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1. Introduction
Let E be a real Banach space, let C be a nonempty closed convex subset of E. A mapping T of C
is said to be nonexpansive if ‖Tx−T y‖ ≤ ‖x− y‖ for each x, y ∈ C. We denote by F(T) the set of
fixed points of T , that is F(T)= {x ∈ C : x = Tx}.

Let {T(t) : t ≥ 0} be a family of mappings from a subset C of E into itself. We call it a
nonexpansive semigroup on C if the following conditions are satisfied:

(i) T(0)x = x for all x ∈ C;

(ii) T(s+ t)= T(s)◦T(t) for all s, t ≥ 0;

(iii) for each x ∈ C the mapping t 7→ T(t)x is continuous;

(iv) ‖T(t)x−T(t)y‖ ≤ ‖x− y‖ for all x, y ∈ C and t ≥ 0.

We denote by F(T) the set of all common fixed points of T, i.e., F(T)= {x ∈ C : T(t)x = x, 0≤ s <∞}.
It is known that F(T) is closed and convex. A mapping f : C → E is said to be k-Lipschitzian,
if there exists a constant k > 0 such that

‖ f x− f y‖ ≤ L‖x− y‖, ∀ x, y ∈ C .

A Banach space E is said to be strictly convex if
∥∥ x+y

2

∥∥< 1 for all x, y ∈ E with ‖x‖ = ‖y‖ = 1 and
x 6= y. Let U = {x ∈ E : ‖x‖ = 1} be the unit sphere of E. The modulus of convexity of E is the
function δ : [0,2]→ [0,1] defined by

δ(ε)= inf
{
1−

∥∥∥ x+ y
2

∥∥∥ : x, y ∈ E,‖x‖ = ‖y‖ = 1,‖x− y‖ ≥ ε
}

. (1.1)

A Banach space E is uniformly convex if and only if δ(ε)> 0 for all ε ∈ (0,2]. The Banach space
E is said to be smooth provided

lim
t→0

‖x+ ty‖−‖x‖
t

exists for each x, y ∈U . The modulus of smoothness ρE(τ) : [0,∞)→ [0,∞) defined by

ρE(τ)= sup

{
1

2
(‖x+τy‖+‖x−τy‖)−1 : ‖x‖ = ‖y‖ = 1

}
. (1.2)

It is also said to be uniformly smooth if lim
n→∞

ρE(τ)
τ

= 0, E is said to be q-uniformly smooth if there
exists a constant Cq > 0 such that ρE(τ)≤ Cqτ

q for all τ> 0 where q is a fixed real number with
1< q < 2.

The generalized duality mapping Jq : E → 2E∗
is defined by

Jq(x)= {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖q,‖x∗‖ = ‖x‖q−1} (1.3)

for all x ∈ E. In particular, J = J2 is called the normalized duality mapping and

(i) Jq(x)= ‖x‖q−2J2(x) for all x ∈ E with x 6= 0;

(ii) Jq(tx)= tq−1Jq(x) for all x ∈ E and t ∈ [0,∞);

(iii) Jq(−x)=−Jq(x) for all x ∈ E.

If E is a Hilbert space, then J = I , where I is the identity mapping.
Let V : C → E be a nonlinear mapping. Then V is called

(i) accretive if there exists jq(x− y) ∈ Jq(x− y) such that

〈V x−V y, jq(x− y)〉 ≥ 0, ∀ x, y ∈ C;
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(ii) η-strongly accretive if for some η> 0, there exists jq(x− y) ∈ Jq(x− y) such that

〈V x−V y, jq(x− y)〉 ≥ η‖x− y‖q, ∀ x, y ∈ C.

In 2011, Sunthrayuth et al. [8] introduced a composite iterative algorithm {xn} in a Banach
space as follows: x1 = x ∈ C and{

yn =βnxn + (1−βn)T(tn)xn,
xn+1 =αnγ f (xn)+δnxn + ((1−δn)I −αn A)yn, ∀ n ≥ 0,

(1.4)

where f : C → C is a contraction mapping, T(tn) is a nonexpansive semigroup and A is a strongly
positive linear bounded operator, and prove, under some conditions than {xn} converges strongly
to a common fixed point, which solves some variational inequality in Banach spaces.

