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1. Introduction

The algebraic system was first introduced by A.I. Malcev in 1951 [9]. We now recall informal
definition of algebraic systems. An algebraic system is a structure consisting a nonempty set
together with a sequence of operations and a sequence of relations on this set.
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The concept of terms is one of the fundamental concepts of universal algebra. Terms may
be considered as words formed by letters. To define terms one needs variables and operation
symbols, let (f;)ic; be a sequence of operation symbols, when f; is n;-ary and n; € N* := N\ {0}.
We denote by X :={x1,...,x,,...} is a countably infinite set of symbols called variables and for
each n=11let X, :={x1,...,x,}. The sequence 7: =(n;);cs is called a type. Then an n-ary term
of type 71 is defined inductively as follows:

(i) Every variable x; € X, is an n-ary term of type 7.

(ii) If ¢4,...,¢,, are n-ary terms of type 7 and f; is an n;-ary operation symbol, then
fi(t1,...,tn;) is an n-ary term of type 7.
Let W;(X},) be the set of all n-ary terms of type T which contains x1,...,x, and is closed under
finite application of (i1) and let W;(X) := U,,en+ W (X)) be the set of all terms of type 7.

The investigation of terms is a relatively new, actively developing field of universal algebra,
computer science and several subjects. For the application of terms in algebras is to defined
identities. We use identities to classify algebras into collections called varieties. Moreover, the
knowledge of the identities valid in algebras could be useful for solving functional equations (see
[7]). Not only the concept of terms which is used to express properties of algebraic systems but
there is the other one which is called formulas, first introduced by A.I. Mal’cev in 1973 (see [9]).

To define quantifier free formulas we need terms, logical connectives and relation symbols.
We now recall the definition of a formula which is defined by K. Denecke and D. Phusanga in
2013 [6]. Let J be an indexed set and A be a nonempty set. An n j-ary relation on A is a relation
y <A™ and call n; the arity of y. Let (y;) es be a sequence of relation symbols and 7" := (1) jes
where y; has the arity n; for every jeJ.

Definition 1 ([10]). Let n € N* and 7,7’ be the types of operation symbols and relation symbols,
respectively. An n-ary quantifier free formula of type (1,1’) (for simply, formula) is defined in the
following way:
(i) If t1,t9 are n-ary terms of type 7, then the equation ¢; = ¢ is an n-ary quantifier free
formula of type (7,7').

(i) If jed and t3,...,¢n; are n-ary terms of type 7 and y; is an n j-ary relation symbol, then
Yj(t1,...,tn;) is an n-ary quantifier free formula of type (r,7)).

(iii) If F' is an n-ary quantifier free formula of type (7,7’), then —F is an n-ary quantifier free
formula of type (7,7').

(iv) If F1 and F9 are n-ary quantifier free formulas of type (7,7’), then F1 Vv Fy is an n-ary
quantifier free formula of type (7,1').

Let .%(;(X,) be the set of all n-ary quantifier free formulas of type (7,7’) and let
F)X) :=Unen+ F(r.1)(Xr) be the set of all quantifier free formulas of type (7,7').

Many mathematicians are interested in a term in which each variable occur at most once
which is called a linear term (see also [2]]). The concept of linear terms was introduced by
M. Couceiro and E. Lehtonen [3] in 2012. It is important to do research on linear terms because
it is connected with several other areas of algebras. For example, a linear term may be considered
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on generalization of a linear expression over a vector space (see e.g. [4]]).

As we already mentioned above why we are interesting in linear terms, we now recall
a formal definition of linear terms of type 7 as follows: let var(¢) be the set of all variables
occurring in the term ¢.

Definition 2 ([3]]). An n-ary linear term of type 7 is defined in the following inductive way:
(i) Every x; € X,, is an n-ary linear term of type 7.

(ii) Ift4,...,t,, are n-ary linear terms of type 7 with var(t;) nvar(ty) =@ forall 1<l <k <n;
and f; is an n;-ary operation symbol, then f;(¢1,...,%,;) is an n-ary linear term of type 7.

Let WX"(X,) be the set of all n-ary linear terms of type 7 and let W/(X) := Upen+ WHH(X,)
be the set of all linear terms of type 1.

To study clones, mathematicians have used many several different techniques such as
combinatorics, set theory or topology. One of research directions in clone theory is the clone of
terms which plays an important role in universal algebra and computer science. Clone can be
given an algebraic structure, for example as many-sorted algebra of particular type. In 2016, K.
Denecke [4] published the paper “The Partial Clone of Linear Terms”, which investigate the
concept about the clone of linear terms and their properties. In the recently year, the authors
extended the concept of clone of terms in algebra to clone of linear terms of type (n) and study
clone of linear formulas for algebraic systems (see [8]]).

Not only the concept of clone is important in universal algebra, the classification of algebras
by identities into collections called varieties are interesting. We can also use hyperidentities to
classify varieties into collections called hypervarieties. In 1991, K. Denecke, D. Lau, R. Poschel
and D. Schweigert [5] introduced the concept of a hypersubstitution for algebras which used
to define hyperidentities and hypervarieties mentioned above. A hypersubstitution is a map
which takes every n-ary operation symbol to an n-ary term. Any such map can be uniquely
extended to a map defined on the set of all terms, and then any two such hypersubstitutions
can be composed in a natural way. They proved that the set of all hypersubstitutions forms a
monoid.

A hypersubstitution for algebraic systems was first introduced by K. Denecke and
D. Phusanga [10] in 2008. It is a mapping which maps operation symbols to terms and relation
symbols to quantifier free formulas preserving arities. They defined a binary operation on
the set of all hypersubstitutions for algebraic systems and then proved that this set with the
binary operation and an identity element forms a monoid. Five years later, the definition of a
hypersubstitution for algebraic systems was improved by D. Phusanga (see [10]]).

In 2016 Th. Changphas, K. Denecke and B. Pibaljommee [2] restricted to study a
hypersubstitution for algebras which maps any operation symbols to a linear term of the
same arity, called a linear hypersubstitution for algebras. As a consequence, they proved that
the set of all linear hypersubstitutions forms a monoid.

