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Wavelets and Frames Based on Walsh-Dirichlet Type Kernels

Yu.A. Farkov

Abstract. Using the Walsh-Dirichlet kernel and some of its modifications, we
construct several examples of frames and periodic wavelets on the positive half-
line. The corresponding algorithms for decomposition and reconstruction are also
discussed. It is noted that similar results can be obtained for wavelets and frames
on the Cantor and Vilenkin groups.

1. Introduction

Orthogonal wavelets and refinable functions representable as lacunary Walsh
series have been initiated in [13]; recent results in this direction can be found in
[3]-[7] and the references therein. In the present paper, by analogy with frames
and wavelets on the line R, which are usually determined by appropriately chosen
trigonometric or orthogonal polynomials (cf. [2], [8] [15]), we study frames
and periodic wavelets on the positive half-line R, associated with the Walsh-
Dirichlet kernel and some of its modifications. Results on mappings into the Walsh
polynomial spaces and algorithms for decomposition and reconstruction are also
discussed. We note that similar results can be obtained in a more general setting,
e.g., for wavelets and frames on the Cantor and Vilenkin groups (cf. [13], [4]).

Let us recall that the Walsh system {w; |l € Z_} on R, is defined as

k

wo) =1,  w) =] [wi(@x)", 1eN, xeR,
j=0

where k and v; are deduced from the dyadic expansion

k

1=>v2, v;ef0,1}, v=1, k=k(),
j=0
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and w,(x) is defined on [0, 1) by the formula

1, x €[0,1/2),
wi(x) =
-1, xe€[1/2,1)

and is extended to R, such that w;(x + 1) = w;(x) for all x € R, . For basic
properties of the Walsh series and their numerical applications see, e.g., [9], [10],
[16], [17].

We shall denote the integer and the fractional parts of a number x by [x] and
{x}, respectively. For each x € R, it is possible to take x;, x_; € {0, 1} such that

o0 o0
x=[x]+{x}= Zx_jzj_l + ZxJ-Z_J
=1 =1

(for a dyadic rational x we chose an expansion with finitely many nonzero terms).
It is easy to see that

X_j= [27/x](mod2) and X;= [2/x](mod2) forall j€N.
The binary addition on R, is defined by the formula

00 00
xX®y:= Z|X7j - )Lj|2J71 +Z|Xj -yjl27, x,y €R,,
j=1 Jj=1
and plays a key role in the theory of Walsh-Fourier series (e.g., [16]). It is well-
known that, for all x € R, w,(x)w,(x) = w,e.(x), and, if x ® y is a dyadic
irrational, then

wh(x ® y) =w,()w,(¥). 1.1

Thus, for fixed y, equality (1.1) is valid for all x € R, except countably many
of them. An interval I € R, is a dyadic interval of range n if I = IIE") =
[k27",(k+1)27") for some k € Z_. Let A := [0, 1). It is easily seen that

an—1

I,((n) nIl(”) =@ for k#1 and U I,En) =A.

k=0
Moreover, it is clear that w;(x) is constant on I,E") for each 0 <[ < 2" —1 and
0 < k < 2™ — 1. We shall use the notation

w™ = w(k2™) for 0<1,k<2"—1.

Lk
Notice that
0) _ @ _ @ _ (1) _ ) _ (n) _ _ (n)
Woo =1 woa=wig=woi=1, wi;=-1, w =w., (1.2)
211_1 211_1
(). (n) _ (). (n) _
Zwi’rz wi = Zwl,"j wy i =25, 0<Lk<2'-1 (1.3)
i=0 =0
Also, the following equalities hold:
(n+1) _ . (n+1) _ _ (n) (n+1) _ (n+1) _ ()
Work " = Worpie = Wiko Waronde = " Worpronik = Wik (1.4)

(n+1) _ _ (n+1) _ _ (n) (n+1) _ _ (nt+1) _ ()
Wiok "= Wioke1 = Wikr Wongok = " Wongg ok = Wik 1.5)
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To keep our notation simple, we write N := 2", A finite sum

N-1
Dy(x):= ij(x), xeR,,
=0

is called the Walsh-Dirichlet kernel of order N. Paley’s lemma [16, p. 7] states that

(n)
Dy ={ " FEh o (1.6)
0, xeA\I;".

