)2
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(alypl)""7(ar7p7‘)7(6,1); 4_x
(ﬁ15ul),"-,(ﬁ87us),(26+iyl); 9

Proof. Let 14 be the left hand side of (2.4). Now applying the series representation of extended
Wright type generalized hypergeometric function (1.2) to the integrand of (2.4), we get

I, =f126_1(1—2)2(5+i)_1 (1_ 5)25—1 (1_ E)(6+i)—1 © [(ay+p1k)...T(a, +pk) x*2* (1_ f)zk ds.
0 3 izo T(B1+ k). . T(Bs + usk) k!

9 26
= (g) I +i)rs1¥Wsi1 . (2.4)

4 3
By interchanging the order of integration and summation under the assumption of Theorem
we have
® T(ay+p1k)...T(a, +pk)x* 1 . 2(6+k)-1 6+)-1
I,= Z (a1+p1k) (a,+pr Lx_yf 26+k—1(1 _2)2(6+z)—1 (1 _ i) (1 _ i)
izo T(B1+ k) .. . T(Bs + usk) k! Jo 3 4
By using the result (1.7), we get
X T(a1 +p1k)...T(ar +prk) x* (2)2<5+k) I(6+i)[(G+k)

I4:l;)F(ﬁ1+N1k)...F(ﬁs+usk)k! 3 T(26 +i+k)

dz.

26 0o k
_ (g) G +i) Z I(a;+pik)...T(a, + prk)lﬁ(6+.k) (4_x) i
o L(Br+p1k). .. T(Bs +usR)I(26 +i+k)\ 9 ) k!
Upon using the result (1.2), we obtain the required result. O

3. Special Cases

In this portion, we present some particular cases of (2.1), (2.2), (2.3) and (2.4) as corollaries
given below for Wright type hypergeometric function (1.5).

Corollary 3.1. Let a,f,6 € C and y € C Z; with v>0, Re(1) > Re(6) >0, z >0 and |z| <1. Then
the following formula holds true.

(e.9]
f 227Nz +a+ V22 +2a2)HRY (
0

_T(r@2é)a’®*
T T(B)(a)20-1* 3

Proof. Let I5 be the left hand side of (3.1). Now applying the series representation of Wright
type hypergeometric function (1.5) to the integrand of (3.1), we get

© s LTy & (a)kr(ﬂwk)( x )k
_ 6-1 2 A
Is—fo 27 H(z+a+Vz4+2az) F(ﬁ)k;) T+ 00k \sras Vol o dz.

By interchanging the order of integration and summation under the assumption of Corollary|(3.1],
we have
I(y) & (@) I'(B+vk)x" foo -1 ek
Is= | 22 e+ a+ Ve2+2a2) MRdz
VT k;) T(y+vk) k!Jo
By using the result (1.6), we have
CT(y) & (aI(B+vk) 2

X —~(A+k) (@
_F(ﬂ),;) T(p+ok)  RIZA TR (2

x

d
z+a+\/22+2az) ‘
(a,1),(B,v),(A+1,1),(1-6,1);
(v,v),(1,1),(1+ 6+ A,1);

d (3.1)

o .

)5 I'@26)I(A-6+k)
5

I'A+6+A+k)
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_ T(I(26)a’* i T(a+E)(f+vk)T(A+1+E)(A—6+Fk) (f)ki
CT(@I(P)20-! = Ty +vk)TA+ET(1+8+A+k) k!

Upon using the result (1.2), we obtain the required result. O

a

Corollary 3.2. Let a,f,6 € C and y € C Z; with v>0, Re(1) > Re(6) >0, z >0 and |z| <1. Then
the following formula holds true.

5 _ Xz
f 227z +a+ V22 +2az) AzRﬁ( )dz
0 z+a+Vz?+2az

(,1),(B,v),(A+1,1),(5,1),(5 + 3, 1); ‘f
(y,v),(A, 1), (A2+L 1), (A+0+2 1), 2

_T(Yr(A -8’
~ T(a)(B)22

514 3.2)

Proof. Let Ig be the left hand side of (3.2). Now applying the series representation of Wright
type hypergeometric function (1.5) to the integrand of (3.2), we get
o0 T(y) & (@) [(B+vk k
Io= [ 2t ras Vaivzaa A D S SO g,
0 I'(B)j=o T(y+vk)k! \z+a+v22+2az
By interchanging the order of integration and summation under the assumption of Corollary[3.2]
we have

Y2l S (a)kr(ﬁJrvk)ﬁfoo (6+k)-1 2 ~(A+h)
IG_F(mk;O T(y+vk) klJo ° (z+a+ V22 +2a2) **Pdz.