Next, we want to recall some basic concepts for the discussion of our main results.

Commaunications in Mathematics and Applications, Vol. 10, No. 1, pp. , 2019



4 Regularity of Linear Hypersubstitutions for Algebraic Systems...: T. Kumduang and S. Leeratanavalee

2. Preliminaries

We present the concepts about the partial clone of linear terms and the partial clone of linear
formulas and recall some properties of these structures (for more detail see [8]]). For the basic
knowledge of hypersubstitutions, the reader is refered to [7]].

Definition 3 ([8]). Let n,p € N* with p = n. A p-ary linear term of type (n) is defined in the
following inductive way:

(i) Every x; € X, is a p-ary linear term of type (n).

(i1) If¢4,...,t, are p-ary linear terms of type (n) with var(¢;) nvar(tp)=@ forall 1<l <k<n
and f is an n-ary operation symbol, then f(¢1,...,¢,) is a p-ary linear term of type (n).

Let W(l:;’)‘(X p) be the set of all p-ary linear terms of type (n) and let W(lfl’)‘(X ) :=Upenr+ W(l:'t’)‘(X »)

be the set of all linear terms of type (n).
Now, we recall the concept of superposition of linear terms of type (n), this leads us to forms
the many-sorted algebra which is called the clone of linear terms.

Definition 4 ([8]). Let p,qg € N* with p < g, t € W™(X,) and s1,...,s, € W(X,) with
var(s;)nvar(sy) =@ forall 1<l <k <p. Then we define a superposition operation of linear
terms
S G W ) x Wb (X —o= Wi (Xg)
inductively by the following steps:
({) Ift=x; for 1 <i<p, then S¥" g(xi,sl,...,sp) =8;.
(ii) If ¢ =f(¢1,...,tp), then

SEP(F(t1, s tp)y 81500 058p) 1= F(STM Bt1,51,...,8p),.., ST B(tp,51,..,5p)).

On the set W(l,’;’)L(X p) of all p-ary linear terms of type (n), we establish the many-sorted
algebra of type (p +1,...,0,...,0), by using the (p + 1)-ary superposition operation S*" f; as we
already defined in Definition [4|and adding the variables x1,...,x, as nullary operations, call
projections. Then we obtain the many-sorted algebra

PLGClone(n) L= ((W(lrilr;(Xp))pEN*'y(Slin {I))qu,p,qEN*’7(xi)i5p,i€|\|+ )7
which is called the partial clone of linear terms of type (n).

Next, some properties of PLinClone(n) will be presented.

Theorem 1 ([8]). The many sorted algebra PLinClone(n) satisfies the following equations:
(LC1) Sin D(SUn T (¢,t1,...,8,),81,...,8p) = S 7(£, 85" D(t1,51,...,8p),...,8"" L(tr,51,...,5p)),
(LC2) S B(xi,t1,...,tp)=t; for L<Si<p,

(LC3) Slin B(t,x1,...,xp) =1,

where p,q,r e Nt withr<p<gq, te W(lfl’)L(Xr), t1,...,t, € W(l’i’)L(Xp), var(t;) nvar(ty) = @ for all

l1<l<k=randsi,...,sp EW(Z:'L’}(Xq), var(s;)Nvar(sp) =@ forall 1<l <k <p.
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Using the definition of the partial clone of linear terms, we defined the new concepts of the
partial clone of linear formulas.

Let var(F') be the set of all variables occurring in the formula F'.

Definition 5 ([8]). Let m,n,p e N* with p = m. A p-ary quantifier free linear formula of type
((n),(m)) (for simply, linear formula) is defined as follows:

(i) If s,t are p-ary linear terms of type (n) and var(s) nvar(t) = @, then the equation s = ¢ is a
p-ary quantifier freelinear formula of type ((n),(m)).

(i1) Ift¢4,...,t,, are p-ary linear terms of type (n) with var(¢;)nvar(tp) =@ forall 1<l <k<m
and y is an m-ary relation symbol, then y(¢4,...,¢,) is a p-ary quantifier free linear
formula of type ((n),(m)).

(iii) If F is a p-ary quantifier free linear formula of type ((n),(m)), then —F is a p-ary quantifier
free linear formula of type ((n),(m)).

(iv) If F; and Fy are p-ary quantifier free linear formulas of type ((n),(m)) and var(Fi)n
var(F9) = @, then F1 Vv Fy is a p-ary quantifier free linear formula of type ((n),(m)).

Let f(l(i,’f) (m))(W(l,i')‘(X »)) be the set of all p-ary quantifier free linear formulas of type ((n),(m))

and let 9’(l(ir'l‘),(m))(W(lr‘;')L(X ) := Upen+ ﬁ(ii,’l‘)’(m))(W(lr’;')‘(X p)) be the set of all quantifier free linear

formulas of type ((n),(m)).
Remark 1. The linear formulas defined by (i) and (ii) are called atomic linear formulas.

Example 1. Let ((n),(m)) = ((2),(2)) be a type, i.e., we have one binary operation symbol f and
one binary relation symbol y and let X9 = {x1,x9}. Then the binary atomic linear formulas
of type ((2),(2)) are x1 = x9,x2 = x1,y(x1,%2),Y(x2,%1). Moreover, we obtained all other linear
formulas of type ((2),(2)) from binary atomic linear formulas of type ((2),(2)) by using the logical
connections = and V.

Lemma 1 ([1]). Suppose F is a formula in F ;(X). Then the following pair of formula is
equivalent: 7"(~F)=F.