In 2013, Song and Ceng [7] introduced a new iterative algorithm for finding a common
element of the set of solutions of a system of variational inequalities and the set of fixed points
of a family nonexpansive mappings in a q-uniformly smooth Banach space as the following:

x1 ∈ C,
xn+1 =QC[αnγ f xn +γnxn + ((1−γn)I −αnµV )Tn yn],
yn = (1−βn)xn +βnkn,
kn =QC(zn −λAzn),
zn =QC(xn −σBxn),

(1.5)

then, we prove a strong convergence theorem for the iterative sequence generated by (1.5) under
some conditions.

For its importance of this topic, many authors tried to solve this problem by expanding and
developing the iterative algorithm in various ways including generalizing their mapping for the
wide range of using their algorithms. For more details please see in [1,4–6].

In this paper, motivated and inspired by Sunthrayuth et al. [8] and Song and Ceng [7],
we introduce the algorithm defined by:{

yn =βnxn + (1−βn)T(tn)xn,
xn+1 =QC[αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn],

(1.6)

where T(tn) be nonexpansive semigroup. Under some appropriate different conditions, we will
prove that the sequence {xn} generated by algorithms (1.6) converges strongly to a point x∗,
where x∗ is the unique solution in F(T).

2. Preliminaries
A mapping T : C → C is said to be nonexpansive if

‖Tx−T y‖ ≤ ‖x− y‖,

for all x, y ∈ C. We denote by F(T) the set of fixed points of T . If C is bounded closed convex and
T is a nonexpansive mapping of C into itself, then F(T) is nonempty.

Lemma 2.1. In a Banach space E, there holds the inequality

‖x+ y‖2 ≤ ‖x‖2 +2〈y, j(x+ y)〉, x, y ∈ E,

where j(x+ y) ∈ J(x+ y).
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Lemma 2.2 (Xu [10]). Let E be a uniformly convex Banach space. Then for each r > 0, there
exists a strictly increasing, continuous and convex function g : [0,∞)→ [0,∞) such that g(0)= 0
and

‖λx+ (1−λy)‖2 ≤λ‖x‖2 + (1−λ)‖y‖2 −λ(1−λ)g(‖x− y‖) (2.1)

for all x, y ∈ {z ∈ E : ‖z‖ ≤ r} and λ ∈ [0,1].

Lemma 2.3 (Kamimure and Takahashi [2]). Let E be a smooth and uniformly convex Banach
space and let r > 0. Then there exists a strictly increasing, continuous, and convex function
g : [0,2r]→R such that g(0)= 0 and g(‖x−y‖)≤ ‖x‖2−2〈x, J y〉+‖y‖2 for all x, y ∈ {z ∈ E : ‖z‖ < r}.

Lemma 2.4 (Sunthrayuth and Kumam [9]). Let C be a nonempty, closed and convex subset of
a real q-uniformly smooth Banach space X . Let V : C → E be a k-Lipschitzian and η-strongly

accretive operator with constants k,η> 0. Let 0<µ<
(

qη
Cqkq

)
1

q−1 and τ=µ
(
η− Cqµ

q−1kq

q

)
. Then for

t ∈
(
0,min{1, 1

τ
}
)
, the mapping S : C → E define by S := (I − tµV ) is a contraction with constant

1− tτ.

Lemma 2.5 (Song and Ceng [7]). Let C be a nonempty, closed and convex subset of a real
reflexive and q-uniformly smooth Banach space E which admits a weakly sequentially continuous
generalized duality mapping Jq from E into E∗. Let QC be a sunny nonexpansive retraction
from E onto C, V : C → E a k-Lipschitzian and η-strongly accretive operator with constants
k,η > 0. Suppose f : C → E is a L-Lipschitzian mapping with constant L > 0 and T : C → C

a nonexpansive mapping such that F(T) 6= ;. Let 0 < µ <
(

qη
Cqkq

) 1
q−1 and 0 ≤ γL < τ, where

τ=µ
(
η− Cqµ

q−1kq

q

)
. Then {xt} defined by xt =QC[tγ f xt+ (I− tµV )Txt] converges strongly to some

point x∗ ∈ F(T) as t → 0, which is the unique solution of the variational inequality:

〈γ f x∗−µV x∗, Jq(p− x∗)〉 ≤ 0, ∀ p ∈ F(T).

