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1. Introduction

Throughout the paper unless otherwise stated, let H; and Hy be real Hilbert spaces with the
inner product (-,-) and the norm | -|. Let C be a nonempty subset of H; and let F'; :C xC — R
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be a bifunction. We study the equilibrium problem which introduced by Blum and Oettli [6] in
1994. The equilibrium problem is to find a point X € C such that
Fi(x,y)=0 (1.1)

for all y € C. We know that the equilibrium problem (1.1) has received much attention due
to its applications in a large variety of problems arising in numerous problems in physics,
optimizations and economics. Some methods have been rapidly established for solving this
problem (see [11,(14}35,(45]).

Very recently, Kazmi and Rizvi [23] introduced and studied the following split equilibrium
problem:

Let @ be a nonempty subset of He and Fs: @ x @ — R be a bifunction. Let A : H; — Hy be a
bounded linear operator. The split equilibrium problem is to find x¥ € C such that

Fi1(x,x)=0 forall xeC (1.2)
and such that
y=AXx€eQ solves Fo(y,y)=0 for all y€ Q. (1.3)

Note that the problem (1.2) is the classical equilibrium problem and we denote its solution
set by EP(F'1). The inequalities and constitute a pair of equilibrium problems which
have to find the image ¥ = A%, under a given bounded linear operator A, of the solution X of
in H; is the solution of in Hy. We denote the solution set of by EP(F3). The solution
set of the split equilibrium problem and is denoted by Q ={z € EP(F1): Az € EP(F5)}.

In the recent years, the problem of finding a common element of the set of solution of
split equilibriums and the set of fixed points for a mapping in the framework of Hilbert
spaces and Banach spaces have been intensively studied by many authors, for instance, (see
[18,[21,123, 41,43 49,50]) and the references cited therein.

Moreover, we study the following inclusion problem: find ¥ € H; such that

0e Ax+Bx, (1.4)
where A : Hy — H; is an operator and B : H, — 2M1 ig a set-valued operator. We denote
the solution set of by (A +B)71(0). This problem has received much attention due to
its applications in large variety of problems arising in convex programming, variational
inequalities, split feasibility problem and minimization problem. To be more precise, some
concrete problems in machine learning, image processing and linear inverse problem can be
modeled mathematically as this formulation.

For solving the problem (1.4), the forward-backward splitting method [4}[12}[13}/25/26[33}48]
is usually employed and is defined by the following manner: x; € H; and

Xpe1 =W+ rB)_l(xn —-rdAx,), n=1, (1.5)

where r > 0. In this case, each step of iterates involves only with A as the forward step and B
as the backward step, but not the sum of operators. This method includes, as special cases, the
proximal point algorithm [39] and the gradient method. In [24], Lions and Mercier introduced
the following splitting iterative methods in a real Hilbert space:

Xni1=@JA -D2JE - Dy, n=1 (1.6)
and
Xni1=J2QJB — D+ -JIB)x,, n>1, 1.7
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where JT = (I +rT)~! with > 0. The first one is often called Peaceman-Rachford algorithm [34]
and the second one is called Douglas-Rachford algorithm [20]. We note that both algorithms are
weakly convergent in general [5,24].

Many problems can be formulated as a problem of from (1.4). For instance, a stationary
solution to the initial valued problem of the evolution equation

)
0c 6—3—Fu, 1(0) = ug (1.8)

can be recast as (1.4) when the governing maximal monotone F' is of the form F = A + B (see
[[24]]). In optimization, it often needs (see [13]) to solve a minimization problem of the form

min £(x) + g(x) (1.9)
xeH

where f, g are proper and lower semicontinuous convex functions from H; to the extended real
line R = (—00,00] such that f is differentiable with L-Lipschitz continuous gradient, and the
proximal mapping of g is
2
x— argmin g(y) + u
yeH 2r
In particular, if A := Vf and B := dg, where Vf is the gradient of f and dg is the
subdifferential of g which is defined by dg(x) :={s € Hy : g(y) = g(x)+(s,y—x), V y € Hy}
then problem becomes and also becomes

Xn+1 = ProxX,g(x, —rVf(x,)),n =1, (1.11)

(1.10)

where r >0 is the stepsize and prox,, = (I + rog)~! is the proximity operator of g.

In 2001, Alvarez and Attouch [2]] employed the heavy ball method which was studied in
[[37,38] for maximal monotone operators by the proximal point algorithm. This algorithm is
called the inertial proximal point algorithm and it is of the following form:

Yn :xn‘*'en(xn_fn—l) (1.12)
Xps1=U +r,B) "y, n=1.
It was proved that if {r,} is non-decreasing and {0,} <[0,1) with
(o]
en”xn_xn—1”2<00, (1.13)
n=1

then algorithm converges weakly to a zero of B. In particular, condition (1.13) is true
for 6,, < 1/3. Here 0,, is an extrapolation factor and the inertia is represented by the term
0, (x, —x,-1). It is remarkable that the inertial terminology greatly improves the performance
of the algorithm and has a nice convergence properties [1,/17,19,31].

Recently, Moudafi and Oliny [29] proposed the following inertial proximal point algorithm

for solving the zero-finding problem of the sum of two monotone operators:
Yn = Xn +0p(xy __fn—l) (1.14)
Xn+1 =T +r,B) " (yn —rnAxn), nz=1,

where A : H; — H; and B : H; — 21, They obtained the weak convergence theorem provided
r, < 2/L with L the Lipschitz constant of A and the condition holds. It is observed that,
for 8,, > 0, the algorithm does not take the form of a forward-backward splitting algorithm,
since operator A is still evaluated at the point x,.
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Recently, Lorenz and Pock [26] proposed the following inertial forward-backward algorithm
for monotone operators:

{yn =%xp +0n(xy —2x5-1) (1.15)
Xnt1=U + rnB)_l(yn - rnAyn), nx=1,
where {r,} is a positive real sequence. It is observed that algorithm differs from that
of Moudafi and Oliny insofar that they evaluated the operator B as the inertial extrapolate
¥yn. The algorithms involving the inertial term mentioned above have weak convergence, and
however, in some applied disciplines, the norm convergence is more desirable that the weak
convergence [5].

