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Abstract. In this study, we bring into light, a new generalization of the Jacobsthal Lucas numbers,
which shall also be called the bi-periodic Jacobsthal Lucas sequence as

Q, = 2bQ,-1+Q,_2, ifniseven

" |20Qn-1+Qn_2, ifnisodd
with initial conditions @y =2, @1 = a. The Binet formula as well as the generating function for this
sequence are given. The convergence properties of the consecutive terms of this sequence are also

examined after which the well known Cassini, Catalans and the D’Ocagne’s identities as well as some
related summation formulas are also given.
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1. Introduction

Due to the numerous applications of integer sequences such as Fibonacci, Lucas, Pell, Pell-Lucas,

Pell etc. in many fields of Science and Art, there have been many generalizations on them over

the last century. You can see some of these different generalizations in all our references.
However, the Fibonacci and Lucas sequences have recieved a much more attention over

the years than the others. It is in the light of this that we intend to write a new generalization
for the Pell-Lucas sequence.
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For any natural number n and any nonzero real numbers a and b, bi-periodic Fibonacci
sequence, also known as the generalized Fibonacci sequence was defined recursively by Edson
and Yayenie [4], and Yayenie [12] as

n=2

_Jaqn-1+qn-2, ifniseven
n bgn-1+qn-2, ifnisodd

with initial conditions q¢9 =0, q¢1 = 1, where |a] is the floor function of @ and {(n) = n—-2 [%J is the
parity function. The Binet formula, identities such as the Cassini, Catalan and the D’Ocagne’s

as well as some related summation formulas were also given.

In the same way; for any natural number n and any nonzero real numbers a and b,
bi-periodic Lucas sequence was defined recursively by Bilgici [1] as

Iy = n=2

alp,_1+1, 9, ifniseven
{bln_l +1p—9, ifnisodd
with initial conditions o =2, /1 = a. He also found some interesting identities between above
two sequences.
In [10]], Uygun and Owusu took the above generalizations one step further by defining a new
generalization for the Jacobsthal sequence {fn}‘:;o, which they called the bi-periodic Jacobsthal

sequence as

AJn-1+2J,-2, ifniseven

.7\0:07]\1:1’,Tn:{ n=2.

bfn—l + 2Tn_2, if n is odd

After examining the convergence properties of the consecutive terms of this sequence, the well-
known Cassini, Catalan and the D’Ocagne’s identities as well as some related summation
formulas were also given.

Now in this paper, just as the generalized Jacobsthal sequence and the other two mentioned
above, we define a new generalization for the Pell-Lucas sequence which we shall also call
bi-periodic Pell-Lucas sequence. We will then proceed to find its generating function as well as
the Binet formula. The convergence properties of the consecutive terms of this sequence will be
examined after which the well-known Cassini, Catalans and the D’Ocagne’s identities as well
as some related formulas and properties will be given.

For any two non-zero real numbers a and b, bi-periodic Pell-Lucas sequence denoted by
{Qnr},2, is defined recursively by

26Q,-1+Q,—2, ifniseven
Qo=2, Q1=2a, @, = U1+ @ns SR hs,
20Q,-1+Qn_2, ifnisodd
When a = b =1, we have the classic Pell-Lucas sequence. If we set a = b = k, where & can be
any positive number, we get the k-Pell-Lucas sequence.

The first five elements of the bi-periodic Pell-Lucas sequence are

Qo=2, Q1=2a, Qs=4ab+2, Q3=8a>b+6a.
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From the above definition we obtain the nonlinear quadratic equation for bi-periodic Pell-
Lucas sequence as

x%—2abx—ab=0
with roots @ and f defined by

a=ab++vablab+1), f=ab++ab(ab+1). (1.1)