By using the result (1.6), we have

T(y) & (a)T(B+vk)x* a\0+k T(28 +2R)[(A — &
Is= rzg k;o( )rk(y(fuk) )52(“’@)“_(]”]%) (5) ;(1 +6+)/1(+2k))
_ T()TA—=8)a® A 2 T(a+ k(B +vk)(A+1+E)I(S + k(S + % +k) (f)k 1
T@I(P2" [ T+vRhTA+RTESH L (2 ) \2) kD
Upon using the result (I.2), we obtain the required result. O

Corollary 3.3. Let a,,6,i € C and y € C Z, with v>0, Re(6) >0, Re(6 +i) >0, Re(26 +1i) >0,
z>0and |z| < 1. Then the following formula holds true.

[ i 2t (12 2) R (1 2) - 29

~ (2)2<5+“ TS +1)

3 T(@)I(p) ° 2

3 (3.3)

(a,1),(B,v),(6,1); ‘x
(y,v),(26 +1,1); )

Proof. Let I7 be the left hand side of (3.3). Now applying the series representation of Wright
type hypergeometric function (1.5) to the integrand of (3.3), we get
1 2(5+i)-1 5-1T(y) & I'g+vk
I, :f za+z—1(1_z)25—1(1_i) : (1_5) (y) 5 () I'(B +vk)
0 3 4 I'(B) izy T(y+vk)k!
By interchanging the order of integration and summation under the assumption of Corollary[3.3]
we have

00 k )— _
Is = I'(y) 5 (a)kF(,B+vk)x_f12(6+i)_1(1_2)2(5+k)_1(1_5)2(6+z) 1( z)(6+k) 1
0

T = T(y+uvk) k! 3 4

(x (1 - Z) 1 —z)2)k dz.

Z.
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By using the result (1.7), we have
L(y) & ()T (B +vk)x* (2\2OD (5 + )5 + k)
- ms)k;, T(y+vk) 5(5) T(25+i+k)
220D T(1)[(6 +1i) & T(a+k)T(B+vk)[(S +Ek) x*
B (5) T(@I(B) /= T(+vk26+i+k) k!
Upon using the result (1.2), we obtain the required result. O

I7

Corollary 3.4. Let a,$,6,ic Cand yeC Z, with v>0, Re(5) >0, Re(6+1)>0, Re(26 +1)>0,
z>0and |z| < 1. Then the following formula holds true.

fol 25_1(1 B 2)2(6+i)—1 (1 _ 5)25—1 (1 _ E)(5+i)—12R1{ (xz (1 B %)2)d2

3 4
_(2)25F(y)r<6+i> (@,1),(B,0),(8,1); |4x 5.4)
“|3) T@rp ® % g.w,e5+i,1; |9 '

Proof. Let Ig be the left hand side of (3.4). Now applying the series representation of Wright
type hypergeometric function (1.5) to the integrand of (3.4), we get

[e.°]

1 o 26-1 G+)-1T(y) & (a)T(B+vk) 212\"
_ S-1p1 _ \206+i)-1(71_% _2 Y k _Z
Ig_fo 227 Y(1-2) (1 3) (1 4) F(ﬁ)I;) Gt ok (xz(l 3)) dz.

By interchanging the order of integration and summation under the assumption of Corollary (3.4}
we have

oo k pl . 2(6+k)-1 s+i)—-1
Is= gz;;};)(“;le(i(fjk’;k)%fo Z(5+k)—1(1_z)2(5+l)—1(1_g) (O+k) ( _Z)( =

By using the result (1.7), we have

I(y) & ()T (B+vk)xk (2\20F (6 + E)(S +1)

8:r<ﬁ>,§0 T(y+vk) k! 5) T(26+i+k)
N\ TG +i) & T(a+E)T(B+vE)(S +E) (4x\*
- (5) T(@)[(B) kgo T(y + vR)L(25 +i + k! (?)

Upon using the result (1.2), we obtain the required result. O

4. Conclusion

Generalized integral formulae containing the Wright type generalized hypergeometric function
are explored in this section. Additionally, the special cases of main results have also been
established for the Wright type hypergeometric function.
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