Lemma 2.6 (Song and Ceng [7]). Let C be a closed convex subset of a smooth Banach space E.
Let C̃ be a nonempty subset of C. Let Q : C → C̃ be a retraction and let J, Jq be the normalized
duality mapping and generalized duality mapping on E, respectively. Then the following are
equivalent:

(a) Q is sunny and nonexpansive;
(b) ‖Qx−Q y‖2 ≤ 〈x− y, J(Qx−Q y)〉, ∀ x, y ∈ E;
(c) 〈x−Qx, J(y−Qx)〉 ≤ 0, ∀ x ∈ C, y ∈ C̃;
(d) 〈x−Qx, Jq(y−Qx)〉 ≤ 0, ∀ x ∈ C, y ∈ C̃.

Lemma 2.7 (Mitrinovic̀ [3]). Let q > 1. Then the following inequality holds:

ab ≤ 1
q

aq + q−1
q

b
q

q−1

for arbitrary positive real numbers a,b.

Lemma 2.8. (Xu [11]). Assume {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1−αn)an +αnβn +γn, n ≥ 0
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where {αn}, {βn}, {γn} satisfy the conditions:

(i) lim
n→∞αn = 0,

∞∑
n=1

αn =∞;

(ii) limsup
n→∞

βn ≤ 0;

(iii) γn ≥ 0,
∞∑

n=1
γn <∞.

Then lim
n→∞an = 0.

Lemma 2.9 (Xu [10]). Let E be a real q-uniformly smooth Banach space, then there exists a
constant Cq > 0 such that

‖x+ y‖q ≤ ‖x‖q + q〈y, Jq(x)〉+Cq‖y‖q, ∀ x, y ∈ E.

In particular, if E is real 2-uniformly smooth Banach space, then there exists a best smooth
constant K > 0 such that

‖x+ y‖2 ≤ ‖x‖2 +2〈y, J(x)〉+2K‖y‖2, ∀ x, y ∈ E.

3. Main Results
In this section, we propose the iterative scheme for solving a fixed pint problem of nonexpansive
semigroup in the framework of q-uniformly smooth and uniformly convex Banach spaces. Under
the appropriate assumptions, the strong convergence theorem is proved as follows.

Theorem 3.1. Let E be a q-uniformly smooth and uniformly convex Banach spaces which
admit a weakly sequentially continuous generalized duality mapping Jq : E → E∗, C be a
sunny nonexpansive retract and nonempty closed and convex subsets of E. Let QC be a sunny
nonexpansive retraction from E onto C, T = {T(t) : 0≤ t <∞} be a nonexpansive semigroup from
C into itself such that F(T) 6= ;. Let f : C → E be a L-Lipschitzian mapping with constant L ≥ 0
and V : C → E be a k-Lipschitzian and η-strongly accretive operator with constant k,η > 0.
Let {αn}∞n=1, {βn}∞n=1, {δn}∞n=1 be the sequence in (0,1) and {tn}∞n=1 be a positive real divergent

sequence such that, 0 < µ <
(

qη
Cqkq

) 1
q−1 which Cq is a positive real number, 0 ≤ γL < τ where

τ=µ
(
η− Cqµ

q−1kq

q

)
. Define a sequence {xn} by the following algorithm: x1 ∈ C and{

yn =βnxn + (1−βn)T(tn)xn,
xn+1 =QC[αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn],

(3.1)

which satisfy the following conditions:

(i) lim
n→∞αn = 0,

∞∑
n=0

αn =∞, lim
n→∞ |αn+1 −αn| = 0,

(ii) 0< liminf
n→∞ δn < limsup

n→∞
δn < 1, lim

n→∞ |δn+1 −δn| = 0,

(iii)
∞∑

n=1
sup
z∈xn

‖T(tn+1)x−T(tn)x‖ <∞,

(iv) 0< liminf
n→∞ βn < limsup

n→∞
βn < 1, lim

n→∞ |βn+1 −βn| = 0.
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Then, the sequence {xn} converges strongly to x∗, where x∗ is the unique solution in F(T) of the
variational inequality

〈γ f (x∗)−µV x∗, Jq(z− x∗)〉 ≤ 0, ∀ z ∈ F. (3.2)