2. Main Results
Lemma 1. The bi-periodic Pell-Lucas sequence {Q,},~, satisfies the following properties:
* Q2n=(4ab+2)Q2,-2—Q2n-4,
* Q2n+1=(4ab+2)Q2,-1—Q21-3-
Proof.
Q2 =20Q2n-1+ Q2n-2
=2b(2aQ2n-2 + Q2n-3) + Q2n-2
=(4ab +1DQ2n-2 +2bQ2,-3
=(4ab + 1)Q2n-2+(Q2,-2 —2Q2,-4)
=(4ab +2)Q2n-2 —Q2n-4-

The other proof can be done similarly. O
Lemma 2. a and B defined by satisfy the following properties:

* Qa+12p+1)=1,

* a+pf=2ab, af=-ab,

e 2a+1=02 9p11=2

* —2a+1)f=a, -2B+1Da=p.
Proof. By using definition of a and S, the identities above can easily be proved. O

Theorem 1. The generating function for the bi-periodic Pell-Lucas sequence is given by
2+ 2ax — (4ab +2)x? + 2ax3
1-(4ab +2)x2 + x*

Qx) =

(2.1)

Proof. The generating function is divided into two parts as odd part and even part
o0 (0, 0) o0
QW)= ) Qmr™ =Qo@)+Q1(¥)= ) Qomx™™ + ) Qams1x™™*.
m=0 m=0 m=0
We simplify the even part of the above series as follows:

Qo(x)=2+(4ab +2)x* + Y Qamx®™.

m=2
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By multiplying through by (4ab + 2)x? and x*, respectively, we have
e8]
(4ab +2)x*Qo(x) = (4ab +2)x* + (4ab +2) ) Qgpm-_2x6°™

m=2

and
Qo) = Y Qam-ax*.
m=2

By using Lemmall] it is obtained that
[1-(4ab +2)x? + x*] Qo(x) = 2 — (4ab + 2)x?.
Hence, we get
2—(4ab + 2)x*

Qo) = T Gab+ 224 at
Similarly, the odd part of the above series is simplified as follows:

(e.0]
Q1(x) = ax +(a®b +6a)x® + Y Qoms1x>™HL.
m=2

By multiplying through by (4ab + 2)x? and x*, respectively, we have
(e,0)
(4ab +2)x°Q1(x) = a(4ab + 2)x® + (4ab +2) Y Qapm_1x*™*
m=2

and
o0
x4Q1(x) — Z Q2m—3x2m+1 .
m=2

By using Lemma (1], it is obtained that
[1 —(4ab +2)x® + x4] Q1(x)=ax+ (@b +6a)x® —a(4ab +2)x> +0.

Therefore,
ax +2ax®

Qulx) = 1-(4ab +2)x2 +x*"

By adding the two results above, we obtain Q(x) as
2+ 2ax — (4ab +2)x? + 2ax3
Qx) = S
1-(4ab+2)x*+x

which completes the proof. O

Theorem 2. For every n belonging to the set of natural numbers, the Binet formula for the
bi-periodic Pell-Lucas sequence is given by the following:

s
Qn_ n+l (an+16n)’

- (ab)lTJ

where the parity function

0, ifniseven
§(n)= s
1, ifnisodd

and é&(n)=n-2 L%J
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Proof. It must be noted that the generating function for the bi-periodic Pell-Lucas sequence can
also be expressed using partial fraction decomposition as:

—a 1 - 1
~2a+1) x2-(2B+1)°

The Maclaurin series expansion of the function

Ax+B is expressed in the form

-C
A;HB _ i AC-1,2n+1 Z BCO-n-1,2n
x-C 5 n=0

and hence following the same order, the generating function (x) can be expanded as:

o e

n=0 n=0

i {_—“ (26+ 1)‘”‘1}x2n+1 - f {— (Wil) (26+ 1)‘”‘1}x2"] ,

n=0 & n=0
which can be expressed as

Qx) =

+

_ | Ly, 11 2n+1 {( )n ( 1 )n} 2n
Q)= az{ (2a+1 +[3(2ﬁ+1) } +Z 2a+1) \2p+1) [°
Z [B2B+1)" + a2a + 1)" 1" + f [(2B+1)" +(2a + 1)"]x*"|.
n=0 n=0
By Lemma [2] it is derived that
16_2)n (a_z)n 2n+1 o n ny ,.2n
Qx) = — 72 { ,6( 7] tal— x + ’;0{(2[%1) +(2a+1)"}x
_ 00 2n+1+ﬁ2n+1 N~ ﬁ2 n
-2 { @by } T Z ( ) +(ab) -
_ - 2n 1 2n—1 2n+1 - 1 2n 2n } 2n
"L o{ @ B ,;o{wb)n(“ M
By the help of the parity function ¢(n), the above expansion can be condensed into the form
00 ¢(n)
Q=Y. — (o + )"

n=0 (ab)LTlJ

oo

Hence by comparing the above with the generating function Q(x) = Y. @,x", we the desired
n=0

result is obtained as

s
Q, = (" + 7). O

(ab)anrlJ
Theorem 3. The limit of every two consecutive terms of the bi-periodic Pell-Lucas sequence is
generalized as

. Qont1_« . Qo
lim = lim

R .
n—0oo 2n b n—0on-1 a
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Proof. Taking into account that |,3| <a and 11m (ﬁ ) =0, we have

2n+1
2| a2ntly gntl g 1+(§) "

i Quet _ . alab)lF

2
n—o00 Q2n n—o0 1/(ab)[ n+l

d
=5

2 on b ne 2n+1
| am+ pAn abn 001+(g) ntlq
a a B
The other proof can be done similarly. From this theorem we can conclude that the bi-periodic
Pell-Lucas sequence does not converge. O

Theorem 4. For any given integer n, we have

QR,=(-1)"Q,.
Proof. By using Binet’s formula, we get
aét=n
Qp,=———(Va"+1/")

(ab)l 75"
L af™ g
 (ab)lE] (—ab)”
af™ gy qn
@) Gy
=(-1)"Qn. O

Theorem 5. Let n be any nonnegative integer, then we have

i (k)Zk _E(k)(ab){ JQk =Q2n

k=0
and
2 Z 20~ ®(ab) T Qs = @ansa
k=0
Proof. By using Binet formula and Lemma |2, we get
o0 1 B (k4 gk
$° (7)ot TN JQk Z(n)2ka—£(k)(ab)[%Ja (a k:ﬁ)
k=0 k k=0 k (ab){TJ
- & i) -
k=0
=Qa+1)"+@2p+1)"
a2 2
_(a” p )
o o e L
Similarly,

- o E+1, gh+l
) (Z)2kaf<k>(ab)[%JQk+l =y (’;)Qkaf(k)+f(k+1)(ab)[§J %
k=0 (@b

-2 5 (Z) |e@a) +5(26)"]
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_aa+1)"+ R+ 1)
- ab

o|2(%) +5(5)

a2n+1 + ﬁ2n+1

= GW = Q2n+1-

Theorem 6 (Catalan Identity). For all integers n and r, Catalan Identity is given by
b\sn+r) b\s 5 b\ 9
(_) Qn—rQn+r‘(g) Qn :(_l)n—r (a) Qr-

a

Proof. By noting the identities below, the proof proceeds as follows;

E(n+r)+ [n;rJ + [n;rJ

n-r+1 n+r+1
€(n+r)—{ ) J—{ 5 J——n,

b &(n+r)
Il = (a) Qn—rQn+r

+ +
_ b E(n—r)+§(n+r)( a~ r+'Bn r) (an r+ﬁn r)
aén+r) [n r+1J b Ln+r+1J

E(n—r)— Ln r+1J _ |_n+£+1J

:n’

bf(n+r)

n-r n-r n+r n+r
b E(nr)+| 2L | 4| 2zt | (a +p )(a + )

— (ab) n (aZn +ﬁ2n + an—rﬁn+r + an+rﬁn—r) .