It follows from (1.1) that the Nth partial sum of the Walsh-Fourier series of f is

written as
1

SNf(x)=f Dy(x® t)f(t)dt, xe€A. (1.7)
0

It is known that, for any f € L(A),
lim Syf =f ae. on A and lim ||f —Syfll;1a)=0.
N—oo N—oo

Moreover, the Walsh system {w,; |l € Z,} is a basis in LP(A) for 1 < p < oo and it
is not a basis in L*(A) (e.g., [9], [16]).
By analogy with [2], we introduce the following notations:

. 1 N2 1 X
DN(X) = §+;Wk(x)+§WN_1(x)’ xn,k = ﬁ’
Pok(X) =@, (x®x,1), Yup(x): =¥, (x®x,,), k=0,1,...,N—1,

where

,(x): = f D (x® ), (1.8)
0

W (x): = f (D3 (x ® £) = Dy (x ® £)]dt
0

Xn,1
—J [D;y(x ®t) — Dy (x ®t)]dt. (1.9

Xnt+1,1
In Section 2 we prove that {¥,, }¥"' and {3} are bases for the spaces
Vo i= span{l,wy(x),...,wy_1(x)}, W, := span{wy(x), wy1(x),...,woy_1(x)},
respectively. Note that the orthogonal direct sum of V,, and W, coincides with V,,;,
that is, V, W, = V, ;. The spaces V, and W, will be called the approximation
spaces and wavelet spaces, while the functions ¢, ; and ), ; will be called the

scaling functions and wavelets, respectively.

In Section 3 we give the algorithms for decomposition a function f,,; € V1,

into the direct sum:
fn+1=fn+gn: fnevm gnEWn:
and for reconstruction f,; from f, and g,. Let ) (x) = D2, (x) — 9,(x), where

9, is the generalized Walsh-Dirichlet kernel with a parameter y. Suppose that
y € (0,1). In Section 4, using the Daubechies type “admissible condition”, we
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prove that the system of functions
PP =22 N2Ixek), jez, ke,

is a Parseval frame for L2(R,.). Moreover, it is shown that the subspaces
Vi(r) ={f €L’ R)|f(@)=0,0>2y}, jeLZ,

form a frame multiresolution analysis in L%(R, ) with a scaling function ¢ = D,.
Some new examples of Parseval frames for L?(R, ) are also given.

2. Bases in Approximation and Wavelet Spaces
For each polynomial v € V, we have
v(x,)=v(x) forall xeI™, 0<I<N-1. 2.1

Moreover, we can use the discrete Walsh transform to recover v from the values
v(x,,)- Indeed, if

N-1
v(x)= Z cwi(x), x €A, (2.2)
k=0
than
N
Z wiv(x,), 0<k<N-1; 2.3)

1=0
see, e.g., [10], [16], [17], where the corresponding fast algorithms are given.
As a consequence of (1.1) we observe that

Xn,l 1/N
J wk(xeat)dt:f w (0Ow(t)dt =N"'w,(x), 0<k<N-1.
0 0

Hence, since wy(t) =1 for all t € [0,1/N), we obtain from (1.8) that
®,(x)=N"'Di(x), x€A. 2.4)
By (2.4) and the definition of ¥, ; it is easy to see that

N p(x)== + ZW(”)W () + wkN Wy-o1(x), 0<k<N-1 (2.5)

Furthermore, we have by (1.3) that
N-1

Zwl(';()ﬂpnk(x)—wl(x) 1<I<N-2, (2.6)
k=0
N-1 N-1
1 - 1
PIOESS W g Pr) = Sy (). 2.7)
k=0 k=0
For each l €{0,1,...,N — 1} with binary expansion
n—1 )
= ’ijj, ’VjE{O,l},
=0

we let o(I) =1, if among the v; there are odd units, and let o°(1) = 0 otherwise.
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Theorem 2.1. Let v € V,. Assume that a,; = a,;(v), k =0,1,...,N — 1, are
defined by

V(i) + 2N~1 Ni:l(l —oD)v(x,), if olk)=0,

=0

an,k = N—1 (28)
v(xp ) +2N71 Y o(Dv(x,), if o(k)=1.
=0
Then
V)= )y Pri(x), x €A (2.9)