Moreover, we also extended the definition of superposition of linear terms to superposition
of linear formulas as follows:

Definition 6 ([8]). Let p,g € N with p < g, F e Z@ (Wi(X,)) and s1,...,5, € WiN(X,)

with var(s;) nvar(sp) =@ for all 1<l <k < p. Then we define the superposition operation

lin b . orli li li i li
R™ 4 - F (i) omy Wiy Xp)) x (W N X @)Y —o—= F () Wiy (X g))

by the following steps:
(1) If F has the form s = ¢, then

Rlin f]’(s =t,81,...,8p) = glin f]’(s,sl,...,sp) ~ §lin g(t,sl,...,sp).
(ii) If F has the form y(¢1,...,,), then

RU Pyt 1, ytp),815eees8p) = Y(STP B(t1,81,00,8p),e e, SH Pt 51,0045 ),
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(1) IfF e ﬁ(l(i:) (m))(W(lriL’)‘(X »)) and assume that Rlin g (F,s1,...,8p) is already defined, then

R'™ P(<F,s1,...,8p) = "R D(F,s1,...,5p).
(iv) If F1,Fo€ 7, (l<ir'f>,<m))(W<l$(Xp)) and supposed that
Rlin g(Fl,Slw-’Sp) is already defined for all [ € {1,2}, then

li _ pli li
R™ S(Fl VF2,81,...,Sp) :=R"™ g(Fl,Sl,...,sp)VR m g(Fz,Sl,...,Sp).

Now, we may consider the many-sorted algebra:

PLinFormClone((n),(m)) := ((W(l,i')‘(Xp))pew , (y(l(ig),(m))(W(lrLZ)l(Xp)))pEN"’ ,

lin p lin p
(8™ p=q,p.qent> (R g)p=q,p,gent>Xidisp,ient),

which is called the partial clone of linear formula of type ((n),(m)).

Theorem 2. ([8]) The many sorted algebra PLin FormClone((n),(m)) satisfies the following
properties:

(LFC1) RU"{(RU""(F,t1,...,t,),51,...,8p) = RV T(F, 8" D(ty,81,...,8p),...,SH™ D(tr,s1,...,5p)),

(LFC2) RUr H(F,x1,...,x,)=F,
where p,q,reNT withr<p<gq, Fe ,?(l(i:) (m))(W(lé';(Xr)), t1,...,t0€ W(lr’;')‘(Xp), var(t;)Nvar(ty) =
@ forall1<sl<k<randsi,...,sp€ W(l,i’;‘(Xq), var(sy)Nvar(sp) =@ forall 1<l <k <p.

After this preliminaries, we will start our main results in the next section.

3. Monoid of Linear Hypersubstitutions for Algebraic Systems of
Type ((n),(m))
The main propose of this section is to introduce the new algebraic structure and consider some
semigroup properties. We will start with giving the concept of linear hypersubstitutions for
algebraic systems of type ((n),(m)) for fixed natural numbers n,m =1 and n = m by using the
elementary concepts as we recalled in the previous section.
Let us start with the definition of the based set of our new structure.

Definition 7. Let n e N*. A linear hypersubstitution for algebraic systems of type ((n),(m)) is a
mapping o : {f}u{y} — W(lril’)l(X n)U f(l(i:),(m))(w(lr‘;’)l(X m)) which maps an n-ary operation symbol f
to an n-ary linear term of type (n) and maps an m-ary relation symbol y to an m-ary quantifier
free linear formula of type ((n),(m)). We denote the set of all linear hypersubstitutions for

algebraic systems of type ((n),(m)) by Hypli”((n),(m)).

From now on, every element in Hyplin((n),(m)) is denoted by o; r which maps an n-ary
operation symbol f and an m-ary relation symbol y to a linear term ¢ and a linear formula F,
respectively. That is o, r(f) =t and o, r(y) =F.

Let S, be the set of all permutations on {1,...,n}.
To define a binary operation on Hyp"((n),(m)), we extend a linear hypersubstitution for
algebraic systems o to a mapping &.
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Definition 8. Let o, € Hyp"™((n),(m)). Then we define a mapping
Ge: Wi Xn)UZ (i iy Wiy X)) = W (Xn) U Z ) iy Wiy (X))
inductively defined as follows:
(i) ot rlx;]:=x; forevery i=1,...,n.
(i) Gt Flf(n)s---»%nm)] := S 2oy p (), 6t Flxn)], - - .0t F[%n(n)]) where € S,,.
(iii) 0;Frlx; = xp]:=0;Flx;]1 = G plx;] where [,k €{1,...,m} and [ #k.
(iv) 01 Fly(xp),--- > Xpom)] = Rlin m(OeF(Y), 0t Flxg)l, ..., 01 Flxpom)]) where ¢p € Sy,
V) Gy plF1:= G, plF] for Fe Z00  (WEN(X).
(vi) G4 plF1V F2l:=0rlF1]V 0 rlF2].

Example 2. Let ((n),(m)) =((3),(3)) be a type, i.e., we have one ternary operation symbol and one
Lo/flin

ternary relation symbol, say f and y, respectively. Let o : {f}u{y} — W(lé')‘(X 3)U ((3),(3))(W(l§’)‘(X 3))
where o p(f) = f(x2,x1,x3) and o; r(y) = x3 = x1. Then, we have
&1 rlf (xg,21,09)1 = S 301 (f), 61 Flxs], 61 px1],61 Flx2])
= §lin g(f(xz,xl,xg),x3,x1,x2)
= f(x1,%3,%2),
and
&1 rly(e1,x3,%2)] = R" 3(01,p(),61 Flx11,51 plx3), 51 plaa))
= S'n 3(xg = x1,21,%3,%2)
= Slim B(xg,x1,%3,22) = SU 3(x1, 21, %3, %2)

= X9 = X1.
Now, we define a binary operation o, on Hyp"((n),(m)) as follows:

Definition 9. Let ¢1,2 € W/in(X,,),F1,Fy € F% (WX ), 015,01, 7, € Hyp"™(n),(m))
and o is the usual composition of mappings. Then we define a binary operation o, on

Hyp'™((n),(m)) by
Ot1,F1°r Oty Fy = 6t1,F1 ©0¢y,Fy-

Next, we prove that a binary operation o, satisfies the associative law. To get our result, we
need some preparation as follows:

Lemma 2.Let ¢t € W(l’i’)”(Xn), B e ﬁ(l(i:) (m))(W(l:;’;(Xm)), nesS, and ¢ € S,,. Then for each
o4 r € Hyp"™(n),(m)), we have
1) 6t,F[Slin "t Xn(1)s - X)) = Slin (0 rlt], 01 Flenl,..., 0 Flnm))).