Similarly
n n+1
f(n)+2[§J:n, 5(n)+2{ . J——n,
b\
nefg] e
bE(n) q2¢(n)

a%((n) ( b)2|‘n+1J

(-2 251

(a” +,B”)2

b n
g—cm+2[ 23] (*" + 57" +2(ap)")

pé(m)+é(n+1)—n-1 ) N .
= n n
T g—tm—&n+1)+n+1 (@™ + " +2(ap)")

=(ab) " (a®+p* +2(ap)")

thus
I1-Is=(ab) " [a""p"" + a””ﬁ”—" +2(ap)”]
 (abY" B o
=(ab) (ap)” ar+'3r+2
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~ (—ab)? ﬂ2r+a2r+2ar'3r
~ (ab) arpr
_(=ab)" (@ +§7)°

~ (ab)"  (-ab)

DT e
- (ab)r (a +ﬁ)
DT
= Gy (a"+ ")

(_1)n—r‘ aZf(r) (a" + ’67')2
R

b\
) e
a

which completes the proof O

Theorem 7 (Cassini’s property or Simpson property). For any number n belonging to the set of
positive integers, we have

b &(n+1) b é(n) 9 1 b 5

2] @@ua-(g) @2-cariler

a a a

Proof. Cassini’s property can easily be proven by a mere substitution of » =1 into the above

given Catalan identity. O

Theorem 8 (D’Ocagne’s property). For any numbers m and n,belonging to the set of positive
integers, with m = n, we have

é(mn+n) é(mn+m) | E(mn+n)

af(mn+m)b QnQni1i—a b Qmi1Qn = 4(—1)n+1(ab + l)af(m—n)Pm_n .

Proof. By noting the following equalities must, we proceed as follows:

Em)+&n+1)—-2é(mn+m)=&(m+1)+é(n)—2é(mn+n)=1-¢(m —n), (2.2)
¢m—n)=¢émn+m)+&(mn+n), (2.3)
m+n—2<f(m—n) _ L%J n VTHJ _&mn+n), (2.4)
m+n—-&¢m-n) |m+1 n
5 = { 5 J - {gj —&(mn+m), (2.5)
n+1l n
By using the extended Binet’s formula, (2.2), (2.3), (2.4), (2.5), we have

é(mn+n)

W= a{(mn+n)b QmQni1

af(mn+n)+f(m)+§(n+1)b€(mn+n)
_ (am +ﬁm) (an+1 +,6n+1)

(ab) 55+
a{(mn+n)— L%J —[mT”J

m+n+1 m+n+1 n+l_m n+lpom
= a + + a +a
b[mglj+|_%J+1—€(mn+n)( p h ™)
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—-m-n+{(m-n)