Proof. According to (2.2), (2.6) and (2.7) we have

N-1N-1 N-1
V(X)—ZCOZQOH;{(X)-FZZCIW”( nk(x)+2CN 1ZWN 1,k nk(x)
=0 k=0 k=0

Therefore, equality (2.9) is true with the coefficients
Qe = 260 + 20w 1k+chw§’;3, =0,1,...,N—1. (2.10)

But from (2.2) and (2.3) it follows that

N-1 N-1
e =D amile ) = vl wi = (170,
=0 =0

1=t 1 N2t
Co=— v(x,;), Cy_1=— —1)°Oy(x, ).
0 N;(n,z) N-1 N;( ) Ov(atn,)

Combining these equalities with (2.10), we obtain (2.8). O
Remark 2.2. If coefficients c; are known, then a,; can be computed by (2.10).

Proposition 2.3. The following equalities hold
1
Dy(x) — 5= N[®pi1000) + ¥pp11()], (2.11)

1
'~‘I>n(x) = n+1 O(X) + Lpn+1 1(x) NWN 1(X) (212)

() = Prgq,0(x) = Prgq 1 (). (2.13)

Proof. We see from (1.6) that Dy(0) = Dy(1/2N) = N and Dy(k/2N) = 0 for
k=2,3,...,2N —1. Thus applying (2.9) with n replaced by n+1 to the polynomial
v = Dy we arrive at
2N-1
(N + 1)(Pr1,00) + P11 (D) + D Py ()
2N-1 -

= N(Pui1,000) + P11 (N + Y, P )
k=0

Dy(x)
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and by (2.7) we then obtain (2.11). Now, since

1 1
Dy(x) - 5 = D;[(x) + EWN—I(X)’
we see that (2.12) follows from (2.4) and (2.11) . Observing that

1, 0<k<N-1,

(n+1)
w =w,(k/2N) =
1k 1(k/2N) {_1, N<k<2N -1,

by (2.5) we get

1 1 1
Pnp11(x) = N (ZDN(X) — Doy (x) — 3~ EWN—l(X)) .

Further, from

1/2N 1
wi(x®t)dt = —wi(x), 0<k<2N -1,
. 2N

1/N
_ fwi(x)/(2N), O0<k<N-1,
JI/ZN wilx @ e = {_Wk(x)/(ZN), N <k<2N -1,

we deduce that

J [DEy(x @ t) — D (x ® 0)]dt
0

1 2N-1
— | W x)+ wi(x)+ -w X 5
ON 2 N-1 : k 2 2N-1

f " D5 (x @ ) = Dy (x @ O]dt

n+1,1

1 1 2N-1 1
=N (EWN_l(x)— 2 Wil = EWZN_l(x)) :

k=N

Therefore,

1 2N-1 1
V() = o (Z wi () + Ewm_lm)

k=N
1 1
=N D2N(x)_DN(x)+§W2N—1(x) )
which by (2.14) yields
W(x)+2 _1(p 1
) son+1,1(x)—N( () 2).

From this and (2.11) we obtain (2.13).

(2.14)
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Note that (2.12) and (2.13) with x replaced by x @ x,,; give the following
equalities

(-1
Pri(x) = Pry12k(X) + Prgr 2k () — TWN—I(X), (2.15)
Yuie(X) = Prir ok (x) = P 21 (0. (2.16)
Hence,
1 1 (—=1)°®
Pni1,0k(x) = 2 (X)) + Ewn,k(x) + 4—NWN71(X)7 (2.17)
1 1 (=1)7®
Pri1,2k+1(x) = > @ r(x) — Ewn,k(x) - 4—NWN—1(X)- (2.18)
Proposition 2.4. For any n and N = 2",
2N-1
wy_1(x) = Z Ynek P k(X), (2.19)
k=0
where .1 are given by
Yoo=Y21=1, Yo2=723=-1, (2.20)
Yn+1,k = VYnks YntilN+k = Vnk>» T Z 2’ 0<k<N-1 (2-21)
Proof. Using Theorem 2.1, from (2.19) we get
2N-1
wy_1(k/2N)+N71 > (1 —o()wy_,(1/2N), o(k)=0,
1=0
Yn+1,k = N-1
wy_1(k/2N)+N~" 3, o(Dwy_1(1/2N), o(k) =1,
1=0

where wy_;(k/2N) = (=1)°% if k is even and wy_;(k/2N) = (=1)70*1 if k is
odd. This immediately gives (2.20) and (2.21). O

Note that Proposition 2.4 can be deduced also from (1.4), (1.5) and (2.7).