For solving the fixed point problem of a nonlinear mapping 7', the Noor iteration (see [32]) is
defined by x; € H and

Yn =Yn%n +(1=y,)Tx,

zn = Prixn + (1= L) T yn (1.16)

Xn+1 = ApXp +(1—ap)Tz,,
for all n = 1, where {a,}, {8,}, {y,} are sequences in [0,1]. The iterative process is
generalized form of the Mann (one-step) iterative process by Mann [27]] and the Ishikawa (two-
step) iterative process by Ishikawa [22]. Phuengrattana and Suantai [36]], in 2011, introduced
the new process by using the concept of the Noor iteration and it is called the SP-iteration.
These iteration is generated by x; € H and

Yn =YnXn+ (1 _Yn)Txn

2n = Pnyn+ 1= B)Ty, (1.17)

Xpni1=ApzZp+(1—a,)Tz,
for all n = 1, where {a,}, {B,}, {y»} are sequences in [0, 1]. They compared the convergence speed
of Mann, Ishikawa, Noor and SP-iteration and obtained the SP-iteration converges faster than
the others for the class of continuous and nondecreasing functions. However, the Noor iteration
and the SP-iteration have only weak convergence even in a Hilbert space.

In this work, we introduce a new combining the SP-iteration with the inertial technical
term for approximating common elements of the set of solutions of split equilibrium problems
and the set of solutions of inclusion problems. We prove some weak convergence theorems of
the sequences generated by our iterative process under appropriate additional assumptions in
Hilbert spaces. We aim to introduce an algorithm that ensures the strong convergence. To this
end, using the idea of Takahashi et al. [47], we employ the following projection method which is
defined by: For C1 =C, x1 = Pc,x¢ and

Yn = apXp +(1—a,)Txy,,

Cri1={zeCr:lyn—2zl =llx,—2zl}, (1.18)

Xn+1=Pc,.,x0, VYneN,
where 0 < a, <a <1 for all n € N. It was proved that the sequence {x,} generated by
converges strongly to a fixed point of a nonexpansive mapping 7. This method is usually called
the shrinking projection method (see also Nakajo and Takahashi [30]]). Further, we apply our

main result to find the common elements of the set of solutions of split feasibility problems and
variational inequality problems and also find the common elements of the set of solutions of
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split feasibility problems and the minimization problems. Finally, we show numerically that our
proposed scheme converges faster than the algorithm without the inertial technical term.

2. Preliminaries and Lemmas

Let C be a nonempty, closed and convex subset of a Hilbert space H;. We write x, — x to
indicate that the sequence {x,} converges weakly to x and x,, — x implies that {x,} converges
strongly to x. A mapping T : C — C is said to be nonexpansive if |Tx —Ty| < ||x — y| for all
x,y € C. An element p € C is called a fixed point of a mapping T :C — C if p = Tp. The fixed
point set of T is denoted by F(T'). If F(T)# @ and |Tx—p| < |lx—p| for all xe C and p € F(T),
then T is said to be quasi-nonexpansive. The nearest point projection of H; onto C is denoted by
Pc, thatis, |x —Pcx| < |lx — y| for all x € Hy and y € C. Such P¢ is called the metric projection
of H1 onto C. We know that the metric projection P¢ is firmly nonexpansive, i.e.,
IPcx~Pcyl? < (Pcx—Pcy,x~y)
for all x,y € H;. Furthermore, (x — Pcx,y — Pcx) <0 holds for all x € H; and y € C (see [46]).

Lemma 2.1 ([46]). Let Hq be a real Hilbert space. Then the following equations hold:
(1) llx =yl =llxl* = 1% —2¢x -y, y) for all x,y € Hy;
(2) llx+yl? < llxII* +2¢y,x +y) for all x,y € Hy;
(3) lltx+@A-t)yl2=tlxl®+ @ -Dlyl? —t(1 - O)lx— yl|? for all t€[0,1] and x,y € Hy.

It is well know that every nonexpansive operator T : H; — H satisfies, for all (x,y) e Hy xH1,
the inequality
1
(x=T@x)—(y =Ty, T(y)-T(x)) = 2 I(T(x) — x) — (T(y) - »I?
and therefore we get, for all (x,y) € Hy x F(T),

1
(=T, (y = T(y)),) = S Tx) - x|
(see, e.g, [15,/16]).

Assumption 2.2 ([6]). Let F1:C x C — R be a bifunction satisfying the following assumptions:
(1) Fi(x,x)=0forall xeC;
(2) F1is monotone, i.e., F1(x,y)+F1(y,x)<0 forall x€C;

(3) Foreach x,y,z€ C, limsupF1(tz+ (1 —1t)x,y) < Fi(x,y);
t—0

(4) For each x€C, y — F1(x,y) is convex and lower semi-continuous.

Lemma 2.3 ([14]). Let F1: C x C — R be a bifunction satisfying Assumption Forany r>0
and x € H1, define a mapping Tfl :Hy — C as follows:
1
Tfl(x) = {z eC:Fi(z,y)+—(y—z,z—x)=0,Vye€ C}.
r
Then, we have the following:
@) Tfl is nonempty and single-value;
(2) Tfl is firmly nonexpansive;
(3) F(T;")=EP(Fy);
(4) EP(F1) is closed and convex.
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Further, assume that Fo : Q x @ — R satisfying Assumption For each s >0 and w € Ho, define
a mapping sz :Hy — @ as follows:
1
TR w)={deQ:Fa(d,e)+ ~(e~d,d-w)=0,VeeQ}.
S
Then, we have the following:
(5) sz is nonempty and single-value;
(6) sz is firmly nonexpansive;
(1) F(T5?)=EP(F5,Q);
(8) EP(F9,Q) is closed and convex.