(i) &,F[R"" m(ByXp(1)s -+ > Xp(m))] = Rlin m Ot FLBL O plxpl, ..., 0 FxXpm))).

Proof. (i) Let t € W(lriL’)L(Xn). We give a proof by induction on the complexity of a linear
term ¢. If t = x; for all 1 < i < n, the proof is obvious. If ¢ = f(x;q),...,%n) Where

7 € S, and for every [ € {1,...n} we assume that ﬁt,F[Sli” (X)) Xn(1)s -+ -y Xn(n))] =
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8 Regularity of Linear Hypersubstitutions for Algebraic Systems...: T. Kumduang and S. Leeratanavalee

glin WO Flxny), 0 Flxn), ..., 0t Flxzm)]), then by Theorem we get,
Gt IS M(F(X1)s- - > %n(m))s Xr(1)s + + - » Xr(m))]
= 8" (01 p (1), 80 F 18" §(Xn(1), Xn1), -+ » Xnw)s - Tt FIS™ (s X > %))
= 8M Mo (8" 2@ 1 Flxa@), G1plxn), -, e FlamD, .,
SU G p %)), G Flxn))s- -, Tt [n(n)))
= SHr (M Mo (), Bt Flan)s ., Ot FXn()]D, B Fl2n ), -, Bt )]
e R GV COMEIN ) Ne ol EMETy RSN Ereny))
(ii) Let B € ,g"(l(ig)’(m))(W(l’i’}(X m)). We give a proof by the following steps.
If B has the form x; = x; where [,k €{1,...,m} and [ # k, then we have
G R 1oy = xp, (1), - ., Xpam))] = 8™ 1@y p 11,81, 1), -, Gl pm)])
~ Slin m @t Flxr), 0 plxp), ..., 01 Flxpem)])
=R"" 76 plx] = 1 plxe], 6 plagm)], .., 81 p X pm)])
= Rlin m (@ rlx; = x21,5 Flxp)l,. .., 0 plxpm))).
If B has the form y(x¢(1),...,%pm)) Where ¢ € S;,, then by Theorem [2| we have
GIR ™ T (Y (%15 - +» Xpm))s Xp(1)» - - - » Xp(m))]
=Rlin %(Ut,F(Y),at,F[Slm %(x(p(l),x(p(l),---,x(p(m))],---,
= G4 FIS"™ (% gm)> Xp(1)s -+ > %m))D)
= R"" 01 r (), 8" (81 plap)], 8 rl2g)s ., B Flxpem)D,
SHn (G, plapem)], GoF g -, 8 Flxpem)])
=R MR Moy p (), G pl g, ., TeF XD, T Flxpm)], - G p X pim)])
= Rlin m (Ot FLYXp1)s -« - Xpm)), O Flxp)]; - . ., s L pm) D).
If B has the form —F and assume that
Gt LR TU(F, % p(1)s - - s Xp(m))] = R Gy pLF 1,6 plxgls - - 0 plxgem)),
then
Gt FIR™ ™(F, x1), - - s Xp(m))] = WG R THE, % g(1)5 - - - Xpm))])
= (R ™G, pLF1, 6 plxgm)ls- -0 Flxgm))
= R" ™G, p[F), 51 plapm)ls - -, e F [Xpom))-
If B has the form F; v Fy and assume that
Gt pIR™ ™(F,251), - - - Xp(m))] = R TG pLF)), 50 plxgw)s .., Fo X pomy])  for all = 1,2,
then, we consider
Gt FIR™ T(F1V Fa,%p(1), - - - Xgm))]
=Gy p[R"™ T (F1,2p(1)s- - s Xpm)] V T FLR™™ T(F g, %1, - - - » Xp(m))]

— le %(at,F[Fl \V F2], 6t,F[x([)(1)]7 e ,&t,F[x(p(m)]).

Now, we can say that the extension 0; r of a linear hypersubstitution o; r of type ((n),(m))
is an endomorphism. As a result of Lemma [2, we have the following lemma.

Commaunications in Mathematics and Applications, Vol. 10, No. 1, pp. , 2019
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Lemma 3. Let t1,t; € Wi(X,,) and F1,Fp € FU*  (WiN(X,)). Then for any o, py, 0, F, €
Hyp"™((n),(m)), we have

(Ot1,F; 0 Oty Fy) =0ty Fy 00ty Fy.

Proof. Let te W(lril’;(X »). We give a proof by induction on the complexity of a linear term ¢. If
t=x;;1<i<n,then (04 F or 0t F,) [xi1=%; =0, F,[xi1= G, 7, [0ty 5y [xi11 = (G4, 1y 0Tty 1,1
If t = f(xr(1)s-- -, Xn(n)) Where m € S,,, then we have
(Tt1.Fy Or Oty Fy) LF r(1s ey Xnm))]
= 8M (G 1y 1[040, (D), Gt 1[Gty o [on (D)), .., Gty 1, [ g, [y 1)
=51y, 1 [S™ 1013, 15 (F), Gty Bl Xa())], -, b,y [ D]
= (041, F1 00ty ) (1) -+ > X))

Let Be Z0 . (WX ). We give a proof by the following steps.

If B has the form x; = x, where [,k €{1,...,m} and [ #k, then
(0¢,,F, oF Utz,Fz)A[xl = xpl =04 7 [0ty Fy 111 = G4y 7, [0y Fo[2]]
=01, F, [0ty 7ylx1]1 = Oty o[22 1]
= (0t F, 0Oty )1 = xp].
If B has the form y(xg(1),...,%pm)) Where ¢ € Sy, then by Theorem |2 we have
(0t F; °r O'tz,FZ)A[Y(x(p(l), e Xp(m)]
= R (G 1y 1, [0y (D), 5ty 1[Gt [T, -, Bty 1[G 1 0y 1)
=G, 1y [RM™ ™01 1Y), Gty 7 %00, -Gty Fy [X ) D]
= (011, © 0ty F )Y (Xp(1)5 - - - 5 Xpim))]-
If B has the form —F and we assume that (o4, F, o, 0t2,F2)A[F] = (0, F, ©0t,,Fy)[F], then
(O41,F1 Or Oty 1) [OF 1= Gy, 7, [G1, 7, [F1))
=04, 7,70ty 7y [FD]
=01, 7, [0ty 7, [(F)]]
=(G¢,.F, 001ty 7,)[0(F)].
If B has the form F; v Fy and we assume that (04, p, ©, 04, 1) [F11= (G4, 5, 0 G1,.5,)[F;] for all
1=1,2, then
(0¢,,F, Or O-tz,Fz)A[Fl VFol =04 7,0, molF111V Gty 7y [0ty 7y [F2]]
=01, 7101, 7, [F11V Oy 7, [F2ll
=047, [0, 7o [F1V F2]
=(0t,,F, 001, 7)[F1V Fal. O

