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1. Introduction

Let E be a real Banach space, let C be a nonempty closed convex subset of E. A mapping 7" of C
is said to be nonexpansive if |Tx — Tyl < ||x — y|| for each x,y € C. We denote by F(T') the set of
fixed points of 7', that is F(T)={x € C :x = Tx}.
Let {T'(t) : t = 0} be a family of mappings from a subset C of E into itself. We call it a
nonexpansive semigroup on C if the following conditions are satisfied:
(1) T(0)x =x for all x€C;

({11) T(s+t)=T(s)oT(¢) for all s,t = 0;

(iii) for each x € C the mapping ¢ — T'(f)x is continuous;

1v) IT@)x—-T@®)y|l <l|lx—yl|l for all x,y € C and ¢ = 0.
We denote by F(7) the set of all common fixed points of T, i.e., F(T7)={x € C:T(t)x =x,0 < s < 00}.
It is known that F(7) is closed and convex. A mapping f : C — E is said to be k-Lipschitzian,
if there exists a constant £ > 0 such that

Ifx—fyl<Llx-yl, VYux,yeC.
A Banach space E is said to be strictly convex if ” % || <1 for all x,y € E with |lx|| =yl =1 and

x#y.Let U={xeE:|x| =1} be the unit sphere of E. The modulus of convexity of E is the
function 6 :[0,2] — [0, 1] defined by

5(e) = inf{1- H%H 2,y €E, el = Iyl =1, l—yl =} (1.1)

A Banach space E is uniformly convex if and only if 6(¢) > 0 for all € € (0,2]. The Banach space
E is said to be smooth provided
M+ eyl —lxl
lim ———
t—0 t
exists for each x,y € U. The modulus of smoothness pg(t):[0,00) — [0,00) defined by

1
pe(T) = sup{§(||x+ryll +lx—TyD-1:lxll =yl = 1}. (1.2)

pE(7)
T

It is also said to be uniformly smooth if lim =0, E is said to be q-uniformly smooth if there
n—oo

exists a constant C, > 0 such that pg(r) < C,7? for all 7 > 0 where q is a fixed real number with
1<qg<2.
The generalized duality mapping J, :E — 2E" is defined by
Jo(x)={x" €E" : {x,x") = x]|?, x| = lacf 471} (1.3)
for all x € E. In particular, J = <J5 is called the normalized duality mapping and
(i) J4(x) = llxl|7"2J5(x) for all x € E with x #0;
(ii) J,(tx) =t (x) for all x € E and t € [0,00);
(iii) Jy(—x)=—Jy(x) forall x€ E.
If E is a Hilbert space, then J = I, where I is the identity mapping.
Let V :C — E be a nonlinear mapping. Then V is called

(i) accretive if there exists jg(x —y) € J4(x — y) such that
(Va=Vy,jolx—y)=0, Vux,yeC;
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(ii) n-strongly accretive if for some 1> 0, there exists j,(x —y) € J,(x —y) such that

(Vx-Vy,jolx—y)znlx-yl?, VYax,yeC.

In 2011, Sunthrayuth et al. [8] introduced a composite iterative algorithm {x,} in a Banach
space as follows: x; =x € C and

{yn = Pnxn + (1= B )T (tn)xn, (1.4)
Xn+1 = anY[(xn) +6,%n +(1=60) —@pA)yn, Y n=z=0,
where f : C — C is a contraction mapping, T'(¢,) is a nonexpansive semigroup and A is a strongly
positive linear bounded operator, and prove, under some conditions than {x,} converges strongly
to a common fixed point, which solves some variational inequality in Banach spaces.

In 2013, Song and Ceng [7] introduced a new iterative algorithm for finding a common
element of the set of solutions of a system of variational inequalities and the set of fixed points

of a family nonexpansive mappings in a g-uniformly smooth Banach space as the following:

X1 € C,
Xn+l = QC[aanxn +YnXn + (1 _Yn)I - a’n,UV)Tnyn],
A Vn :(1_,6n)xn+,3nkn; (1.5)

kn=Qc(zn,—AAzy,),
2n = QC(xn - Uan)a
then, we prove a strong convergence theorem for the iterative sequence generated by (1.5) under

some conditions.

For its importance of this topic, many authors tried to solve this problem by expanding and
developing the iterative algorithm in various ways including generalizing their mapping for the
wide range of using their algorithms. For more details please see in [1,4-6].