Lemma 2.4 ([28]). Let C be a nonempty closed and convex subset of a real Hilbert space H,. For
each x, y € Hy and a € R, the set

D=eC:lly-vl®<lx-vl?+(z,v)+a}

is closed and convex.

In what follows, we shall use the following notation:
T3 = JB(I-rA)=I +rB) ' -rA), r>0. (2.1)

Lemma 2.5 ([25]). Let X be a Banach space. Let A : X — X be an a-inverse strongly accretive of
order q and B : X — 2% an m-accretive operator. Then we have

(i) For r>0, F(T;“’B) = (A +B)~X0).

(ii) For 0<s<rand xeX, |x-T*Px| < 2lx - T2Bx].

Lemma 2.6 ([25]). Let X be a uniformly convex and q-uniformly smooth Banach space for some
q €(0,2]. Assume that A is a single-valued a-inverse strongly accretive of order q in X. Then,
given r >0, there exists a continuous, strictly increasing and convex function ¢q :R* — R* with
¢4(0) = 0 such that, for all x,y € B,

IT&E 2~ TAB Y19 < 2 -y - r(ag —r? k)l Ax - Ayl
~ g (I = IBYT —rA)x — (I - TEXT - rA)y),

where kq is the q-uniform smoothness coefficient of X.

Lemma 2.7 ([2]). Let {y,}, {0,} and {a,} be the sequences in [0,+00) such that ¥,4+1 <
Wn+an(Wp —Wp_1)+06, for all n = 1, OZO 0, < +oo and there exists a real number a with
O<sa,<a<l1forall n=1. Then the follg;)%ngs hold:

1) Zps1lyn, —va-1ls < +oo, where [t]; = max({t,0};

(ii) there exists w* €[0,+00) such that nl—i>I-Poown =y

Lemma 2.8 ([7]). Let C be a nonempty closed convex subset of a uniformly convex space X and
T a nonexpansive mapping with F(T) # ¢. If {x,} is a sequence in C such that x, — x and
(I -T)x, —y, then I —T)x =y. In particular, if y =0, then x € F(T).

Lemma 2.9 ([42]). Let X be a Banach space satisfying Opial’s condition and let {x,} be a
sequence in X. Let u, v € X be such that

lim ||x, —u| and lim |x,—v]| exist.
n—oo n—oo
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If {x,,} and {xp,} are subsequences of {x,} which converge weakly to u and v, respectively, then
u=u.

Proposition 2.10 ([12]). Let q > 1 and let X be a real smooth Banach space with the generalized
duality mapping jq. Let m €N be fixed. Let {x;}]", c X and t; 20 for all i =1,2,...,m with
m

Y t;i<1. Then we have

=1

1=
q
Y tillxi Y

T q-(g-D(X )

m
Z tix;
i=1

3. Main Results

In this section, we aim to introduce and prove the strong convergence of an inertial method
with a forward-backward method for solving inclusion problems and split equilibrium problems
in Hilbert spaces. We first prove the following weak convergence theorem:

Theorem 3.1. Let H{, Hs be two real Hilbert spaces and C c Hi, @ c Hy be nonempty closed
convex subsets of Hilbert spaces H1 and Hs, respectively. Let A : Hi — Hy be a bounded linear
operator, and let F1 :CxC — R, Fy:Q x@ — R be bifunctions satisfying Assumption[2.2land Fg is
upper semi-continuous in the first argument. Let B : Hy — H be an a-inverse strongly monotone
operator and D : Hy — 2H1 o maximal monotone operator such that S =(B+D) 1(0)nQ # @,
where Q={z€C:ze EP(F1) and Az € EP(F9)}. Let {x,},{yn} and {z,} be sequences generated by
x9,x1 € H1 and

Yn =%p +0,(xn —%,-1)

2n = Anyn + (1= a,)TENT —yA* (1 - TE?)A)y,, (3.1)

Xn+1 = ﬁnzn +(1- ﬁn)Jg(I —spB)z,, n=1,
where ng =T +s,D)7L, {s,} <(0,2a), {6,} <[0,0], 6 €[0,1), {r,} < (0,00) with Y €(0,1/L) such
that L is the spectral radius of A*A and {a,}, {Br} are sequences in [0,1]. Assume that the
following conditions hold:

0
1) Zlen lxn —xp-1ll <oo;
n=

(ii) O <liminfa, <limsupa, <1;
n—oo n—o0

(iii) 0<liminfp, <limsup By, < 1;
n—oo n—oo

@iv) liminfr, > 0;
n—00
(v) 0<liminfs, <limsups, < 2a.

n—oo n—00
Then the sequence {x,} converges weakly to q € S.

Proof. We split the proof into three steps.

Step 1: Show that ,}l_,m lx, — pll exists for every pe S =(B +D)"H0)nQ.
Write T, = TXM(I - yA*(I - TE?)A) and J,, = (I +5,D) (I —s,B).