It follows from Lemma |[3|that the binary operation o, satisfies the associative law. We prove
this fact in the next lamma.
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10 Regularity of Linear Hypersubstitutions for Algebraic Systems...: T. Kumduang and S. Leeratanavalee

Lemma 4. Let t1,to,t3 € W(lrl;';(Xn),Fl,Fz,Fg € ﬁ(l(i:)y(m))(W(lfl’)L(Xm)). Then for any 04, F,,0¢t, Fy,0ts Fs €
Hyp""™(n),(m)), we have
(atl,Fl Op O-tg,Fg) OrOt3,F3 = O0¢q,F1 °r (O-tQ,FQ Op 0t3,F3)-
Proof. Using Lemma [3|and using the fact that o satisfies the associative law, it can be shown
that o, satisfies the associative law. In fact, we have
(Ot),F, ©r Oty,Fy) 0r Oty Fy = (04, Fy Or Oty Fy) © 0ty Fy
=(04,,F; ©01,,F;)° 0y Fy
=0¢,,F; ©(0ty,F, 0ty F3)
=0¢,,F; ©(0¢y,F; Or Oty F3)
=0¢,,F; O (Oty,F, Or Ot3,F3). O
Let 0;4 be a linear hypersubstitution for algebraic systems which maps the operation
symbol f to the linear term f(x1,...,x,) and maps the relational symbol y to the linear formula
Y(x1,...,2xm), 1.e. 0iq(f) = f(x1,...,x,) and g;q(y) = y(x1,...,%m).

Lemma 5. For any linear term t € W(lr’;')‘(X n) and linear formula B € ﬁ(l(ig) (m))(W(lriL’)‘(X m)), we have
Oiqltl=t and aid[ﬁ] = ,3

Proof. The proof is straightforward and hence omitted. O

A linear hypersubstitution o;4 is claimed to be an identity, which we will prove this fact in
the next lemma.

Lemma 6. Let 04 EHyplin((n),(m)). Then o0;4 is an identity element with respect to o,.

Proof. First, we prove that o;4 is a left identity element by using Lemma [5| Let o7 €
Hyp"™((n),(m)). Then we have (0, 0, 04 p)(f) = Giq00: p)f) = Giglos w(f)] = 04 p(f). Now, we
show that ;4 is a right identity element. Let o, r € Hyp"™((n),(m)). By Theorem we obtain
that (0,5 or 0ia)Nf) = G lf(x1,...,%,)] = SU" oy 5 (f),x1,...,%,) = 01 p(f) and by Theorem
we have (o;F o, 0ig)y) = O rly(x1,...,0,)] = Rlin o F(y),x1,...,%n) = 0¢ p(y). Therefore,
OtFOr0id =0tF =0id°r OtF. O

Theorem 3. 7Zyp""((n),(m)) := (Hyp"™ ((n),(m)),or,0iq) is a monoid.
Proof. From Lemma [4] and [6], the conclusion holds. O

Next, we study some semigroup properties of .#yp""*((n),(m)), especially we characterize
idempotency and regularity of o; r € Hyp"™((n),(m)).

4. Regularity of Zyp"™((n),(m))

Firstly, we separate the classes of all linear hypersubstitutions of type ((n),(m)) by considering
the image of a mapping o;r in several forms. Since the set W(lr‘;’)‘(Xn) contains elements in

following forms: x; € X,, and f(x;(1),...,%n(n)) Where 7 € S,, and the set Q%l(ig)’(m»(W(li’)‘(Xm))
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contains all m-ary linear formulas in four forms as follows: x; ~ xp, yY(x¢(1),...,Xp(m)) With
¢ €S,,, these lead us to use the connective “negation” and “or” for the first and second forms. So
we can separate the class of linear hypersubstitutions into sixteen classes and we denote by the
following notations:

For any o;r € Hyp"™((n),(m)),w € Sy, € Sm,1,k,i1,i,is,i4 € {1,...,m} with I # k and
i1,19,13,14 are all distinct we denote:

Cr:={otrlt=x;,€ X, F =x; = xp},

Cy:= {owplt=x;€ X, F= )/(x(p(l),. .. ,xd,(m))},
Cs:={o1rlt=x;€ Xy, F =(x; = xp)},

Co={oyrlt=x; € Xy, F = y(xp),-- > Xpm)}
Cs:={otrlt=x; € Xy, F =(x;, =x;,) V(xi5 = x;,)},
Co:={orrlt=x;€X,,F ="(x;; =xi,) V(x5 = x;,)},
Cr:={oyr|t=x; € X,,F =(x;; =x;,) V(x5 = x7,)},
Cs:={orrlt=x;€X,,F ="(x;; =xi,) vV (x;; = x;,)},
Co:={otrlt=[fxn), s %n), F = x1 = 21},

Cro:={owr 1t =f(xn)s- o X)) F = Y(Xp(1)5 - - - » Xpm))}
Cui=lotrlt=Ffxzq). , Xn), F = (x; = x2)},

Cio:= {Ut,F |t = f(xn(l),. s X)), = _ljf(x(p(l),. .. ,x(,,(m))},
Ciz:={otr|t=f(xz1). s Xnm), F = (x;; = xi,) V (xi5 = x;,)},
Cra:={osr 1t =), %n), F = (xi; = x3,) V (x45 = x3,)},
Cis:={owrlt=1F(xn),. X)), F = (xi; = x3,) V (x5 = x3,)},
Cie:={orr |t =f(xnq),-- s Xnm), F = 7(xi; = x4,) Vo5 = x3,)}

We note that P ={C1,...,C1g} is a partition onypli”((n),(m)).