We see that formulas (2.15), (2.16) and (2.19) express ¥, and v, the
wavelets and scaling functions at level n, in terms of scaling functions at level
n+ 1. Conversely, substituting the expression

N-1
wy_1(x) =2 (-1)°D ¢, (x) (2.22)
j=0

in (2.17) and (2.18), we obtain the representations of scaling functions ¥, ,
0 <1 < 2N — 1, by the wavelets and scaling functions at level n. The following
theorem shows that, for each n € Z_, the functions 1, given in Section 1, form
the basis for W,,.
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Theorem 2.5. Let v € W,. Then

N-1
V()= Burthui(x), X €A, (2.23)
k=0

where, with the notations as in (2.8),

ﬁn,k = ﬁn,k(v) = Ctn+1,2k = _an+1,2k+1’ 0= k <N-1. (2'24)

Proof. Since v € W,, we have

2N-1
V()= Y cewi(x)
k=0
with ¢y =¢; =+ = ¢cy_; = 0. Thus, from (1.5) and (2.10) for k =0,1,...,N -1

it follows that

N—2

+1 1
Apiiok = 2C2N—1Wg11\,,1)2k+ CNJerI(\;I lék
, +,
=0

N-2

_ (n+1) _ (n+1)

= —2CN-1Wan_1 2k+1 CN+HIW N 1,2k41
=0

= —O®n41,2k+1-

Hence, f3,; can be defined by (2.24). Then, since v € W,, C V, ., by Theorem 2.1
and (2.16) we get

N-1 N-1
v(x) = Z Upi1,2k P 2k (X) + Z A1 2k+1 Pt 261 (%)
k=0 k=0
N-1
= Buxtni(x). O
k=0

3. Algorithms

For functions f, € V,, and g, € W,, we write

N-1 N-1
fn(x) = Z Cn,k wn,k(x)’ gn(x) = Z Dn,kwn,k(x): (31)
k=0 k=0

where the coefficient sequences
Cn = {Cn,k}, D, = {Cn,k} 3.2)

uniquely determine f, and g,, respectively. In this section we describe the
algorithms, in terms of these coefficient sequences, for decomposing f,,1 € V41
as the orthogonal sum of f,, € V, and g, € W,, and for reconstructing f,; from f,
and g, (cf. [2, § 5]).
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According to (2.17), (2.18) and (2.22) we have

1 (_1)1 (_1 +o()
Prp1(x) = 3 P r1721(x) + Twn,wz] (x)+ aN wy_1(x),
where
N-1
Wy () =2 (1P, (x).
k=0
Hence,
Ppiri(x) = ZAE",S P () +Bz(,r]l<)wn,k(x)’ (3.3)
k
where
L [1/2+ (=10 /@N)] [1/2+ (1) W2D/2N)], k=[1/2],
Y ) (m 1yt Dt ®), k#[1/2],
w_ [CDY2, k=(1/2],
B =
Lk o, k#£[1/2].

Thus, in view of (3.1) and (3.3),

Z Cn,k (Pn,k(x) + Z Dn,kwn,k(x)
k k
=S G { SN () + Bgfgwn,k(x)}
l k

= Z { Z Cn+1,lA§flk)} ¢n,k(x) + Z { Z Cn+1,lBl(’r11<)}Qpn,k(x)-
k 1 k 1
This implies that
Cn,k = ZAETL]()CHJA,Z’ Dn,k = ZBZ(:;{)CHJJ,I . (34)
1 1
Further, using (2.15), (2.16) and (2.19), we obtain
1) =D P P () + QY P (1),
k

where

P _ 1+ (-1)W 1y 1 /(2N), if k=2lork=21+1,
L Y n+1,k> otherwise,

1, if k=2I,
QW ={ -1, if k=20+1,
0 otherwise.
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Therefore, we have

Z Crs1k Prt1i(x)
%

= Z C‘n,l { ZPI(,Z) ¢n+1,k(x)} + ZDn,Z { ZQEZB ¢n+1,k(x)}
l k l

k
- Z { Z Pl(,rl?cn»l + QE,nk)Dn,l} (’On+1,k(x)
k 1

and so

C'n+1,k = ZPI(”]Z)Cn,l + Qg’nk)Dn,l . (3-5)
1

We remark that the decomposition and reconstruction algorithms based on
formulas (3.4) and (3.5) have more simply structure than the similar algorithms
constructed in [2] for the case of trigonometric wavelets.