Proof. First, we show that {xn} is bounded. Let p ∈ F , we have

‖yn − p‖ = ‖βnxn + (1−βn)T(tn)xn − p‖
≤βn‖xn − p‖+ (1−βn)‖T(tn)− p‖
≤βn‖xn − p‖+ (1−βn)‖xn − p‖
≤ ‖xn − p‖. (3.3)

From (3.1) and (3.3), we have

‖xn+1 − p‖ =QC[αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn]− p‖
≤ ‖[(1−δn)I −αnµV ][T(tn)yn − p]+αn(γ f (xn)−µV p)+δn(xn − p)‖
≤ (1−δn −αnτ)‖T(tn)yn − p‖+αn‖γ f (xn)−µV p‖+δn‖xn − p‖
≤ (1−δn −αnτ)‖yn − p‖+αnγL‖xn − p‖+αn‖γ f (p)−µV p‖+δn‖xn − p‖
≤ (1−δn −αnτ)‖yn − p‖+αnγ‖xn − p‖+αn‖γ f (p)−µV p‖+δn‖xn − p‖
= [1−αn(k+γL)]‖xn − p‖+αn(k+γL)

‖γ f (p)−µV p‖
k+γL

.

By induction, we get

‖xn+1 − p‖ ≤max
{
‖x1 − p‖,

‖γ f (p)−µV p‖
k+γL

}
,

for n ≥ 1. Hence {xn} is bounded, so are {yn}, { f (xn)}, {T(tn)xn}.
Next, we will show that lim

n→∞‖xn+1 − xn‖ = 0. From (3.1)

yn =βnxn + (1−βn)T(tn)xn,

yn+1 =βn+1xn+1 + (1−βn+1)T(tn+1)xn+1, (3.4)

we have

‖yn+1 − yn‖ = (1−βn+1)‖T(tn+1)xn+1 −T(tn)xn‖+βn+1‖xn+1 − xn‖
+|βn+1 −βn|‖xn −T(tn)xn‖. (3.5)

We consider the first term on this right side of (3.5), we get

‖T(tn+1)xn+1 −T(tn)xn‖ ≤ ‖T(tn+1)xn+1 −T(tn+1)xn‖+‖T(tn+1)xn −T(tn)xn‖
≤ ‖xn+1 − xn‖+‖T(tn+1)xn −T(tn)xn‖. (3.6)

Substituting (3.6) into (3.5), we have

‖yn+1 − yn‖ ≤ (1−βn+1)‖xn+1 − xn‖+ (1−βn+1)‖T(tn+1)xn −T(tn)xn‖+βn+1‖xn+1 − xn‖
+|βn+1 −βn|‖xn −T(tn)xn‖ (3.7)

≤ ‖xn+1 − xn‖+‖T(tn+1)xn −T(tn)xn‖+|βn+1 −βn|‖xn −T(tn)xn‖
= ‖xn+1 − xn‖+ sup

z∈{xn}
‖T(tn+1)z−T(tn)z‖+|βn+1 −βn|‖xn −T(tn)xn‖. (3.8)
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Similarly, from definition of {xn}, observing that

xn+1 =QC[αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn],

xn+2 =QC[αn+1γ f (xn+1)+δn+1xn+1 + ((1−δn+1)I −αn+1µV )T(tn+1)yn+1],

we have

‖xn+2 − xn+1‖ = ‖QC[αn+1γ f (xn+1)+δn+1xn+1 + ((1−δn+1)I −αn+1µV )T(tn+1)yn+1]

−QC[αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn]‖
≤ ‖[αn+1γ f (xn+1)+δn+1xn+1 + ((1−δn+1)I −αn+1µV )T(tn+1)yn+1]

− [αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn]‖
= ‖[αn+1γ f (xn+1)+δn+1xn+1 + ((1−δn+1)I −αn+1µV )T(tn+1)yn+1]

− [αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn]+αn+1γ f (xn)−αn+1γ f (xn)

+δn+1xn −δn+1xn + ((1−δn)I −αnµV )T(tn)yn − ((1−δn)I −αnµV )T(tn)yn‖
≤αn+1γ‖ f (xn+1)− f (xn)‖+δn+1‖xn+1 − xn‖+‖[(1−δn+1)I −αn+1µV ]

· [T(tn+1)yn+1 −T(tn)yn]‖+|αn+1 −αn|γ‖ f (xn)‖+|αn+1 −αn|µ‖V T(tn)yn‖
+|δn+1 −δn|‖T(tn)yn − xn‖