We now introduce definitions of idempotent and regular elements for Hyp"((n),(m)) with
respect to o,.. An element o f € Hypli”((n), (m)) is said to be idempotent if 0; po, 0 F =0 F, that
is, (015 or 0y p)f) = 04 p(f) and (o5 or 04 p)y) = 0: 7(y) and o, 5 € Hyp"™((n),(m)) is called
regular if there is an element o, p/ € Hypli”((n),(m)) such that ;7 = oy or0p o, 0 F.
The semigroup Hyplin((n),(m)) is called regular if every element in Hypli”((n),(m)) is regular.
Furthermore, we denote the set of all idempotent and regular elements in Hyp""((n),(m)) by
E(Hyp"™(n),(m))) and Reg(Hyp""™((n),(m))), respectively.

First, we introduce the following lemma which is an important tool to study the idempotent
elements in JZyp'™((n),(m)).

Lemma 7. For each o € Hypli”((n),(m)). Then o is idempotent in
J“i”yplin((n),(m)) if and only if 6, pltl=t and 0 p[F]=F.

Proof. Assume that o; r is idempotent. We now consider
0rltl=0plop(F1=(Gr oo p)f)=(0sFor oy p)f)
=or(f)=t
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12 Regularity of Linear Hypersubstitutions for Algebraic Systems...: T. Kumduang and S. Leeratanavalee

and

01 rlF1=0rlor(Y) =G oo p)y)
=(otFororg)y)=0:Fr(y)
=F.

Conversely, let 0; p[t]=t and 6; r[F]=F. Then, we have

(ot Forotp)f)=(Orrooyp)f) =0 rloy r(f)]

=0 rltl=t¢
=0 r(f)
and
(otporotp)y)=(Gsrootrp)y) =0 rlosr(y)l
=0.rlF1=F
=04 r(y).
This shows that o; r is idempotent. O

Theorem 4. Let o;f € Hyp"™((n),(m)). Then the following statements hold.

(i) Every o € Cq is idempotent. (v) Every o:r € Cg is idempotent.
(ii) Every o;F € C3 is idempotent. (vi) Every o;r € C7 is idempotent.
(iii) Every o;F € C4 is not idempotent. (vii) Every o, F € Cg is idempotent.

(iv) Every o4 F € Cs is idempotent.

Proof. (i) We first prove that o;r € C; is idempotent. To do this, let o;r € B1. Then ¢ = x;,
F = x; = x;. We consider 0;rlx;] = x; and 0;rlx; = xz]1 = 01 rlx;] = O plxr] = 21 = x3,. By
Lemmal7, o4 is idempotent.
(ii) Let 04 7 € C3. Then t = x;,F = —(x; = x1) so that 0, plx;] = x; and 6, r[(x; = xz)] = (G lx; =
xr]) = (0 plx;] = 64 plxr]) = 2(x; = x). By Lemma ot F is idempotent.
(iii) Let o4 € C4. Then ¢ = x;,F = 7y(xp(1),...,%Xpm))- To show that it is not idempotent, we
consider
G FIY(p1), - Xpm)] = TR Y (X1, - - Xpm)s Xep(D)s - - > Xepom))
= —|(—|()/(x¢(¢(1)), cee ,x¢(¢(m)))))
= Y(Xpp(1))s - - Xplpim)))
7 Y (Xp(1)5 - Xp(m))-
Therefore, every o, r € C4 is not idempotent.
(iv) Let 0; 7 € C5. Then ¢t = x; and F = (x;, = x;,) V (x;; = x;,). Clearly, 0 rlx;] = x;. Next, we
consider
6t,F[(xi1 ~ xig) \4 (xi3 = xi4)] = 6t,F[xi1 ~ xig] \4 6t,F[xi3 ~ xi4]
=0 rlxi 1= Grrlxi, VG plxis]l = 0t plxi,]
=(xi, = xiy) V(x5 = x;,).
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Thus o, r € C5 is idempotent.

(v)-(vii) Similarly to the proof of (iv) . O
The following example shows that there is an element in Cy which is not idempotent.

Example 3. Let ((4),(3)) be a type, i.e., we have one quaternary operation symbol and one
ternary relation symbol, say f and vy, respectively. If o; r € Bg with t = x4 and F = y(x2,x3,x1),
then &;r[F1 = &;rly(xs,x3,21)] = R 204 p(y),x2,x3,%1) = Rl 2(y(x2,x3,%1),%2,%3,%1) =
Y(x3,%1,%x2,) # F. So, 04 r in this form is not idempotent.

We have to find some necessary conditions for the elements in Co which are idempotent.
The next theorem shows such condition.

Theorem 5. Let 0 r € Co. Then o, is idempotent if and only if ¢(j)=j forall j=1,...,m.

Proof. Let o € Co. Then we have t = x;,F = y(x¢(1),-..,X¢(m)). Assume that ¢(i) # i for some
I = ]., e, M. We now consider 5t’F[Y(x¢(1), cee ,x¢,(m))] = Rlin %(Y(xd,(l), ce ,x¢(m)),x¢(1), e ,x(!,(m)) =
y(x(p((p(l)), ... ,x¢(¢(m))) and by assumption we have that o, r [)/(x(p(l), ... ,x(p(m))] = y(x(p((/,(l)), ... ,x¢(¢(m)))
#Y(Xp(1), -, Xp(m)) and thus o;  is not idempotent. Conversely, assume that the condition holds.
Clearly, 64 lx;]1=x; and it is not hard to verify that &; ply(xp), ..., Xpm)] = Y(xXp), - - - » Xp(m))-
Thus by using Lemma (7| we get that o; r is idempotent. O

Now, it comes to characterize the idempotent elements in Cy,...,C14. We first show that all
elements in C19 are not idempotent and then show that the idempotency of Cg,...,C1¢ need the
some conditions. In fact, we have the following results.