Notice that we can write

2n = anyn+(1_an)Tnyn (3.2)
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and
Xn+1= Pnzn+ (1 = Bn)dnzn. (3.3)
By the proof in Theorem 3.3 of [44]], we know that T, is quasi-nonexpansive. Let p € S, we get
lzn =Pl < anllyn —pl+ A= a ) Trhyn —pll
<llyn—npll
< llxp =Pl +0nllxn —xp-1ll. (3.4)
By Lemma [2.6, we have
lxn+1—pll < Brllzn —pl + (1= B)llJnz, — pl
<z, -pll
< llxn—pll +0nllxn —xn-1ll. (3.5)
From Lemma ﬂ and the assumption (i), we obtain lim lx, — pll exists, in particular, {x,} is
bounded and also are {y,} and {z,}. e
Step 2: Show that x,, — g € (B +D)~1(0). By Lemma and T, is quasi-nonexpansive, we
have
Ixn+1 = pI? = 1Bn(zn — P)+ (L= Bp)(Jnzn — P)I?
< Bnllzn —pI? + (A= Bl dnzn — plI?
<llzn = pI* = (1= Br)sn@a—sp)lAzp — ApIl® = lzn = SpAzp = Jnzn + 2 Apl
< apllyn =PI + (1 = @) Tnyn = pII> = (1 = fr)sn(2a —s,) Az, — Ap|®
—llzn —snAzy —Jnzn +s,Apl
<llyn—pI* = (1= n)sn@a—s2)|Az, — Apl® = llzn — SnAZy — Jnzn + 50 Ap
< llxn = pI* + 205 (%0 = %n-1,5n = P) = (1= Br)sn(2a —sp)l Az, — Ap|?
—lzn —snAzp —Jpzn +s,ApPI. (3.6)
Since nh_}rglo lx, — pll exists, it follows from , the assumptions (i), (iii) and (v) that
I}Lrglo Az, —Ap| = r;l—glo |2n —SpAzy, —Jpzn +s,Apll =0. 3.7
This give, by the triangle inequality, that
T}LI& lJnzn —2nll = 0. (3.8)
Since linn_lggfsn >0, there is s > 0 such that s,, =s forall n = 1. Lemma (ii) yields that

1750 20 = 2l < 201 Tn2 = 2. (3.9)
Then, by (3.8) and (3.9), we obtain
lim 722, — 2,1 = 0. (3.10)
n—oo
From (3.8), we have
lim [|xp+1 =25l = lim (1= )2, — 25l = 0. (3.11)
n—oo n—oo

Again by Lemma and T, is quasi-nonexpansive, we have
Ixn+1=p1? < Ballzn = pI* + (1= Bl Jnzn — pII?
<z, - pl”

< anllyn —pI2+A = a )Ty —pI% = an(l = eI Tnyn — yull®
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<¥n —pI2 = an(1 = a )T yn — yull®

< llxn =PI + 20 (60 = %n-1,¥n = P) = @n(L = @) Tnyn = ynll*. (3.12)
Since nh_% lx, — pll exists and the assumption (ii), it follows from ID that
lim [T yn — ynll = 0. (3.13)
n—oo
This implies that
lim [lz;, =yl = im (1 —a ) IThyn —ynll = 0. (3.14)
n—oo n—oo
From the definition of {y,} and the assumption (i), we have
lim lyn —xnll = lim 6, lx, —x,-1/ =0. (3.15)
n—oo n—oo
It follows from (3.11), (3.14) and (3.15) that
lxn+1 —2%nll < ll%p+1—2nll + 120 = Yol + lyn — x5l = O (3.16)
as n — oo. From (3.11) and (3.16), we obtain
”Zn_xn” = ||Zn_xn+1” +||xn+l_xn|| —0 (317)

as n — oo. Since {x,} is bounded and H; is reflexive, w,,(x,) = {x € Hy : x,, — x,{xp,} < {x,}} is
nonempty. Let g € w,(x,) be an arbitrary element. Then there exists a subsequence {x,;} < {x,}
converging weakly to q. Let p € w,(x,) and {x,,} < {x,} be such that x,, — p. From (3.14),
we also have z,, — q and z,,, — p. Since Tf’D is nonexpansive, by Lemma , we have
p,q € (B+D)"10). Applying Lemma we obtain p =gq.
Step 3: Show that ¢ € Q. Setting u, = TE\(I —yA*(I - Tf*)A)y,. For any p € S, we estimate
lun—pI? = ITSHI —yA* (I - TE)A)y, - plI”
= |1 TFV (I - yA* (I - TE) Ay, - TF p)?
< llyn—YA*I - TE2)Ay, - p|
< llyn— P12+ Y2 1A T - TED Ay, 12 + 27 (0 — yn, AT - TE2)Ayy). (3.18)
Thus, we have
lun = I < l2n =PI + 205 xn — Xn-1,Yn — PY + Y*(Ayn — TE2Ayn, AA*(I = TF2) A yn)
+27(p — yp, A*(I =TI Ayn). (3.19)
On the other hand, we have
YAy~ T2 Ay, AA* (I - TF)Ay,) < Ly*(Ay, - TF2Ay,, Ay, — TF2Ay,)
=Ly Ay, —T; 2 Ayal® (3.20)
and
2Y(p = yn, A" = TF)Ayn) = 2Y(A(p — ), Ayn — TF > Ayy)
= 2Y(A(p — yu) + Ay, — T2 Ay,) — (Ay, - TF2Ay,), Ay, — TI2 Ay,)
=2Y((Ap = T2 Ay, Ayn = T2 Ayn) = 1Ay, = T2 Ay |1?)

1
=2r{S 1Ay, ~ T1? Ayl ~ 1Ay, ~ TE Ay, I}
= —YlAy, - T Ay, | (3.21)

Using (3.19), (3.20) and (3.21), we have
lun = pI12 < 120 = P12 + 260, (%, = Xn-1,9n = P) + LY? I Ayn = TE2 Ay, 12 — Y Ayn — TE2 Ay, ||

Commaunications in Mathematics and Applications, Vol. 10, No. 2, pp. [191 , 2019
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= llxn = PI® + 20, (%n — X1,y — P + YLy = DI Ayn - TE?* Ay %, (3.22)
This implies that

Izn = I < apllyn —pI> + (1 - an)llu, — pl?