≤αn+1γL‖xn+1 − xn‖+δn+1‖xn+1 − xn‖
+ [(1−δn+1)I −αn+1µV ]‖T(tn+1)yn+1 −T(tn)yn‖
+|αn+1 −αn|γ[‖ f (xn)‖+µ‖V T(tn)yn‖]+|δn+1 −δn|‖T(tn)yn − xn‖. (3.9)

We note that

‖T(tn+1)yn+1 −T(tn)yn‖ ≤ ‖T(tn+1)yn+1 −T(tn+1)yn‖+‖T(tn+1)yn −T(tn)yn‖
≤ ‖yn+1 − yn‖+‖T(tn+1)yn −T(tn)yn‖. (3.10)

Substituting (3.10) into (3.9), we have

‖xn+2 − xn+1‖ ≤αn+1γL‖xn+1 − xn‖+δn+1‖xn+1 − xn‖
+ [(1−δn+1)I −αn+1µV ][‖yn+1 − yn‖+‖T(tn+1)yn −T(tn)yn‖]

+|αn+1 −αn|γ[‖ f (xn)‖+µ‖V T(tn)yn‖]+|δn+1 −δn|‖T(tn)yn − xn‖
≤αn+1γL‖xn+1 − xn‖+δn+1‖xn+1 − xn‖
+ [(1−δn+1)I −αn+1τ][‖xn+1 − xn‖+ sup

z∈{xn}
‖T(tn+1)z−T(tn)z‖

+|βn+1 −βn|‖xn −T(tn)xn‖+ sup
y∈{yn}

‖T(tn+1)y−T(tn)y‖]

+|αn+1 −αn|γ[‖ f (xn)‖+µ‖V T(tn)yn‖]+|δn+1 −δn|‖T(tn)yn − xn‖
= [1−αn+1(τ−γL)]‖xn+1 − xn‖+ [(1−δn+1)I −αn+1τ][ sup

z∈{xn}
‖T(tn+1)z−T(tn)z‖

+|βn+1 −βn|‖xn −T(tn)xn‖+ sup
y∈{yn}

‖T(tn+1)y−T(tn)y‖]

+|αn+1 −αn|γ[‖ f (xn)‖+µ‖V T(tn)yn‖]+|δn+1 −δn|‖T(tn)yn − xn‖
≤ ‖xn+1 − xn‖+ sup

z∈{xn}
‖T(tn+1)z−T(tn)z‖+ sup

y∈{yn}
‖T(tn+1)y−T(tn)y‖

+|βn+1 −βn|‖xn −T(tn)xn‖+|αn+1 −αn|γ[‖ f (xn)‖+µ‖V T(tn)yn‖]
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+|δn+1 −δn|‖T(tn)yn − xn‖
≤ ‖xn+1 − xn‖+ [|βn+1 −βn|+ |αn+1 −αn|+ |δn+1 −δn|]M1

+ sup
z∈{xn}

‖T(tn+1)z−T(tn)z‖+ sup
y∈{yn}

‖T(tn+1)y−T(tn)y‖,

where M1 = sup
n≥0

{‖xn −T(tn)xn‖,‖ f (xn)‖+µ‖V T(tn)yn‖,‖T(tn)yn − xn‖}<∞.

By condition (i), (ii), (iv) and Lemma 2.8, we have

lim
n→∞‖xn+1 − xn‖ = 0. (3.11)

Next, we show that lim
n→∞‖T(tn)xn − xn‖ = 0, by the convexity of ‖ · ‖q for all q > 1, Lemma 2.9

and (3.1), we obtain

‖yn − p‖q = ‖βnxn + (1−βn)T(tn)xn − p‖q

≤βn‖xn − p‖q + (1−βn)‖T(tn)xn − p‖q

≤βn‖xn − p‖q + (1−βn)‖xn − p‖q

= ‖xn − p‖q (3.12)

and

‖xn+1 − p‖q = ‖QC[αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn]− p‖q

≤ ‖δn(xn − p)+ (1−δn)(T(tn)yn − p)+αn(γ f (xn)−αnµV T(tn)yn)‖q

≤ ‖δn(xn − p)+ (1−δn)(T(tn)yn − p)‖q

+ q〈αn(γ f (xn)−αnµV T(tn)yn), Jq(δn(xn − p)+ (1−δn)(T(tn)yn − p))〉
+Cq‖αn(γ f (xn)−αnµV T(tn)yn‖q