Theorem 6. Every o;f € C12 is not idempotent.

Proof. Let op € C12 with ¢ = f(xzq1),...,X2m), F = 7Y(Xp(1); - -+, Xp(m))- Suppose the contrary
that o, is idempotent, by Lemma |7, we obtain that ¢; r[t] = ¢ and 0 r[F] = F. Obviously,

01 rly(xp), - - - Xpm))] 7Y(Xp1), - - %p(m)) since we have already shown this inequality holds
in Theorem iii). It contradicts to the result of our assumption. Therefore, o;r is not
idempotent. O

We remark here that if 0, 7 € Co,...,C16, then 0, p[F'] has the same situation in the previous
theorems. So, we are interesting in the way to find some conditions for the idempotency of
0t,rlt]. The next theorem shows that if we set some conditions, then we get the characterization
of idempotent elements in Cyg,...,C1g.

Theorem 7. Let o; EHyplin((n),(m)). Then the following statements hold.
(i) o+F €Cg is idempotent if and only if n(i)=1i forall i=1,...,n.

(ii) o:r € Cyo is idempotent if and only if n(i) =1 for all i =1,...,n and ¢(j) = j for all
j=1,...,m.

(iii) o;F € C11 is idempotent if and only if n(i)=1i forall i=1,...,n.

(iv) o4 € C13 is idempotent if and only if n(i) =i forall i=1,...,n.
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(v) 045 € C14 is idempotent if and only if n(i) =i forall i =1,...,n.
(vi) ot € C15 is idempotent if and only if n(i) =i forall i =1,...,n.

(vii) o, € C1¢ is idempotent if and only if n(i)=1i forall i=1,...,n.

Proof. (i) Let 0, € Bg. Then ¢ = f(xz(1),...,%zn)),F = x; = x. Now we may assume that 7(i) #
i for some i = 1, R (N Then 3t,F[f(xn(1), . ,xﬂ(n))] = Slm Z(f(xn(l), . ,xn(n)),xn(l), . ,xn(n)) =
f(Xr(n(1); - - » Xa(x(n))- By our assumption,

f @)y -« > Xntrn)) # [ Xn(1)s - %n(n))

and thus o;  is not idempotent. Conversely, assume that the condition holds. We now consider
6t,F[f(xn(1), ey X))l = 3,5,1;'[}“(361, censxp)l = flx1,...,x,) = F(Xr1), - - -, Xn(n)) SO that 6t,F[t] =t. We
can prove similarly to the proof of Theorem 4{(i) that 6; r[F'] = F. Therefore, o; r is idempotent.
(ii) Let o4 € C10. Then t = f(xz(1),.. ., Xn(), F = Y(Xp(1)5 - - -, Xp(m)). We first assume that 7(z) # i
for some i =1,...,n or ¢(j) # j for some j=1,...,m. Then by the same manner as in the proof of
(i) we can show that o, r is not idempotent. Conversely, assume that the condition holds. Clearly,
Ot Flf(xnqy,...s Xn@m)P] = f(x1,...,%,) = f(Xr(1),- .., %n(n)) and thus 6 r[t] = t. Moreover, we have
that 6 ply(xp), xp@2)1 = ¢ ply(x1,...,6m)] = y(x1,...,%n), that is 6; p[F]=F. By Lemma OtF
is idempotent.

(iii) By using Lemma (1, we can prove similarly to the proof of (i) that this statement holds.

(iv)-(vii) It is easy to verify that these statements hold. O

Now, the characterization of idempotent linear hypersubstitutions are completed. Next,
we study the regularity of linear hypersubstitutions. In general semigroups, we known that
every idempotent element is regular. To characterize which linear hypersubstitutions in
Hyp"™((n),(m)) are regular, we consider only for the case ot,r which is not idempotent. The
characterization of regularity in Hyp“™((n),(m)) can be shown in the next theorem.

Theorem 8. Let 0;f € Hyp"™((n),(m)). Then the following statements hold.

(i) Every o:r € Cq is regular. (vi) Every o;F € C12 is regular.
(ii) Every o;F € C4 is regular. (vii) Every o, € C13 is regular.
(iii) Every o r € Cg is regular. (viii) Every o;r € C14 is regular.
(iv) Every o;F € Cyg is regular. (ix) Every o;r € C15 is regular.
(v) Every o:r € C11 is regular. (x) Every o:F € C16 is regular.

Proof. (i) Let o;p € Co with t = x;,F = y(x¢(1),.-.,%¢(m))- We consider regularity of o, € Cs
only the case of ¢(j) # j for some j=1,...,m. To do this, we choose o4 5 € Ca with t' = x; and
F'=y(x4-1(1),- -+ »%p-1(m)) SUch that (o; F or 04 pror 04 p)(f) = x; = (0 p)(f) and
(ot Foropporayp)y)=0rl0y prly(xpa), ... Xpom)l]
=01 rlY@ g1 Xgipi(mp)]
=0:F [Y(x((l,o(p—l)(l), ... ,x((po(pfl)(m))]
=0 rly(x1,...,xm)]
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= Rlin %(y(x(p(l), . ,x¢(m)),x1, ce ,xm)
=0 F(y).
This implies that o; r is regular.

(ii) Similarly to the proof of (i) and by using Lemma (1, we can show that every o;r € C4 is
regular.

(iii) Let o4 F € Cg with t = f(xz(1),...,%z(n)),F = 21 = x3,. We consider in the case of n(i) # i for
some i = 1,...,n, then there exists o g € C5 with ' = f(x,-1(1),...,%,;-1(,)) and F' = x; = x3, such
that
(01,7 0r Oy 1 0p 04 p)f) = Gy p[S'" n(F (1015 s X-1())s Xr(1)s - + - » X))
=0, FLf Cron-1)1)s - - > X(on-1ym)]
=0;rlf(x1,...,x0)]
= S M n (1) s Xon(n))s X1y -+ %)
= [, Xn(n)
=0 r(f)
and
(ot Forop oo p)y)=0:rloy prlx; = xz]]
=0 rloy plxl =Gy prlxell
=04 rlx; = xp]
= (x; = x).
Thus o; f is regular.