< lxn = PI® + 20, (Xn — Xn—1,¥n — PY + YLy = DIl Ayn - TF2 Ay, |1®. (3.23)
Therefore, we have
~Y(Ly = DIAyn = TF?Aynll® < ltn = pI% = 125 = I + 20, (n = Xn—1,¥n — D) (3.24)
Since y(Ly —1) <0, it follows from (3.14), we obtain
lim | Ay, — T7?Ayall =0. (3.25)

Since Tfnl is firmly nonexpansive and [ —yA*(Tf:f —I)A is nonexpansive [44], it follows that
lun —pI? = 1TF (v —yA* I = TE)Ay,) - Tr Il
< (TF yn—YA T - TE)Ay) - T ' p,yn —yA I - TE?)Ay, — p)
=(un—D,yn—YA U - Tf;LZ)Ayn —-Dp)
1 * *
=l — I+ lyn —YA* T = TP Ay, — plI* = lun — yn + YA I = TE) Ay, 1%}

1 *
s§{||un—p||2+||yn—p||2—||un—yn+yA (I-TE)Ay, 1%

= %{nun =1+ 1yn =PI = U = yul® + Y2 IA T - TE) Ay, I
+ 2y (U — Yp, A = TEDA Y,
which implies that
lun = pI? < lyn =PI = ltn = yull® = 2y (Un = yn, AT = TE2)Ayy)
<llyn =PI = lltn = yal® + 2yl = ya AT = TF2)Ay,|l. (3.26)
This implies that
lzn = pI% < anllyn — pII> + (1 - an)llu, — plI®

< aullyn —pI* + A= an)(lyn — PI? = llun — yul® + 2y lun — ya 1A T = TE2) Ay, ).

Therefore, we have

A= an)lun =yl <2y lun — yullA*T = TEDAyn ll + lyn — pI® = 2, — pI%. (3.27)
From the condition (i1), (3.17) and (3.25), we have

lim flup = ynll =0. (3.28)
It follows from and that

7}@& ltwn — x5l =0. (3.29)

This implies that u,, — g as n — co. We next show that q € EP(F).
From u, = Tfnl(I —-YA*(I - Tf;z)A)yn, we have

1
Fi(tin, y)+ =y = tn,tun = Yo + YA I =Ty ) Ayy) 20 (3.30)
n
for all y € C, which implies that

1 1 \
F1(ttn, y)+ ——(y = tn,Un = yn) + —(y —n, YA (I - TI)Ayn) =0
n n
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for all y € C. By Assumption [2.2](2), we have

1 1
Y=ty tn = yn) + (Y~ n, YA" T =T DAyn) = F1(y,un)
n n

for all y € C. From liminfr, >0, from 1D , lb and the Assumption (4), we obtain

n—co
Fi(y,9)<0
forall yeC. ForanyO<t<1land yeC,let y;=ty+(1—1t)q. Since ye C and q € C, y; € C and
hence F1(y:,q) <0. So, by Assumption [2.2|(1) and (4), we have
0=F1(ys,y1) < tF1(y:, y) + (1= )F1(y;,w) < tF1(y, y)
and hence F1(y:,y) = 0. So F1(g,y) =0 for all y € C. By Assumption [2.2](3) we obtain ¢ € EP(Fy).
Since A is a bounded linear operator, Ay, — Aq. Then it follows from that

TI*Ay, — Aq (3.31)
as n — oo. By the definition of T,I.—':fA Yn, we have
1
Fo(Ty? Ayn, 1)+ —(y = T7 Ayn, Tr?Ayn = Ayn) 20
n

for all y € C. Since F is upper semi-continuous in the first argument and (3.31), it follows that
Fy(Aq,y)=0
for all y € C. This shows that Aq € EP(F9). Hence g € S. O

Theorem 3.2. Let H{, Hy be two real Hilbert spaces and C c H1, @ < Ho be nonempty closed
convex subsets of Hilbert spaces H1 and Hs, respectively. Let A : Hi — Hy be a bounded linear
operator, and let F1:CxC — R, Fa:Q x@ — R be bifunctions satisfying Assumption[2.2land Fg is
upper semi-continuous in the first argument. Let B : H1 — Hq be an a-inverse strongly monotone
operator and D : H; — 271 o maximal monotone operator such that S = (B+D) 1 0)nQ # @,
where Q={ze€C:ze EP(F1) and Az € EP(F3)}. Let {x,},{y,} and {z,} be sequences generated by
x0,x1 € H1 and

Yn =%p + 0, (xp —xp-1),

2n = Anyn + (1= a,)TENT —yA* (I - TE)A)y,,

{Wn = Przn+(1 = )2 - 5,B)zy, (3.32)
Cri1=1{2 € Cp: lwy —2I% < llxp — 2012 + 202 1%, — 2p 1 1% = 200 (xn — 2,251 — X))

Xn+1 :PC,H.lxla nx=1

where JSDn =(I +s,D)7L, {s,} <(0,2a), {6,} <[0,0], O €[0,1), {r,} < (0,00) with v € (0,1/L) such
that L is the spectral radius of A*A and {a,}, {B,} are sequences in [0,1]. Assume that the
following conditions hold:

o0
(1) Zl Onllxn, —xp-1ll <o00;
n=

(i) limsupa, <1;

n—oo
(iii) 0 <liminfpB, <limsupf, <1;
n—oo n—oo
@iv) liminfr, > 0;
n—oo
(v) 0<liminfs, <limsups, <2a.
n—00 n—00

Then the sequence {x,} converges strongly to q = Pgx1.
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Proof. We split the proof into six steps.

Step 1: Show that Pc,, x1 is well-defined for every x € H1. We know that (B +D)~1(0) and
Q are closed and convex by Lemma [2.5] and Lemma respectively. From the definition
of C,+1, from Lemma C,+1 is closed and convex for each n = 1. For each n € N, we
put T, = Tfnl(I—)fA*(I— Tf;z)A) and J, = (I +s,D)"Y(I —s,B) and let p € S. By the proof in
Theorem 3.3 of [44], we know that T, is quasi-nonexpansive, and since </, is nonexpansive, we
have

lwn = pI? < Brllzn —pI%+A=B)llnzn — plI?

< llzn —pI?

< anllyn —pI?+ Q= a ) Trys — plI®

< llyn—plI?