In this paper, motivated and inspired by Sunthrayuth et al. [8] and Song and Ceng [7]],
we introduce the algorithm defined by:

{yn = Pnxn + (1= B)T(tn)xn,

Xn+1=Qclanyf(xn) +6px, +(1=6,)I — anuV)T () ynl,
where T'(¢,,) be nonexpansive semigroup. Under some appropriate different conditions, we will
prove that the sequence {x,} generated by algorithms converges strongly to a point x*,
where x* is the unique solution in F (7).

(1.6)

2. Preliminaries
A mapping T : C — C is said to be nonexpansive if
1Tx-Tyll < llx-yl,

for all x,y € C. We denote by F(T') the set of fixed points of 7T'. If C is bounded closed convex and
T is a nonexpansive mapping of C into itself, then F(T') is nonempty.

Lemma 2.1. In a Banach space E, there holds the inequality
e+ yI% < lcl® +2¢y,j(x + ), x,y€E,
where j(x+y)e J(x+y).
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Lemma 2.2 (Xu [10]). Let E be a uniformly convex Banach space. Then for each r > 0, there
exists a strictly increasing, continuous and convex function g :[0,00) — [0,00) such that g(0)=0
and

IAx+ (1= APIZ < Alx)? + 1= DIyl - A1 - Vg(lx—yI) (2.1)
forall x,ye{zeE :|z| <r}and A€[0,1].

Lemma 2.3 (Kamimure and Takahashi [2]). Let E be a smooth and uniformly convex Banach
space and let r > 0. Then there exists a strictly increasing, continuous, and convex function
g:10,2r] — R such that g(0) =0 and g(lx—yll) < x| —=2¢x,Jy) +llyl forall x,y e {z € E : ||z|| < r}.

Lemma 2.4 (Sunthrayuth and Kumam [9]). Let C be a nonempty, closed and convex subset of
a real q-uniformly smooth Banach space X. Let V : C — E be a k-Lipschitzian and n-strongly

. . Cqud 1k
accretive operator with constants k,n>0. Let 0 < u < (szq)q—fl and T = H(’? - WT) Then for

te (O,min{l, %}), the mapping S :C — E define by S := (I —tuV) is a contraction with constant
1-t¢1.

Lemma 2.5 (Song and Ceng [7]). Let C be a nonempty, closed and convex subset of a real
reflexive and q-uniformly smooth Banach space E which admits a weakly sequentially continuous
generalized duality mapping J, from E into E*. Let Q¢ be a sunny nonexpansive retraction
from E onto C, V :C — E a k-Lipschitzian and n-strongly accretive operator with constants
k,n > 0. Suppose f :C — E is a L-Lipschitzian mapping with consltant L>0and T:C—-C
a nonexpansive mapping such that F(T) # @. Let 0 < u < (szq)q_l and 0 < yL < 1, where

-1
T= u(n — W). Then {x;} defined by x; = Qcltyfxs+(I —tuV)Tx.] converges strongly to some

point x* € F(T) as t — 0, which is the unique solution of the variational inequality:

(yfx* —pVa*,dy(p-x") <0, ¥ peF(T).

Lemma 2.6 (Song and Ceng [7]]). Let C be a closed convex subset of a smooth Banach space E.
Let C be a nonempty subset of C. Let Q : C — C be a retraction and let J ,J4 be the normalized
duality mapping and generalized duality mapping on E, respectively. Then the following are
equivalent:

(a) @ is sunny and nonexpansive;

(b) 1Qx-Qyl*<(x~y,JQx~Qy), V x,y € E;
(¢) (x—Qux,J(y—Qx))<0,VxeC, ye C;

(d) (x—Qx,J,(y-Qx))<0,¥ xeC, yeC.

Lemma 2.7 (Mitrinovic [3]). Let g > 1. Then the following inequality holds:

1 -1
ab<-a9+2
q q
for arbitrary positive real numbers a,b.