≤ δn‖xn − p‖q + (1−δn)‖T(tn)yn − p)‖q

+ qαn‖γ f (xn)−αnµV T(tn)yn‖‖δn(xn − p)+ (1−δn)(T(tn)yn − p)‖q−1

+Cqα
q
n‖γ f (xn)−αnµV T(tn)yn‖q

≤ δn‖xn − p‖q + (1−δn)‖yn − p)‖q +αnM2

≤ ‖xn − p‖q +αnM2, (3.13)

where M2 = sup
n≥0

{q‖γ f (xn)−αnµV T(tn)yn‖‖δn(xn−p)+(1−δn)(T(tn)yn−p)‖q−1+Cqα
q+1
n ‖γ f (xn)−

αnµV T(tn)yn‖q}<∞.
By (3.1), again

‖yn − p‖2 = ‖βnxn + (1−βn)T(tn)xn − p‖2

≤βn‖xn − p‖2 + (1−βn)‖T(tn)xn − p‖2

≤βn‖xn − p‖2 + (1−βn)‖xn − p‖2

= ‖xn − p‖2 (3.14)

and

‖xn+1 − p‖2 = ‖QC[αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn]− p‖2

≤ ‖δn(xn − p)+ (1−δn)(T(tn)yn − p)+αn(γ f (xn)−αnµV T(tn)yn)‖2

≤ ‖δn(xn − p)+ (1−δn)(T(tn)yn − p)‖2
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+2〈αn(γ f (xn)−αnµV T(tn)yn), J(δn(xn − p)+ (1−δn)(T(tn)yn − p)

+αn(γ f (xn)−αnµV T(tn)yn))〉
≤ δn‖xn − p‖2 + (1−δn)‖T(tn)yn − p‖2 −δn(1−δn)g(‖xn −T(tn)yn‖)+αnM3

≤ δn‖xn − p‖2 + (1−δn)‖yn − p‖2 −δn(1−δn)g(‖xn −T(tn)yn‖)+αnM3

≤ δn‖xn − p‖2 + (1−δn)‖xn − p‖2 −δn(1−δn)g(‖xn −T(tn)yn‖)+αnM3

≤ ‖xn − p‖2 −δn(1−δn)g(‖xn −T(tn)yn‖)+αnM3, (3.15)

where M3 = sup
n≥0

{2〈γ f (xn) − αnµV T(tn)yn, J(δn(xn − p) + (1 − δn)(T(tn)yn − p) + αn(γ f (xn) −
αnµV T(tn)yn))〉}<∞.

Then, we get

δn(1−δn)g(‖xn −T(tn)yn‖)≤ ‖xn − p‖2 −‖xn+1 − p‖2 +αnM3

≤ ‖xn − xn+1‖(‖xn − p‖+‖xn+1 − p‖)+αnM3.

By (3.11), condition (i) and (ii), we have

lim
n→∞ g(‖xn −T(tn)yn‖)= 0.

From property of g that

lim
n→∞‖xn −T(tn)yn‖ = 0. (3.16)

By (3.1), we have

‖xn+1 −T(tn)yn‖ = ‖QC[αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn]−T(tn)yn‖
≤ ‖αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn −T(tn)yn‖
= ‖αnγ f (xn)+δnxn −δnT(tn)yn −αnµV T(tn)yn‖
= ‖αn(γ f (xn)−µV T(tn)yn)+δn(xn −T(tn)yn)‖
≤αn‖γ f (xn)−µV T(tn)yn‖+δn‖xn −T(tn)yn‖. (3.17)

By condition (i) and (3.16), we have

lim
n→∞‖xn+1 −T(tn)yn‖ = 0. (3.18)

Observe that

‖xn −T(tn)xn‖ ≤ ‖xn − xn+1‖+‖xn+1 −T(tn)yn‖+‖T(tn)yn −T(tn)xn‖
≤ ‖xn − xn+1‖+‖xn+1 −T(tn)yn‖+‖yn − xn‖
≤ ‖xn − xn+1‖+‖xn+1 −T(tn)yn‖+‖βnxn + (1−βn)T(tn)xn − xn‖
≤ ‖xn − xn+1‖+‖xn+1 −T(tn)yn‖+βn‖xn − xn‖
+ (1−βn)‖T(tn)xn − xn‖. (3.19)

It follow that

βn‖xn −T(tn)xn‖ ≤ ‖xn − xn+1‖+‖xn+1 −T(tn)yn‖ .