4. Examples of Frames for L*(R,)

Let 5 be a Hilbert space and let M be a countable set. We recall that a family
{gm| m € M} is a frame for 52 if there exist positive constants A and B such that,
for every f € #,

AlFIP < Y 1f gm) 2 < BIFI

meM

The constants A and B are known respectively as lower and upper frame bounds.
A frame is called a tight frame if the lower and upper frame bounds are equal;
A= B. A frame is a Parseval frame if A= B = 1. The following two propositions are
well-known (e.g., [11, p. 142], [15]):

Proposition 4.1. A sequence {g,,} is a Parseval frame for a Hilbert space 7 if and
only if the following formula holds for every f € #:

f= Z(f,gm)gm-

meM
Proposition 4.2. Let {g,,} be a frame for S and let & : 3¢ — F be an orthogonal
projection. Then {2 g,.} is a frame for P () with the same frame bounds. In
particular, if {g,,} is an orthonormal basis for 5, then {# g} is a Parseval frame
for ().

A function f : R, — C is said to be W-continuous at a point x € R, if

sup |f(x®h)—f(x)]—0 as n— oo.
0<h<1/2"

A function f is W-continuous if it is W-continuous at each point of R, . The Walsh
functions {w;} are W-continuous (e.g., [16], § 1.3).
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For x, w € R, we set
o0
x(x,w) = (—1)7®9) g(x,w) = ijw_j +x_jw;.
j=1

The Walsh-Fourier transform of a function f € L'(R,) N L?(R.) is defined by
flw)= f FE)x(x, w)dx, weR,,
Ry

and admits a standard extension to the whole space L?(R,). Denote by (-,-) and
||| the inner product and the norm in L2(IR, ), respectively. In the next proposition
we list several well-known properties of the Walsh-Fourier transform.

Proposition 4.3. The following properties take place:

(@) If f € LY(R,), then f is @ W-continuous function and f(w) — 0 as w — oo.
(b) Suppose that both f and f belong to L*(R..). If f is W-continuous at a point x,
then the following inversion formula

fx) = f Flw)x(x, w)dew
R+

holds.
(@) If f € L*(R,), then f € L>(R,) and |If | = [If I

For any function f € L%(R,) we set
fir(x) == 22f@2Ix®k), jeZ, ke Z,, x<€R,.
It is easily seen that
fir(w)=27"w 2 w)f (27 )
and, by Plancherel’s theorem, for all g € L%(R_.),

(& fix) = (& Fu) = 2j/2f g)f2Tww 2 w)dw. 4.1)
R+

The Haar wavelet on R, is defined by
1, x€[0,1/2),
,l/)H(x) = _1’ X € [1/2’1)’
0, xe€[l1,+00).

It is well-known that if f = 1y, then {fj|j € Z, k € Z,} is an orthonormal
bases for L?(R,.). In general, we say that a function 1) is wavelet in L?(R, ), if the
following condition is satisfied:

~ ,dw
0<cy:= [P (w)]*— < +o0. (4.2)
R, @
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The continuous wavelet transform of a function f € L%*(R,) with analyzing
wavelet ¢ is defined by the integral:

(Wyf)(a,b) = al/ZJ fOY(x@®b)/a)dx, a>0, beR,.
Ry

This transform was studied in [6], where an analog of the Grossmann and Morlet
theorem is proved. Note that some discrete constructions of this type give frames
for L%(R,) (cf. [14, § 5.2]).

Now, forme Z,, l € N we set

—m/2 —m m
amz(x>={2 i, xe (027, 43)

0, x € [2™,400).

We see that ay, coincides with the Haar wavelet v y. Besides, the following
properties take place:

1. For each fixed m € Z, the system {a,; |l € N} satisfy the orthogonality
condition on [0,2™), that is,

2)1[
J Ay () ()dx =61y, L keN.
0
2. The Walsh-Fourier transform of a,;; can be written as
~ 2", wel27, (+1)27),
aml(a)) = —-m —m
0, wE[l27m (1+1)27™™).
3. Each function a,, is a wavelet in L?(R,) (if ¢ = a,,;, then (4.2) is satisfied with
¢y =2Mlog(1+1/1)).
4. There exist orthogonal wavelets in L?(IR, ) which are finite linear combinations
of functions a,;.