4
ba1

Lemma 2.8. (Xu [[11]]). Assume {a,} is a sequence of nonnegative real numbers such that

ans1<=A—-ap)a, +a,fn+vn, n=0
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where {ay}, {Bx}, {yn} satisfy the conditions:
1) lma,=0, Y a,=o00c;
n—.-oo n=1
(i) limsupp, <0;
n—oo -
(iii) y, =0, Y 7y, <oo.
n=1
Then lim a, =0.
n—oo

Lemma 2.9 (Xu [10]). Let E be a real q-uniformly smooth Banach space, then there exists a
constant Cy >0 such that

lx+y1? < llxl? +g(y,Jqgx)) + Cqliyl?, Vx,yeE.

In particular, if E is real 2-uniformly smooth Banach space, then there exists a best smooth
constant K >0 such that

lx+y12 < 2l +2(¢y, J(x)) + 2K | y|%, V x,y€E.

3. Main Results

In this section, we propose the iterative scheme for solving a fixed pint problem of nonexpansive
semigroup in the framework of g-uniformly smooth and uniformly convex Banach spaces. Under
the appropriate assumptions, the strong convergence theorem is proved as follows.

Theorem 3.1. Let E be a g-uniformly smooth and uniformly convex Banach spaces which
admit a weakly sequentially continuous generalized duality mapping J, : E — E*, C be a
sunny nonexpansive retract and nonempty closed and convex subsets of E. Let Q¢ be a sunny
nonexpansive retraction from E onto C, T ={T'(t):0 <t < oo} be a nonexpansive semigroup from
C into itself such that F(T)# @. Let f : C — E be a L-Lipschitzian mapping with constant L =0
and V : C — E be a k-Lipschitzian and n-strongly accretive operator with constant k,n > 0.
Let {an}y? 1, {Bul5_1, 6052 be the fequence in (0,1) and {t,};2, be a positive real divergent
sequence such that, 0 < u < (szq)m which C, is a positive real number, 0 < yL < 1T where
-1
T= ,u(n — M). Define a sequence {x,} by the following algorithm: x1 € C and
Yn = Bnxn + (L= Pp)T(tn)xn,
Xn+1 = Qclanyf(xn) +6nxy + (1=6,)1 — apuV)T(tr)ynl,

which satisfy the following conditions:

(3.1)

o0
(i) lim a,=0, Y a,=o00, lim laps1—anl =0,
n—oo n=0 n—oo
(i1)) 0 <liminfé, <limsupd, <1, lim [6,+1—6,| =0,
n—o0 n—o0 n—o0
oo m
(iil) Y sup T (tp+1)x—T(t,)x| < oo,
n:lexn

(iv) 0<liminff, <limsupf, <1, lim |[B,+1—Br|=0.
n—oo n—o00 n—oo
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Then, the sequence {x,} converges strongly to x*, where x* is the unique solution in F(7T) of the
variational inequality

(yfx™)—puVa*,Jy(z—x")) <0, VzePF. (3.2)

Proof. First, we show that {x,} is bounded. Let p € F', we have
lyn =PI =1 Bnxn + (1= B)T(tn)xn — pll
< Brllxn —pl+ 1= BIIT () - pl
< Brllxn —pl+ 1= Bp)llxn, —pll
< llxn —plI. (3.3)
From and (3.3), we have
lxn+1 =Pl =Qclanyf(xn) +6nxn +((1=86,)I — anuV)T(tn)yn]l - pl
< (A =6,) — apnuVIT(t)yn — pl+ an(yf(x,) — uVp)+6,(x, — p)l
<(1=6,—anDITR)yn — ol + anllyf(xn) —puVpll +6ulx, —pll
<(1-6p—apDlyn —pl+anyLlx, — pll+ anlyf(p)— uVpll + 6, llx, — pll
=(A-6p—anDlyn—pl+anylxn—pl+anlyf(p)—pVpl+6nlx, —pll

lyf(p)—pVpl
E+yL

=[1-ap(k+yL)llx, —pll+an(k+yL)

By induction, we get

lyf(p)—uVpl
k+vyL }’

for n = 1. Hence {x,} is bounded, so are {y,}, {f (x,)}, {T'(t,)x,}.
Next, we will show that r}l_}Igo lxn+1 =%, =0. From (3.1)