By condition (iv), (3.11)and (3.18), we have

lim
n→∞‖T(tn)xn − xn‖ = 0. (3.20)

Communications in Mathematics and Applications, Vol. 10, No. 2, pp. 295–307, 2019



304 Convergence Theorem for Nonexpansive Semigroups . . . : U. Witthayarat and K. Wattanawitoon

Next, we show that z ∈ F(T). We can choose a sequence {xni } of {xn} such that {xni } is bounded,
there exists a subsequence {xnik

} of {xni } which converges weakly to z. Without loss of generality,

we can assume that xni* z. Let tni ≥ 0 such that tni → 0 and
‖T(tni )xni−xxi‖

tni
→ 0, i →∞. Fix s > 0,

we have

‖xni −T(s)z‖ ≤
[s/tn j ]−1∑

j=0
‖T(( j+1)tni )xni −T( jtni )xni‖+‖T([s/tni ]ti)xni −T([s/tni ]tni )z‖

+‖T([s/tni ]tni )z−T(s)z‖
≤ [s/tni ]‖T(tni )xni − xni‖+‖xni − z‖+‖T(s− [s/tni ]tni )z− z‖

≤ s
T(tni )xni − xni‖

tni

+‖xni − z‖+max{‖T(t)z− z‖ : 0≤ t ≤ tni }.

For all i ∈N, we have

limsup
i→∞

‖xni −T(s)z‖ ≤ limsup
i→∞

‖xni − z‖.

Since E is a weakly sequentially continuous duality mapping satisfies the Opial’s condition,
this implies T(s)z = z.

Next, we show that limsup
i→∞

〈γ f (x∗)−µV x∗, Jq(xn − x∗)〉 ≤ 0. Since E is a weakly sequentially

continuous generalized duality mapping Jq : E → E∗ and xni* z, we obtain that

limsup
i→∞

〈γ f (x∗)−µV x∗, Jq(xn − x∗)〉 = lim
i→∞

〈γ f (x∗)−µV x∗, Jq(xni − x∗)〉

= 〈γ f (x∗)−µV x∗, Jq(z− x∗)〉 ≤ 0. (3.21)

Finally, we show that lim
n→∞‖xn − x∗‖ = 0.

‖yn − x∗‖q ≤βn‖xn − x∗‖q + (1−βn)‖T(tn)xn − x∗‖q

≤βn‖xn − x∗‖q + (1−βn)‖xn − x∗‖q

≤ ‖xn − x∗‖q, (3.22)

and let wn = αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T(tn)yn. From Lemma 2.4, Lemma 2.6 and
Lemma 2.7, we have

‖xn+1 − x∗‖q = 〈QCwn −wn, Jq(xn+1 − x∗)〉+〈wn − x∗, Jq(xn+1 − x∗)〉
≤ 〈wn − x∗, Jq(xn+1 − x∗)〉
≤ 〈[(1−δn)I −αnµV ][T(tn)yn − x∗], Jq(xn+1 − x∗)〉
+αn〈γ f (xn)−µV x∗, Jq(xn+1 − x∗)〉+δn〈xn − x∗, Jq(xn+1 − x∗)〉

≤ (1−δn −αnτ)‖T(tn)yn − x∗‖‖xn+1 − x∗‖q−1 +δn‖xn − x∗‖‖xn+1 − x∗‖q−1

+αn〈γ f (xn)−γ f (x∗), Jq(xn+1 − x∗)〉+αn〈γ f (xn)−µV x∗, Jq(xn+1 − x∗)〉
≤ (1−δn −αnτ)‖yn − x∗‖‖xn+1 − x∗‖q−1 +δn‖xn − x∗‖‖xn+1 − x∗‖q−1