The proofs of properties 1-3 are straightforward while the last property follows
from examples of dyadic wavelets on R, given in [5].
Fora>0,meZ,,l€Nlet gf;;) be a function in L2(R. ) such that

A(a)((,()) . ]., w E [la*m, (l + l)a*’”),
Em )TN0 g [la ™, 1+ Da™).

One can see that each gﬁn";) is wavelet in L?(R, ). Returning to the general case, we
define

Dy(w) =Y [T )P, My = sup YT we.  4.4)
JEZ WERy je7.

We note that D,,(w) = Dy, (2w) for all w € R, and that sup in (4.4) can be taken
over 1 < w < 2. The following theorem similar to the well-known Daubechies
result (e.g., [14, § 5.3]).
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Theorem 4.4. Let 1) € L%(R,.) be such that
Ay = egznianDw(cu) — ZMW >0
+ IeN
and
B, :=esssup D, (w) + ZMW < 00.
weR, 1eN

Then {3 j;} is a frame with frame bounds A,, and B,

Proof. For j€Z,l € Z, we have

(14+1)2/ 2]
f w27 w)dw = J w27 (w®12)dw
12/ 0

2J
= f w27 w)dw.
0

Let f € L?(R, ). Then, according to (4.1),

2]
(Z Fﬂ(w)) w27 w)dw, 4.5)

leZ,

<f>¢jk>=2_j/2f

0

where Fj;(w) := f(co ® 121)1;(2*10) ®1). Now, for each j let F; be the function
defined by

Fi(w) =Y Fy(w).

leZ,

This function is periodic: F;(w & 2)=F i(w) for all w € R, and one sees easily
that F; can be expanded to the Walsh series:

Fiw)= Y aFw(27w), we[0,2),
k

where
2J

a(F))= 277 J Fj(w)wk(Z_jw)dw.
0

By Parseval’s formula,
j

2

> leFi2 =27 f IF () doo.
k 0

Therefore, in view of (4.5),

DIHHE =2
Jk

Jsk

2 2
J Fj(a))wk(z_ja))dw
0




40 Yu.A. Farkov

= D2 Y la(F)P
j k
2]
= ZJ IFi(w)Pdew.
j Jo

Also, for any j € Z we have

2J 2]
f Fi(w)Fj(w)dew = f ( Y flos2Weive l)Fj(co)) do
0 0

leZ,

(14+1)27 R _
= ZJ )Y (27 w)Fj(w)dw
127

€Z,
- | FoGTom @
R,
and so

Dol = ZJ Flp2 7 w)F(@)de
i IRy

jk
= f Fle)? Y 12 w)Pde +R(f),
R, j

where, by the Cauchy-Schwarz inequality,

IR(I

ZZ Flo)f(wo 2N P2 w2 w e l)dw’

JEZ leN JR,

>, f (|f(w)|22|$(zfw)u@(szeam)dw.
R, j

leN

IA

Thus, for every f € L(R,),

AIFIE <D I P < ByIIFIR,
Jj.k

where Ay and B, are defined in the theorem. O

ExampLE 1. Let ¢p = g{®, where a > 1,m € Z,,s € N. Then for any [ € N the

ms

supports of (27 w) and (277w & 1) are disjoint. Since

inf D = D =1
S D) = s supDy (@) =1,
we see that A, = By, = 1. Therefore, {¢;;} is a Parseval frame for L*(R,). By
setting a = 2, we find also that each function q,,, generates a Parseval frame for
L2(R,).
In the sequel, 1; stands for the characteristic function of a subset E of R_.
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Example 4.5. Let us assume that

P(x) =272 (ay4(x) + vay (x)),
where v is a positive parameter. Then, for every w € R,

‘Z(w) = 1[2,5/2)(0)) + Vl[l/z,l)(w), |17;(60)|2 = 1[2,5/2)(60) + V21[1/2,1)(60),
and

PRI Tw®l)=0 forall jeZ,, l€N.