Yn = ﬁnxn +(1- ,Bn)T(tn)xna
Y41 = Pr+1%n+1+ (1= BT @ n1)xn41, (3.4)

we have

lxp+1—pI < maX{ lx1—pll,

lyn+1=Ynll = (A = Brs DIT@n+1D)xn+1 = TExR Nl + Br+1llxn+1 —xnll
+1Bn+1— Bulllxn — T(tn)xnll. (3.5)
We consider the first term on this right side of (3.5), we get
I1T#n1)xn+1 = T@)xn | SN T D)%n 41— TE e Dxn | + 1T 1)x0 — T(ER)xn |l
< lxn+1 =Xl H 1T n+D)xn — T(En)xn . (3.6)
Substituting into (3.5), we have
1yn+1 = Yull <A = BrsDIxn+1 —Xnll + (1= s DT n41)xn — Tt n)xn |l + Brr1llxn+1 — Xl

+|ﬁn+1_ﬂnlllxn_flw(tn)-"‘:n” (3.7)
= ”xn+1 - xn” + ”T(tn+1)xn - T(tn)xn” + |,6n+1 - ﬁn”lxn - T(tn)xn |
= lxp+1 —xnll + sup 1T(tr+1)z — T(tn)z |+ |,6n+1 - ﬂnl lx, — T(tn)xn Il (3.8)
ze{x,}
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Similarly, from definition of {x,}, observing that
Xn+1= QC[aan(xn) +0pxp +((L=0,)1 - a’n,UV)T(tn)yn],
Xn+2 = QC[an+1Yf(xn+1) +0n+1%n41 + (1 =041 — an+1MV)T(tn+1)yn+1],

we have

lxn+2 = Xn+1ll = 1Qclan+1Yf (Xn+1) + 6nr1%n+1 + (1= 8p4 1) — @p1uV)IT(En11)Yn+1]

—Qclanyf(xn) + 6%, + (1 =6, — anuV)T(tn)ys]l

< Mans1Yf (xns1) +0ns1%n41 + (L =64 DI — @p 1 puV)T(t s 1)Yn+1]
—lanyf(xn) +6,xn + (1= 61 — anuV)T )yl

= lan+1Yf(xn+1) +0n+1%n+1+ (1= 6p+1)] — An1 V)T (¢ +1)Yn+1]
—lanyf(xn) +6nxn +(1=6p)I — anpuVIT(tn)ynl + Ans1Yf (Xn) = Ans1Yf (xn)
+0n41%n —Ons1%, (1= 0,)I — anuV)T(tn)yn — (1 =0,)I — anuV)T(t,)y,

< An+1Y I f ns1) = Fep)ll +0n+1llxn+1 —xnl + 11 =6 ps 1) — ap1 V]
ATt n+D)yn+1 = TEDYull +lane1 — anlylf el +1an+1 — anl gl VTR yn
+10n+1 = 0nlllT(En)yn — xnll

< @n+1YLlxn+1 — 2nll + 8ns1llxni1 — xnl
A =6n+1) — Ans1uVIIT(n+1)yn+1 — T n)ynll
+lane1 — anlyllf Gl + VT @)yl +160+1 = 60T R)yn —xall.  (3.9)

We note that
1T n+1)yn+1 = TEDYull S N T En+1)Yn+1 = TEnsDYnl + 1TEn1)yn — T@E )yl
S yn+1 = Yull + 1T n+1)yn — TEn)ynll. (3.10)
Substituting into (3.9), we have
lxn+2 = Xns1ll < @pr1YLlxps1 —Xnll + Ont1llxns1 — xnll
+[(A=6p+ D — A1tV I Yn+1 = Yull + 1 TG ns1)yn — T(En)ynll
+lan+1 — anlyllf el + pllVT @) ynlll +16n+1 = 6nlI T n)yn — xal
< dp+1YLlXns1 —2p |l + 6ns1llxne1 — xnll

+[(1- 5n+1)I - an+1T][”xn+1 —xpll + sup ”T(tn+1)z - T(tn)zll

ZE{xn}

+ |ﬁn+1 - ,Bn|||xn - T(tn)xn |+ sup ”T(tn+1)y - T(tn)y”]
y€{yn}

+lan+1 = anlyUf )l + pllVT @) ynl1+160+1 =601 T(n)yn — x4l
=[1-aps1(0—yD)lxps1 =25l +[(1=6p+1)] — aps17ll sup 1T n+1)2 = T(tR)z2

ze{x,}

+ |,6n+1 - ,6n|||xn - T(tn)xn ” + Sl{lp} ”T(tn+1)y - T(tn)y”]
YE€Wn

+ |an+1 - anh’[”f(xn)” + ,u”VT(tn)yn ”] + |6n+1 - 6n|” T(tn)yn —Xn ”