< lxn =PI + 20, (%p — Xn—1,¥n — P

< xn = I + 202, — Xn—111% = 20, Xy — P, Xn—1 — Xn). (3.33)

So, we have p € Cy,41, thus S € C, ;1. Therefore Pc,, x1 is well-defined.
Step 2: Show that r}Lrglo llx, —x1] exists. Since S is nonempty, closed and convex subset of Hq,
there exists a unique v € S such that

v =Pgxj. (3.34)

From x, = P¢,x1, Chs1<C, and 5,41 € Cpyq, V R 2 1, we get

llxn —2x1ll < llxp+1—21ll, V=1 (3.35)
On the other hand, as S < C,,, we obtain
lxn —x1ll < lv—2x1ll, V=1 (3.36)

It follows that the sequence {x,} is bounded and nondecreasing. Therefore, r}im llx, —x1] exists.
—00

Step 3: Show that x, — g € C as n — oo. For m > n, by the definition of C,, we have
xm = Pc,,x1 € Cp, € Cp. By Lemma 2.6} we obtain that

It — 2 11% < ot = 2111 = o6 — 117 (3.37)
Since lim [, —x1]| exists, it follows from (3.37) that lim |x,, —x,] = 0. Hence {x,} is Cauchy
sequeIrllceoci’n C and so x, — g€ C as n — oco. .

Step 4: Show that g € (B + D) 1(0). From Step 3, we have that nli_{&ll%ﬂ —x,| = 0. Since
xn+1 € C,,, we have

lwn —xnll < lwn = Xps1ll + 1xp+1 — X0l

= \/”xn —Xn+1 ”2 + zer%llxn - xn—l”2 - 2Hn (xn —Xn+1,%Xn-1 —xp) + 1Xn+1 — Xl (3.38)
By the assumption (i) and (3.38), we obtain
lim |w, —x,|l =0. (3.39)
n—-oo

By Lemma[2.1]and ¢/, is nonexpansive and 7', is quasi-nonexpansive, we have
lwn = p1I? = Ballzn = pI* + (1= B Tnzn =PI = Bu(1 = Br)llJnzn — 2011
<llzn =PI = Bn(1 = B Inzn — zall®
< @pllyn = pI? + (L= @) Tnyn =PI = Br(1= B Tn 20 = 21
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<lyn—pI2 =B = BT nzn — 25|12

<[l = pII* + 205 (%n = %n-1,5n = P = Bn(1 = Bl Jn2n — Za >, (3.40)

This implies that

Bn(L = Bu)llTnzn =201 < ltn = p I = llwn — P11 + 20, xp = Xn—1,5n — P)- (3.41)
Then, by the assumption (i), (iii) and (3.39), we obtain

,}l_,m lJnzn —2nll = 0. (3.42)
This implies that

lim [lwy — 2l = lim (1= B)llJnzn — 2nll = O. (3.43)

n—oo n—oo
It follows from (3.39) and (3.43) that

lim ||z, — %, = O. (3.44)

n—o0
Since liminfs, >0, there is s > 0 such that s,, = s for all n > 1. Lemma(ii) yields that

n—oo

ITPP 2~ 2nll < 21T 20 — 2a . (3.45)
Then, by (3.42) and (3.45), we obtain

lim | T3P, —z,1=0. (3.46)

Since {x,} is bounded and H; is reflexive, w,(x,) = {x € Hy : x,, — x,{xp;} < {x,}} is nonempty.
Let g € w,(x,) be an arbitrary element. Then there exists a subsequence {x,;} < {x,} converging
weakly to q. Let p € w,(x,) and {x,,} < {x,} be such that x, — p. From , we also have
zp;, —q and z,, — p. Since Tf’D is nonexpansive, by Lemma we have p,q € (B+D)71(0).
Applying Lemma [2.9 we obtain p =q.

Step 5: Show that g € Q. By the same proof of Step 3 in Theorem 3.1} we have g € Q.

Step 6: Show that ¢ = Pgx1. Since x, = P¢,x1 and S < C},, we obtain

(X1 —%,,x,—2)=0, Vz€S. (3.47)
By taking the limit in (3.47), we obtain

(x1—-q,q—2)=0,V zeS. (3.48)
This shows that g = Pgx;, which completes the proof. O

Remark 3.3. We remark here that the condition (i) is easily implemented in numerical
computation since the valued of ||x, —x,-1| is known before choosing 6,,. Indeed, the parameter
6,, can be chosen such that 0 <6,, <8,,, where

. [ .
é _{mm{m,e} lfxn #xn_l,

n =
7] otherwise,

where {w,} is a positive sequence such that }.>° ; w, <oo.
We now give an example in Euclidean space R? to support the main theorem.

Example 3.4. Let Hi =Hy=R3, C ={(x,y,2) e R3|\/x2+y2 + 22 < 1} and Q = {(x, y) e R®|(a,x) =
b} where a =(2,-1,3), b = 1. For r >0, let T"'x = Pcx and T 2x = Pgx. Let A,B,D : R? — R3
be defined by Ax = (é _(1)1 g)(g), Bx =3x+(1,2,1) and Dx = 4x where x = (x1,x9,x3) € R3. We see

that B is 1/3-inverse strongly monotone and D is maximal monotone. Moreover, by a direct
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calculation, we have for s >0

JP(x - sBx) = (I +sD) }(x — sBx)
_1-3s s

= - 1,2,1
1ras” Teas 02D
where x = (x1,x9,x3) € R%. Since a = %, we can choose s, = 0.1 for all n € N. Since L =3, we can

also choose y = 0.1. Let a, = B, =y = 155557 and

. 1 .
Hn _ mm{m,Oﬁ} 1fxn # Xn-1,
0.5 otherwise.