Further, if 1 < w < 5/4 then qf(w/z) =, Ql)\(zo.)) =1, and if 5/4 < w < 2 then
Y(w/2) = v. Besides, (2 7w) = 0 for j # —1 and j # 1. From these equalities
we deduce that

1
— 2 — 2 —

Thus, {v;} tends to the tight frame when v — oo.
Let &, be the space of functions which are constant on all dyadic intervals of
range n. It is clear from the definition that, for every f € &,

FG) = Fk2 ™ g oy (x), X ER,. (4.6)
k=0
The following two properties (see [10, § 6.2], [16, p. 461]) are known:

e if f € LY(R,) N &,, then suppf < [0,2"];
e if f € LY(R,) and suppf C [0,2"], then f € &,.

The generalized Walsh-Dirichlet kernel 2, with t > 0 is defined by

t
2.(x) = f x(x,w)dw, xeR,.
0

It is known also that
Don =2"1[gny forall neZ 4.7)

and

-~

P =1, forall t>0. (4.8)

ExampLE 3. Let i) = 9, — 9, where 0 <y < 1. Putting a = 1/, from (4.8) we
have 4@ = 1[1/4,2/q); thatis, ¢ = g%‘f) with a > 1. According to Example 1, {1} is
a Parseval frame for L*(R, ).

Observe that, for any t > 0, the subspaces

Vi(t) :={f € L’ (R)| f(0) =0, >2t}, jeZ, (4.9)
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satisfy the following:

V(D) Vi (0), [V =10}, [Jvi(0) = L2(R,).
J J

Theorem 4.6. Let ¢ be the generalized Walsh-Dirichlet kernel 9, with 0 < t < 1.
Then

P(x)= Y ¢(k/2)9(2x ®k), xER,. (4.10)
keZ,

Moreover, for each j € Z the system {¥;; |k € Z,} is a Parseval frame for V;(t).

Proof. For t = 1 we have ¥ = 1[q,) and the subspaces V;(t) form the Haar
multiresolution analysis in L%(R,). In this case we can write equation (4.10) as
follows:

Px)=v2x)+vxa1).
Now, let 0 < t < 1 and assume that E = [0, t). Then the linear mapping
@ :1°[0,1] - 1*[0,1], 2f=f-1,
is an orthogonal projection. In fact, let £,(E) be the closure of the linear span of
{we -1l k€ Z,}in L?[0,1]. If f € L2[0,1] and g € %,(E), then
1 —
(f.g) = f f(D)g(o)de
0
= ff(t)g(t)dt
E

= J Pf()g(D)de
= (:“;f,g%
Hence,
(f —Pf,g)=0 forall g £(E).

Since {w,|k € Z,} is an orthonormal basis for f € L2[0,1], by Proposition
4.2 we obtain that {w; - 15| k € Z,} is a Parseval frame for £,(E). Recall that
Yox(-)=¢(-®k)and

@Qk(w) =w(0)P(w) = wi(w)lpp pn(w), kEZ,.

Therefore, an application of the inverse Walsh-Fourier transform shows that
{9(-® k)| k €Z,} is a Parseval frame for V,(t). Also, in view of (4.9),

Vi(£) =D/(Vy(t)), where Df(x)=2"2f(2x).
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Observing that ¢;, = D’ ¥ox, we conclude that for each j € Z the system
{¥jk |k € Z,} is a Parseval frame for V;(t). From this, since ¢ € V,(t) C V;(t), by
Proposition 4.1 it follows that

Py = Y (9,010 P(x), xER,, (4.11)
keZ,

Also, by (4.1) and Parseval’s formula we have

(P, %) = \/Ef Pe(x)p(2x @ k)dx
R+

%L P(w)P(w/2)wi(w/2)dw
% R+¢(w)x(k/2,w)da)

1
7 P (k/2),

which by (4.11) yields (4.10). O

Remark 4.7. For 0 < t <1 let us denote by W;(t) the orthogonal complement of
V;(6) in Vj 4 (0):

W;(0) = V() NV (0), jEZ.

Then the orthogonal projection Q; : L*(R,) — W;(t) can be defined as follows:
g =Q;f < §g; =f- Lrgicginy, f €LA(R).

Hence, letting ¢ = 9,, — 9,, we see that
) i(@) =27l pap(@), JEZ, kel

and that, for each j, the system {1y |k € Z, } is a Parseval frame for W;(t).