= ||xn+1 _xn” + sup ”T(tn+1)z - T(tn)Z” + sup ”T(tn+1)y - T(tn)y”
ze{x,) yelyn}

+ |ﬂn+1 - ﬁn”lxn - T(tn)xn ” + |an+1 - anlY[lIf(xn)|| + ,u”VT(tn)yn ”]
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+16n4+1 = OnllIT(tR)yn — xnl
= ||xn+1 _xn” + [lﬁn+1 - ,Bn| + |an+1 - anl + |6n+1 _6n|]M1
+ sup [T(th+1)z = T(tp)zll + sup 1T (tnr1)y =Ty,

z€fxn} yelyn}
where Ml = SU—P{”xn - T(tn)xn ”a ”f(xn)” + /J”VT(tn)yn ”, ”T(tn)yn - xn”} < o0.
n=0
By condition (i), (ii), (iv) and Lemma we have
lim [, 1 — x|l = O. (3.11)
n—oo

Next, we show that ,}1_{& | T(t,)x, —x,| =0, by the convexity of | -||? for all ¢ > 1, Lemma
and (3.1), we obtain
lyn = pI? = 1 Bnxn + (1= B)T(tn)xn — pll?
< Bnllxn —pl?9 +A = BIIT(t)xn — p 9
< Brnllxn = plIl? +(1 = Bp)llx, — plI?
= lxn —pI9 (3.12)
and
I%n+1—PI? = 1Qclanyf(xp) +6pxn + (1= 6,)I — apuV)T(tn)yn]l - pll?
< N6n(xn — )+ (1 =6 )T (tn)yn — )+ an(yf(xn) — anuVT )yl
< 16n(xp =)+ (A =6, XT(t0)yn — PIIIY
+q{an(yf(xp) = anuVT(tn)yn), Jq(6n(xn, — p) + (1 =6, XT(tR)yn — P)))
+Cyllan(yf(xn) — anuVT(ty)ynll?
<6ulxn —pl?+ A =T ER)yn — PI?
+qanllyfan) = anpV T () ynll18nCen — p)+ (1= 8, )T (tn)yn — )77}
+Cqaillyf(an) = anpuV T (tn)ynll
<6pllxn —pl?+ A=) lyn — DY + @Mz
<lx, - pl?+a,Ms, (3.13)

where Mg = sug{qIIYf(xn)—aanT(tn)yn 16, =)+ A= T () yn —p)||q—1+quc,‘{+1 lyf(xn)—
n=

AntVT(tr)ynll9} < oo.
By (3.1), again
lyn =PI = 11 Bnn + (1= B)T(t)xy — plI?
< Bullxn — plI> + (1= BT (tn)xn — DI
< Bullxn — plI* + (@ = Bl — pII?
= %, - pII® (3.14)
and
12n+1—PI1? = 1Qclanyf(an) + 8nky + (1= 8)I — anuV)T(¢0)yn] - pII®
< 182 0n = )+ L= 8 )T En)yn — P) + Wn(yf (n) — an iV Tt ) yn)11?
< 18, = p) + (1 = 8 )T (t)yn — DI
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+2{an(yf(x) = anpuVT(tn)yn), J(On(xy — p) + (1 =6, )T (tr)yn — p)

+ an(yf(xn) — anpuVT(tn)yn)))
< 8nln =PI+ (A =N Ttn)yn — PIZ = 8,1 = 8,)glxn — T(tn)ynll) + anMs
<nlan —plII> + (1= 8)lyn — pI? =821 = 8,)8(lxn — Tty ) + an M3
< 8nllatn = plI* + (1= 8,)lx, = pII2 =8, (1= 8,)g(2tn = Tty ) + @ M3

<llxp — plI2 = 6,1 = 6,)8lxn — T(tn)ynl) + an Ms, (3.15)
where M3 = sup{2(yf(x,) — apnuVT () yn,J (6, (xn — p) + (1 = 6, )T (tp)yn — p) + an(yf(x,) —
n=0
anuVT(t,)yn))} <oo.
Then, we get