We provide a numerical test of a comparison between our inertial forward-backward method
defined in Theorem and a standard forward-backward method (i.e. 8, = 0). The stoping
criterion is defined by E,, = ||x,+1 — x|l < 107°. The different choices of xo and x; are giving as
follow:

Choice 1: xo =(1,-5,8)T and x; =(8,-5,3)7;
Choice 2: xo=(-1,6,7)T and x; =(-3,5,-3)7;
Choice 3: x9 =(-2.3,3.2,-4.5)T and x; =(6.1,-5.2,-1.1)7.

Table 1. Comparison of 6,, #0 and 8, =0 in Example

No. of Iter. cpu (Time).
0,#0 | 0,=0 | 6,#0 0,=0
Choice 1: xo =(1,-5,8)T x; = (8,-5,3)T 54 70 0.013965 | 0.022513
Choice 2: x9 =(-1,6,7)T, x1 =(-3,5,-3)T 60 76 0.017255 | 0.022136
Choice 3: xg =(-2.3,3.2,-4.5)T, x; =(6.1,-5.2,-1.1)T 62 74 0.019725 | 0.022350

The error plotting E,, of 6,, # 0 and 0,, = 0 for each of the choices in Table[I]is shown in Figure
respectively.

@ 20
n

——0 =0
n _

] ] |
qS 20 25 30 35 40 45 50 55 60 65 70 75
Number of iterations

Figure 1. Comparison of iterations for Choice 1 in Example
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S SRR SPTPPPRTT o4 el l . . .
15 20 25 30 35 40 45 50 55 60
Number of iterations

Figure 2. Comparison of iterations for Choice 2 in Example

T
B 20
n
——0=0| |
n
0 - [T W l I . . il ] I
15 20 25 30 35 40 45 50 55 60 65 70 75
Number of iterations

Figure 3. Comparison of iterations for Choice 3 in Example

Remark 3.5. From Figure it is shown that our inertial forward-backward method has a
good convergence speed and requires small number of iterations than the standard forward-
backward method.

4. Applications and Numerical Experiments

In this section, we apply our main result to solve the common problems between the split
feasibility problem and the convex minimization problem and also solve the common problems
between the split feasibility problem and the variational inequality problem. The split feasibility
problem (SFP) [10] is to find a point ¥ such that

#eC, TZeQ, (4.1)
where C and @ are, respectively, closed convex subsets of Hilbert spaces H; and He and
T :H; — Hg is a bounded linear operator with its adjoint 7. For solving the SFP (4.1), Byrne [8]
proposed the following CQ algorithm:

Xn+1= PC(xn - AT*(I _PQ)Txn), (4.2)
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where 0 < A < 2a with a = 1/||T||2. Here |T|? is the spectral radius of T*T. We know that
T*(I-P)T is 1/|T |2-inverse strongly monotone [9]. So, we now obtain immediately the
following strong convergence theorem for solving the SFP (4.1).

4.1 Convex Minimization Problem
Let F' : H — R be a convex smooth function and G : H — R be a convex, lower-semicontinuous
and nonsmooth function. We consider the problem of finding ¥ € H such that

FX)+G&x)<F(x)+G(x) (4.3)

for all x € H. This problem (4.3) is equivalent, by Fermat’s rule, to the problem of finding x € H
such that

0 € VF(x) +0G(x) (4.4)
where VF is a gradient of F' and 0G is a subdifferential of G. The minimizer of F + G will
be denoted by S. We know that if VF' is %-Lipschitz continuous, then it is L-inverse strongly

monotone [3, Corollary 10]. Moreover, 0G is maximal monotone [40, Theorem A]. If we set
B =VF and C =0G in Theorem then we obtain the following result.

Theorem 4.1. Let H{, Hs be two real Hilbert spaces and C c Hi, @ < Hy be nonempty closed
convex subsets of Hilbert spaces H1 and Hs, respectively. Let T : Hi — Hy be a bounded linear
operator. Let F : H — R be a convex and differentiable function with %-Lipschitz continuous
gradient VF and G : H — R be a convex and lower semi-continuous function which F +QG attains a
minimizer. Assume that SNSFP # @. Let {x,}, {y,} and {z,} be sequences generated by xy,x1 € Hy
and

Yn =%Xp +0p(xn —x,-1)

2n=0pYn+ (1= ap)Pc(yn—yT*I -Pg)Tyy),

S Wn = Pnzn+ (1= ) (2, — 5, VF(2p)), (4.5)

_ . 2 2 2 2
Cni1={z€Ch:llwp—2I" < llxp, —201° + 205 xp — xp-111° — 20, (xp — 2,%n—1 — X))}

Xn+1 :PC,H.lxl, nz=1

where J¢ = (I +5,00)7), {s,} =(0,2a), {0,} <[0,0], 6 €[0,1) with y € (0, /| T|?) and {ay}, {Bn}
are sequences in [0,1]. Assume that the following conditions hold:

00
(1) Zlen lxn —xp-1ll <o0;
n=

(i) limsupa, <1;
n—oo
(iii) 0 <liminffB, <limsupf, <1;
n—oo n—o0
(iv) 0 <liminfs, <limsups, < 2a.
n—00 n—00
Then the sequence {x,} converges strongly to ¢ = PsnsFpx1.

Example 4.2. Let Hy = Hy =R3, C = {(x1,22,x3) € R3 : { /a2 + 22+ x2 < 1} and @ = {(x1,x2,x3) €

R3: (a,x) = b}, where a =(2,4,5) and b =5. Let T' = (—(1)1 _(2)2 i) Solve the following minimization
problem:
min [|x[13 +(3,5,~Dx + ]|, (4.6)
x€R3

where x = (x1,x9,x3) € R3.
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Set F(x) = Ilelg +(3,5,—1)x and G(x) = ||x||; for all x € R3. We have for x € R? and s >0, VF =
2x+(3,5,-1) and JC (x) = (max{|x1|-s, O}sign(x), max{|xz| - s, 0}sign(xz), max{|x3| —s, 0}sign(x3)).
We see that VF is 2-Lipschitz continuous, consequently, it is 1/2-inverse strongly monotone.
In this example, we choose Yy =0.1. Let a,, B,, s, and 8, be as in Example The stopping
criterion is defined by [|x,+1 — x|l < 1072. The different choices of x¢ and x1 are given as follows:

Choice 1: xo = (-2,8,-5)T and x; =(-3,-5,8)T;
Choice 2: xo=(-1,7,6)T and x; =(-3,1,-1)7T;
Choice 3: x9 = (-2.3,3.2,-4.5)T and x; = (6.1,-5.2,-1.1)7.