(iv) Let o4 € C10. Then ¢ = f(xz(1), .-, X)), F = Y(Xp(1); - - - Xp(m))- To prove that o, r is regular,
we consider into three cases.

Case 1. If n(i) =i for all i =1,...,n and ¢(j) # j for some j = 1,...,m. Then there exists
oy € C1o with ¢’ = f(xzq1), ..., %n(n)) and F' = Y(Xp-1(1)s- s X-1(m)) Such that
(017 0r 0. 0p 0s INF) = Gy m LS 2(F(X1)s - > X(r))s KoL) -+ » X))
=0 plf ), - - X0 (n))]
= SU T F @1, - > X)) (D) - - - > X))
= Xn(1); -5 Xn(n)
= Ut,F(f),
and similar to (i), it is easy to verify that (o g o, o4 0y 0 p)y) = 04 7 (7).
Case 2: (i) #i for some i = 1,...,n and ¢(j) = j for all j=1,...,m. Then there exists o, g € C19
with t' = f(x,-1(1), ..., X;-1(5)) @A F' = y(x (1), - . ., Xp(m)) such that (o o0 pro,oip)f) =04 r(f)
which follows from (iii) and we have
(01,5 0 O 0r T pNY) = G m LRI 7Ly (g1 - -, X)) Xg(1)s -« - » Xepm))]
=01 Fly(xp)s- - > Xpim))]
= R Ty (Xp(1)s -+ » Xep(m))s Xep(L)s - - » Xep(rm))
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= y(x(p(l),. .. ,x(p(m))

=0y r(y).
Case 3: n(i) # 1 for some i =1,...,n and ¢(j) # j for some j = 1,...,m. Then there exists
oy pr € Cro with t' = f(x;-10q),. .., %5-1(5)) and F' = y(xp-1(1y, - -, Xp-1()) Such that (o, For oy pr oy
ot p)f)=0:r(f)and (s Foroy pro,04 )y) = 04 p(y). Therefore, we conclude that o; r is regular.

(v) This statement can be proved by using Lemma [1)and the same process as we proved in (iii).
(vi) This statement can be proved by using Lemma (1| and the same process as we proved in (iv).

(vii) Let o¢ r € C13. Then ¢ = f(xz1), ..., %nn), F = (xi, = x;,) V (xi; = x;,). If 7(i) # i for some i =
1,...,n, then there exists oy g € C13 with t' = fr11ys-- > %7-1()) and F' = (xj; = xi,) V(xi5 = x;,)
such that (o r o, 0y o, 04 p)f) =04 p(f) which follows from (iii) and we consider
(Ot Foroyproroy pNy) =0 FlOy prlxi, = xi,1V Gy prlxiy = xi,]]
=0 rlx;, = xiy Va3 = xi,]
=(x;, = xj, VX, = Xj,)
=0y r(y).
Hence o is regular.
(viii) Let 0 € C14. Then t = f(xz1),...,Xqn), F = (x;, = x;,) V(x5 = x;,). If 7(i) # i for some
i=1,...,n, then there exists oy ' € C14 With t' = f(x;-1(1),...,%5-1()) and F' = =(x;, = x;,)V(x;, =
xi,) such that (s r o, 0y pror 01 p)(f) = 01 p(f) which follows from (iii) and we consider
(ot Foropprorosp)y) =01 ploy prl(xi = xi,)1V Oy prlxis = xi,]]
=0 pl[(xi, = x;,) Vi, = x;,]
=0 rl(x;, =21V GO plxiy = x;,]
=(x;, = x4,) V (xi5 = xi,)
=osr(y).
Hence o, F is regular.
(ix) Let o;r € C15. Then ¢ = f(xz),..., %Xn()), F = (xi; = x;,) V (xiy = x;,). If (i) # i for some
i =1,...,n, then there exists oy g € B1s with ¢’ = f(x,-1(1),...,%;-1()) and F' = (x;, = x;,)V(x;j; =
xj,) such that (o r o, oy pr o, 01 p)f) = 0 p(f) which follows from (iii) and we consider
(ot porop prororp)y) =04 plOy prlxiy = xi, 1V oy prl(xy = 2,11
=0 rloy prilxi, = xi,1V (G y prlxiy = i, ])]
=0t plxi; = xi, vV lxig = xi,)]
=01 plx;, = xi,1V (G Flxiy = x;,])
= (2, = xiy) V (X, = x5,)
=0 r(y).

Hence o, is regular.
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(x) Let o;r € C16. Then t = f(xz1),...,%Xn()), F = 7(x;; = xiy) V x;, = x;,). If 7(@) #1 for
some i = 1,...,n, then there exists oy g € C16 with t' = f(x,-171),...,%;-1(,) and F' = =(x;, =
Xiy) V (xj, = x;,) such that (o4 p o, oy pror 04 p)(f) = 04 p(f) which follows from (iii) and we
consider
(0t Foroy proray pNy) =04 Floy prl(xiy = x;,)1V Oy (x5 = x,)]]

=01 r[~@p plxi, = xi, 1)V 2Oy prlxiy = xi, D]

=0 rl(x;; = xiy) Vi, = x4,)]

=0 rlxi, = x;,) vV (0 Flxiy = xi,])

=(x;, = xi,) V (X, = xi,)

=osr(y).

Hence o, is regular. O

We have now characterized all idempotent and regular elements of linear hypersubstitutions
for algebraic systems of type ((n),(m)). As we remarked earlier, we separated and described
the classes of linear hypersubstitutions into sixteen classes and given the charaterization of
idempotent elements in these classes. The situation is more comfortable than to consider the
set of all linear hypersubstitutions. We applied these results to investigate the regularity. As
a consequence of this section, we can describe the regularity of Hypli”((n),(m)). Every linear
hypersubstitution is regular and then .77y p"™((n),(m)) is a regular semigroup.

5. Conclusion

We use the concepts of the partial clone of linear terms and the partial clone of linear formulas
to define a mapping which is called a linear hypersubstitution for algebraic systems of type

((n),(m)).
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