a 2

= —bbmﬂl—c‘(m—n) (am+n+1 +ﬂm+n+1 +ﬁn+1am + an+1ﬂm)
b( b)m1+n — (am+n+1 +IBm+n+1 +ﬂn+1am + an+1ﬁm)
a
and
0 =ammy N, 1Qn
g Smn+m)+E(m+1D+¢(n) bf<m"+") ) )
- am+ + m+ an+ n
I RTTFE CARCAR I
_ a‘(mm'm) [mHJ l'EJ [am+n+1 +:Bm+n+1 +ﬁnam+1 + an’Bm+1]
b(b)m+n é(m—n)
1
b(ab)m+n — [ m+n+1+‘6m+n+1+ﬁnam+1 +a”,6m+1] .
From the above results, we obtain
Y@= 1 (IBn+1 m n+1ﬁ ﬁn m+1 _ ﬁm+1)
b(ab)m+n—§(m—n)
1 (a_ﬁ)z(aﬁ)n[am—n_ﬁm—n]
b(ab)m+n {(m—n) a_ﬁ
~ (_1)n+1 (CK —,B) af(m—n)—l al—f(m) [am—n _ ﬁm—n]
b @b)*5*] (a - B)
-1 n+l1 _p\2 _&m-n)-1 .
- = (a a’i) - Qm-n= 4(_1)n+1 (ab+ 1)as(m_n)(ab +8)Pp,_p
which completes the proof. O
Theorem 9. m,n€Z* and n=m then Q,Q, = (ab)~¢**™ (g)—f(nm) Qrsm +Qnem).
Proof. By using the extended Binet’s formula, (2.2), (2.3), (2.4), (2.5), we have
5= 5[5 ] eom.
2 2 2
By using the extended Binet’s formula, 2.2), 2.3), (2.4), (2.5), we have
qsm)+¢(n) m m o o
Qan = (ab)LmTHJJ'lnTHJ (a +:6 )(a +:6 )
am—ZI_%J +n-2| %] (am+n +’Bm+n) (aﬁ)m (an—m _'_’Bn—m)
= +
am-L31+n-15]l pm+n-13]-15] am-L3l+n-15] -5 ]-13]+m+n
b[ [+151-m-n (g p) ™5+ (-1)" @by b3+ 15]-m—n ()5
QBT E] glermy mm T L L51+13] o= nm
pE(nmy+ | 232 | —m—n | AL | (—1)ym pm+ L1 +15]-m- no| 2ol |
= gt PR e B ] O T B i O
a\smnm)
= (E) (Qn+m_Qn—m)- ]
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Theorem 10. For any positive integer n, the first n terms of the bi-periodic of Pell Lucas sequence

nZ—: 0, - as‘(n)bl—f(n)Qn +a1—f(n)b6(n)Qn_1 —(-1)"a
izo k 2ab

Proof. Let n be even. By using Binet formula for bi-periodic of Pell-Lucas sequence, we get

n-1 nT_z nT_2
Y Qr=) Qo+ ) Qors1
k=0 k:o k:O
1 g2k LRk g2kl g2kl
= { k ta k+1 }
k=0 \ (ab) (ab)
If we use the property of geometric series, we get

_( " —@b)f  p"-(ab) )+i(an+1‘“<ab>% pre - ﬁ(“b)%)

(ab)z (a2 -ab) (ab)2 1 (B2-ab) (ab)z (a2 —ab) (ab)2 1 (B%-ab)
After some algebraic operations, we have

T 4@ (a2b2(an—2 +" ) —aba” + )~ (@b)? (a® + ) + 2(ab)%+1)
—d(ab)}

a 2.2, n-1, pn-1 n+l | an+l L]
+— b + —ab + +2(ab)? +
—on (a?6%(@" " + B = ab(@™ ! + f* 1)+ 2(ab) 3 (a + )
:Qn—2_Qn_Q2+2+Qn—1_Qn+1_4a
—4ab —4ab
2an 1+Q2 2+2aQn—4a

4ab
If n is odd, the result is in the following:

n-1 an1 n%3
Y Qr=) Qo+ Qops1
k=0 k=0 k=0
_ “Qn+1+tQn-1-Q2+2 + Qn-2—-Qnt+4a
B —4ab —4ab
_ 2bQ,+2aQ,-1+Q2—2—-4a
B 4ab '

If the results combine, the desired result is obtained

nl 2a17MpQ, +2a¢™Wp1MQ, 1 +4ab - 4a
= : O
A;)Qk 4ab

Theorem 11. For any positive integer n, we have

=lQy 1 {(Qn_g Qn )+(Qn—1 _Qni1

=k Tt —(ab+2)2+1) \am 2 xnd) (gl yn3

) +2ax — szz +2ax® + 2x4}

and
i % 2ax2 —x2Q2 +2ax3 + 2x*
Pl (xt—(4ab+2)x2+1)
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Conclusion

In this paper, bi periodic Pell Lucas sequence are defined by taking care of the parity on indices.
And some very important properties of sequences such as generating function, Binet formula,
Catalan Identity, D’ocagne’s property, sum formulas, the limit of two consecutive terms of the
bi-periodic Pell Lucas sequence are investigated. Some properties between the elements of the
bi-periodic Pell Lucas sequence can also be computed.
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