Table 2. Comparison of 6,, #0 and 8,, =0 in Example

No. of Iter. cpu (Time).
0,#0 6,=0 0, #0 0,=0
Choice 1: xg = (-2,8,-5)T x1 =(-3,-5,8)T 48 67 0.016348 0.017879
Choice 2: xg =(-1,7,6)T, x1 =(-3,1,-1)T 44 61 0.022234  0.031774
Choice 3: xg =(-2.3,3.2,-4.5)T, x; =(6.1,-5.2,-1.1)T 47 59 0.015349  0.029733

The error plotting E, of 0, # 0 and 6,, = 0 for each of the choices in Table [2| is shown in
Figures respectively.

-3

Error

4 "
35 40 45 50 55 60 65 70
Number of iterations

Figure 4. Comparison of iterations for Choice 1 in Examnple

i . . Il
25 30 35 40 45
Number of iterations

Figure 5. Comparison of iterations for Choice 2 in Examnple
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Figure 6. Comparison of iterations for Choice 3 in Examnple

4.2 Variational Inequality Problem
The variational inequality problem (VIP) is to find a point x € C such that

(Ax,x—-x)=0, VxeC 4.7)
where A : C — H is a nonlinear monotone operator. The solution set of (4.7) will be denoted by
S. The extragradient method is used to solve the VIP (4.7). It is also known that the VIP is a
special case of the problem of finding zeros of the sum of two monotone operators. Indeed, the

resolvent of the normal cone is nothing but the projection operator. So, we obtain immediately
the following results.

Theorem 4.3. Let H1, Hy be two real Hilbert spaces and C c H1, @ < Ho be nonempty closed
convex subsets of Hilbert spaces H1 and Ho, respectively. Let T : Hy — Hy be a bounded linear
operator. Let A : H — H be an a-inverse strongly monotone operator and C be a nonempty closed
convex subset of H. Assume that SNSFP # @. Let {x,},{y,} and {z,} be sequences generated by
x9,x1 € H1 and

Yn =%Xn +0n(xn _xn—l)

zZpn=apyn+Q—ap)Pc(y, —yT*U —Pg)Ty,),

Wy = PBrzn+1—Pr)Pc(z, —snAzy), (4.8)
Cni1={2€Cy:lwy—212 < llxy — 2112 + 202|120, — -1 112 — 20, (xn, — 2,%n-1 — 1)}
Xn+1=Pc,,,x1, n=1

where {s,} < (0,2a), {0,} <[0,0], 6 €[0,1) with y € 0,1/1T1?) and {a,}), {Bn} are sequences in
[0,1]. Assume that the following conditions hold:
(0,0]

1) Zlen lxn —xp-1ll <o0;
n=

(i) limsupa, <1;
n—oo
(iii) 0 <liminfpB, <limsupf, <1;
n—oo n—oo
(iv) 0 <liminfs, <limsups, < 2a.
n—0oo n—00

Then the sequence {x,} converges strongly to ¢ = PsnsFpx1.

Example 4.4. Let H; = Hy = R3, C = {(x1,x9,x3) € R : \/x% +x§ +x§ <1} and @ = {(x1,x9,x3) €

R3: (a,x) = b}, where a =(2,4,5) and b =5. LetT:(—ll % %) andA:((l) _112).
0 -22 00 2
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In this example, we choose y =0.1. Let a,, B, s, and 6, be as in Example The stoping
criterion is defined by [lx,+1 — x|l < 1072. The different choices of x¢ and x1 are given as follows:

Choice 1: xo=(3,-7,1)T and x; =(-9,6,2)7;
Choice 2: xo=(7,1,-3)T and x; = (4,9,-5)7;
Choice 3: xo = (-1.5,4.1,-0.5)7 and x; = (3.2,-7.4,-1.5)T.

Table 3. Comparison of 8, #0 and 6,, =0 in Example

No. of Iter. cpu (Time)
0,20 60,=0 0, #0 6,=0
Choice 1: xo =(3,-7, 1T x1 =(-9,6,2)T 42 47 0.012358  0.022709
Choice 2: xg =(7,1,-3)T, x1 = (4,9,-5)T 32 60 0.006002  0.018696
Choice 3: xg =(-1.5,4.1,-0.5)T, x; =(3.2,-7.4,-1.5)T 36 43 0.013849  0.021260

The error plotting E, of 8,, # 0 and 6,, = 0 for each of the choices in Table (3| is shown in
Figures respectively.

i L L
30 35 40 45
Number of iterations

Figure 7. Comparison of iterations for Choice 1 in Example
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Figure 8. Comparison of iterations for Choice 2 in Example
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Figure 9. Comparison of iterations for Choice 3 in Example

5. Conclusion

In this paper, we present a new modified inertial forward-backward splitting method combining
the SP-iteration for solving the split equilibrium problem and the inclusion problem. The weak
convergence theorem is established under some suitable conditions in Hilbert spaces. We then
use the shrinking projection method for obtaining the strong convergence theorem and apply
our result to find the common elements of the set of solutions of split feasibility problems and
variational inequality problems and also find the common elements of the set of solutions of
split feasibility problems and the minimization problems. Some numerical experiments show
that our inertial forward-backward method have a competitive advantage over the standard

forward-backward method (see in Tables [I}3]and Figures [1H9).
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