+αnγL‖xn − x∗‖‖xn+1 − x∗‖q−1 +αn〈γ f (xn)−µV x∗, Jq(xn+1 − x∗)〉
≤ (1−αnτ+αnγL)‖xn − x∗‖‖xn+1 − x∗‖q−1 +αn〈γ f (xn)−µV x∗, Jq(xn+1 − x∗)〉
≤ (1−αnτ+αnγL)

[
1
q
‖xn − x∗‖q + q−1

q
‖xn+1 − x∗‖q

]
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+αn〈γ f (xn)−µV x∗, Jq(xn+1 − x∗)〉, (3.23)

which implies that

‖xn+1 − x∗‖q ≤ 1−αn(τ+γL)

1+ (q−1)αn(k−γL)
‖xn − x∗‖q

+ qαn

1+ (q−1)αn(τ−γL)
〈γ f (xn)−µV x∗, Jq(xn+1 − x∗)〉

≤ [1−αn(τ+γL)]‖xn − x∗‖q

+ qαn

1+ (q−1)αn(τ−γL)
〈γ f (xn)−µV x∗, Jq(xn+1 − x∗)〉. (3.24)

From (i), (3.21) and applying Lemma 2.8 to (3.24), we have ‖xn − x∗‖→ 0 as n →∞. Then, the
sequence {xn} converges strongly to x∗ ∈ F . This completes the proof.

Corollary 3.2. Let E be a q-uniformly smooth and uniformly convex Banach spaces which
admit a weakly sequentially continuous generalized duality mapping Jq : E → E∗, C be a
sunny nonexpansive retract and nonempty closed and convex subsets of E. Let QC be a sunny
nonexpansive retraction from E onto C, T = {T(t) : 0≤ t <∞} be a nonexpansive semigroup from
C into itself such that F(T) 6= ;. Let {βn}∞n=1, {δn}∞n=1 be the sequence in (0,1) and {tn}∞n=1 be a
positive real divergent sequence. Define a sequence {xn} by the following algorithm: x1 ∈ C and{

yn =βnxn + (1−βn)T(tn)xn,
xn+1 =QC[δnxn + (1−δn)T(tn)yn],

(3.25)

which satisfy the conditions (ii), (iii) and (iv). Then, the sequence {xn} converges strongly to x∗,
where x∗ is the unique solution in F(T) of the variational inequality

〈γ f (x∗)−µV x∗, Jq(z− x∗)〉 ≤ 0, ∀ z ∈ F. (3.26)

Proof. Take αn = 0, then (3.1) is reduced to (3.25).

Corollary 3.3. Let E be a q-uniformly smooth and uniformly convex Banach spaces which
admit a weakly sequentially continuous generalized duality mapping Jq : E → E∗, C be a
sunny nonexpansive retract and nonempty closed and convex subsets of E. Let QC be a sunny
nonexpansive retraction from E onto C, T be a nonexpansive mapping from C into itself such
that F(T) 6= ;. Let f : C → E be a L-Lipschitzian mapping with constant L ≥ 0 and V : C → E be
a k-Lipschitzian and η-strongly accretive operator with constant k,η> 0. Let {αn}∞n=1, {βn}∞n=1,
{δn}∞n=1 be the sequence in (0,1) and {tn}∞n=1 be a positive real divergent sequence such that,

0<µ< ( qη
Cqkq )

1
q−1 which Cq is a positive real number, 0≤ γL < τ where τ=µ(η− Cqµ

q−1kq

q ). Define
a sequence {xn} by the following algorithm: x1 ∈ C and{

yn =βnxn + (1−βn)Txn,
xn+1 =QC[αnγ f (xn)+δnxn + ((1−δn)I −αnµV )T yn],

(3.27)

which satisfy the conditions (i), (ii) and (iv). Then, the sequence {xn} converges strongly to x∗,
where x∗ is the unique solution in F(T) of the variational inequality

〈γ f (x∗)−µV x∗, Jq(z− x∗)〉 ≤ 0, ∀ z ∈ F. (3.28)
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4. Conclusion
According to this research, we presented the generalized iterative method which extended from
the recently proposed researches in the literatures. Under the necessary and simple conditions,
the strong convergence theorem is proved to solve fixed point problem for nonexpansive
semigroup in the framework of q-uniformly smooth and uniformly convex Banach spaces.
Moreover, since many applications in sciences can be formulated in form of fixed point problems,
therefore our method can be also applied to solve various problems in many disciplines.
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