8n(1=8,)8(1%n = T(En)ynl) < llxn = pI* = lxps1 = pI* + @, M3
< llxn —xn+1lUlxn —pll + lxp+1 — P ID + @n Ms.
By (3.11), condition (i) and (ii), we have
I}ijgog(llxn —T(tn)ynl) = 0.
From property of g that
nlLIIgO lx, — T(tn)ynll = 0. (3.16)
By (3.1), we have
l2n+1 = TE)ynll = 1Qclanyf(xn) +6nxn + (1 =6 — anuVIT@)ynl—TEn)ynll
< lanyfxn) +6nxn +(1=0,)I = anuV)T () yn — T ) ynll
= lanyf(xn) +0n2xn =00 T(tn)yn — anptVIT () ynll
= lan(yf(xn) — pV T (t0)yn) + 6n(xn — T(¢n)yn)ll

=ap ”Yf(xn) - ,UVT(tn)yn |+ 6n”xn - T(tn)yn” (3.17)
By condition (i) and (3.16), we have
r}i_{glo lxn+1 =T (n)ynll =0. (3.18)

Observe that
lxn = T(En)xnll < llxn — Xp+1ll + 1xn+1 = TEDYR I + 1T # ) yn — T n)xn
< llxp —xn+1ll + 12n+1 = TER)ynll + Il yn — xxl
< llxn = Xp+1ll + llxn+1 = TE)yall + | Brxn + (1= B)T(En)xn — x4l
< e —2n+1ll + lxn+1 = TEn)ynll + Brllxn — xn |l
+ A= BIIT (tn)xn — xp|l. (3.19)
It follow that
Brllxn = T#n)xnll < lxn —2p41ll + 2n+1 = T(ER)ynll.
By condition (iv), (3.11)and (3.18), we have
’}1_)11010 I1T(t)xn — 20l =0. (3.20)
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Next, we show that z € F(7). We can choose a sequence {x,,;} of {x,} such that {x,,} is bounded,
there exists a subsequence {x, ik} of {x,,;} which converges weakly to z. Without loss of generality,

T n;JAn; —Ax; . .
we can assume that x,, — z. Let ¢,, = 0 such that ¢,, — 0 and “(t‘)tx—‘x‘” —0,i—o00.Fixs>0,
we have
[s/tnj]—l
lxn, —T(s)z|l < Z IT((G+ Dtp)xn, = TGtn)xn, | + 1 T([s/t5,1¢)x,, — T([s/ty,1tn,)z |l
Jj=0

+ T (Ls/tn;1tn,)z — T(s)z|l
< [s/tn T (n)xn; = %n; | + |2n, — 2| + 1 T(s —[s/tn,1tn,)z — 2|

T(tni)xni —Xn; |
S
tn.

12

< +llxp; — 2l +max{[|T(t)z -zl : 0 <t < t,,}.

For all i e N, we have

limsup[lx,, — T'(s)z|l < limsup|lx,, — 2|
1—00 1—00

Since E is a weakly sequentially continuous duality mapping satisfies the Opial’s condition,
this implies 7T'(s)z = z.
Next, we show that limsup(yf(x*) — uVx*,J4(x, —x*)) < 0. Since E is a weakly sequentially

I—00
continuous generalized duality mapping J, : E — E* and x,, — z, we obtain that

limsup(yf (") = uVa, Jq(an —27) = Hm (yf (") = pVx", I g (n; — "))

L—00

=(yf(x")—uVa*,Jy(z-x")) <0. (3.21)

Finally, we show that r}lrgo laxn, —x*| = 0.

lyn =217 < Bplley —x 17+ (1 = BT (En)xn, —x* |1
< Bnllxn, =217+ (1 = B)llxn, —x™ (|17
= llan — " 11%, (3.22)
and let w, = a,yf(xy) + 6,2, + (1= 6)] — anuV)T(¢,)yy. From Lemma Lemma and
Lemma 2.7, we have
1%p+1 =217 =(Qcwn —wn, Jqg(Xns1 =) +(wp — 2", Jg(xp41 — 7))
<{wp —x",Jg(xp11—x"))
< ([(1=6,) — anpuVIIT(tn)yn — "1, Jg(xn+1—x"))
+ an(yf(xn) — puVa™ , Jg(xne1 — 2" +8n(xn —x*, Jg(xp11 —x™))
<(1=6,— anDITE)yn — " Mxns1 =2 19+ 8,120 — 2 M xpe1 —x 1971
+an (Y xn) =Y (&™), Jg(kns1 =) + an(yf(xn) —pVa™, Jg(xpe1 — "))
<(1=8n—anDlyn =2 Mxni1 =2 197" + 8 llxy — ™ [lxp sy — 177
+an YLy — 2 [xnr1 =2 1971 + @ (y f (o) = uV ™, oI g (2041 — 6*))