Remark 4.8. Suppose that f € V;(t), where j € Z, 0 < t < 1. Using Theorem 4.5
and Proposition 4.1, we then obtain

FG)= D95 u(x), x€R,,

keZ,

where (f,¢;) = 279/2f(k27), ¥ (x) = 2//29,(2/x @ k). Thus, the following
formula holds for every f € V;(¢):

)= fk2 ), (2x®k), xER,.
k=0

Notice that, in view of (4.7), for t = 1 this gives (4.6).
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We say that a compactly supported function ¢ € L%(R,) is a refinable function,
if it satisfies an equation of the type
o1

p(x)= Z ap2x®k), xeR,. (4.12)
k=0

Using the Walsh-Fourier transform, we obtain @(w) = my(w/2)P(w/2), where
the Walsh polynomial

2"-1

1
my(w) = 3 Z awi(w)

k=0
is the mask of equation (4.12). Note that m, € &, and my(w + 1) = my(w) for all
w € R,. Moreover, the coefficients of equation (4.12) are related to the values

by=my(w), well2™(+1)2™), 0<I<2"—1,

by means of the discrete Walsh transform:

1 2"—-1
Z bw(k2™), 0<k<2"'—1;

Cr = ——
2n—1
=0

cf. (2.2) and (2.3). Suppose that M either is the union of some of the intervals
(2", (1+1)2™), 1=1,2,...,2" — 1, or coincides with one of these intervals.
Then we define

S(M):={w/2: weM}U{(w+1)/2:we M}
A set M is said to be blocking for a mask m, if it satisfies the condition
S(M) c MU {w e Al my(w) =0}.
According to [3] we have the following theorem:

Theorem 4.9. Let ¥ € L?(R, ) be a compactly supported solution of equation (4.12)
such that $(0) = 1. Suppose that the mask m, satisfies

Img(w)? + Img(ew+1/2)>=1 forall w € [0,1/2). (4.13)
Then the following are equivalent:

(i) The function ¢ generates a multiresolution analysis in L*(R, ).
(ii) The mask mg has no bloking sets.
Under the hypotheses of Theorem 4.8 the orthogonal wavelet v in L%(R, ) can be
defined (see [3]) by the formula:
2n—1

YP(x) = Z (—l)kékmgo(Zx ®k), xeR,. (4.14)
k=0

Combining this result with Theorem 4.4 and Theorem 4.5, we can construct
frames for L?(IR, ). Let us illustrate this by the following example:
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ExaMPLE 4. The scaling function ¥, which was introduced in [13], is a solution
of equation (4.12) with n =2 and

1+a+b l1+a-b>b 1—a-b>b l—a+b
©=Tg o aT T es Ty as T (19

where 0 < |a] < 1, |b| = 4/1—|a|?>. This function generates a multiresolution
analysis in L2(R, ), possesses the self-similarity property:

(x)= (1+a—->b)/2+ byp(2x), 0<x<1,
A (1—a+b)/2—bp(2x—2), 1<x<2

and it is represented by a lacunary Walsh series:

o0
0(x) = (1/2)140,1y(x/2)A +a D bwyn_1(x/2)), x €R,.
j=0
In the case where a = 1, b = 0 the Haar function ¢ = 1j ;) is obtained from (4.12)
and (4.15). On the other hand, for ¥ = 9, ,, by Theorem 4.5 we have

1 3
P(x)= Ekz(;%?(erBk), x €R,.

Observing that ¢(x) = 2_11[0,1)(x/2) and ¢(x) = ¢(x & 1), we may write
P(x) = ¢(2x) + ¢(2x @& 3), which corresponds to the values a = 0 and b = 1
in (4.15). Then the interval [1/2,1) is a blocking set. Furthermore, if ¥ = 2, ,,
we obtain formally from (4.14) that ¢(x) = — ©(2x & 1) + ¥(2x & 2). Since

P(w) =271 (@) [wa(w/2) = wi(w/2)] = —1p1 412 (),
we get by Theorem 4.4 that v generates a Parseval frame for L%(R, ).

Remark 4.10. Suppose that ¢ € L*(R,) is a compactly supported solution of
equation (4.12), ¥ is continuous at 0 and $(0) # 0. As above, assume that m,
satisfies (4.13) and 1 is defined by (4.14). Then {v jk} is a tight frame for L2(R,)
with frame bound |#(0)|? (cf. [1], [12]). Moreover, if m, has a blocking set, then
{1 jx} is not a basis in L*(R,).
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