< (1- ant+apyL)locy —x* xpe1 — 2" 1971+ @y fan) — pV ™ g (a1 — )

locn+1 —x" 19

1
<(1—ant+anyL) | ~llxn—2717 + 2
q
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+ @ (yf(xn) —uVa™, dJg(xne1— 7)), (3.23)
which implies that
1-ap(r+yL)
—_ 219 < — 9
l%n+1 =27 _1+(q—1)an(k—yL)”x” x|

.\ qa,
1+(q-Da,(r—yL)
<[1-a,(t+yL)llx, —x* |9

(Yf(xn)_,uvx*an(xn+l _x*))

qan
+ —uVx*,d, —x")). 3.24
17 (- 1)an(r—yL)<Yf(x”) pVa™,Jg(xni1—x") (3.24)
From (i), (3.21) and applying Lemma [2.8|to (3.24), we have |x, —x*|| — 0 as n — co. Then, the
sequence {x,} converges strongly to x* € F'. This completes the proof. O

Corollary 3.2. Let E be a q-uniformly smooth and uniformly convex Banach spaces which
admit a weakly sequentially continuous generalized duality mapping J, : E — E*, C be a
sunny nonexpansive retract and nonempty closed and convex subsets of E. Let Q¢ be a sunny
nonexpansive retraction from E onto C, T ={T(t):0 <t < oo} be a nonexpansive semigroup from
C into itself such that F(T) # @. Let {fn},, {6,};2, be the sequence in (0,1) and {t,}}?; be a
positive real divergent sequence. Define a sequence {x,} by the following algorithm: x1 € C and
{yn = Bt + (1= )T (tn)n,

Xn+1=Qclénx, +(1=06,)T(t,)yn],
which satisfy the conditions (i), (ii1) and (iv). Then, the sequence {x,} converges strongly to x*,
where x* is the unique solution in F(7) of the variational inequality

(3.25)

(yfx™)—puVa*,Jg(z—x")) <0, VzeF. (3.26)
Proof. Take a, =0, then (3.1) is reduced to (3.25). O

Corollary 3.3. Let E be a q-uniformly smooth and uniformly convex Banach spaces which
admit a weakly sequentially continuous generalized duality mapping J, : E — E*, C be a
sunny nonexpansive retract and nonempty closed and convex subsets of E. Let Q¢ be a sunny
nonexpansive retraction from E onto C, T be a nonexpansive mapping from C into itself such
that F(T) # @. Let f : C — E be a L-Lipschitzian mapping with constant L=0and V :C — E be
a k-Lipschitzian and n-strongly accretive operator with constant k,n > 0. Let {a,}°° ,, {B,}°°

n=1’ n=1’

{61}, be the sequence in (0,1) and {t,};.; be a positive real divergent sequence1 such that,
1 . . . 97 k4

O<pu< (szq )a-T which Cy is a positive real number, 0 < yL <71 where T = j(n— %). Define

a sequence {x,} by the following algorithm: x1 € C and
{yn = Bty +(1= o) T,
Xn+1=Qclanyf(xn) +6pxn +(1=6,)I — anuV)Ty,,
which satisfy the conditions (i), (ii) and (iv). Then, the sequence {x,} converges strongly to x*,

where x* is the unique solution in F(T) of the variational inequality

(yfx™)—puVa*,Jg(z—x")) <0, VzeF. (3.28)

(3.27)
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4. Conclusion

According to this research, we presented the generalized iterative method which extended from
the recently proposed researches in the literatures. Under the necessary and simple conditions,
the strong convergence theorem is proved to solve fixed point problem for nonexpansive
semigroup in the framework of g-uniformly smooth and uniformly convex Banach spaces.
Moreover, since many applications in sciences can be formulated in form of fixed point problems,
therefore our method can be also applied to solve various problems in many disciplines.
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