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1. Introduction

Let C and @ be nonempty closed convex sets in real Hilbert spaces H; and Hs, respectively,
and A : Hy — Hs a bounded linear operator. The problem in solving

x*e€C with Ax* €@, (1.1)
is called the split feasibility problem (SFP) which was introduced by Censor and Elfving [7].

We denote by S the solution set of (1.1). This problem has a variety of specific applications in
real world, such as medical care, image reconstruction, and signal processing [[1,10,/13,16,/17].
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Byrne [5,/6] suggested a projection method called the CQ algorithm for solving the SFP that
does not involve matrix inverses as follows:
Xn+1=Polxy, —anA™(I —Pg)Ax,), (1.2)

where Pc and Pg denote the metric projection onto C and @, respectively and A* is the adjoint
operator of A. However, in some cases it is impossible or needs too much work to exactly compute
the orthogonal projection. In [22]], by using the relaxed projection technology, Yang presented
a relaxed CQ algorithm of solving the SFP. This method employs two half spaces C, and @,
instead of C and @, respectively. It is very convenient in practice because the formula can be
easily computed.

In 2008, Mainge [14] introduced Mann type algorithm involving the inertial term for the
fixed point problem of nonexpansive mappings in Hilbert spaces.

In 2015, Bot et al. [4] proposed an inertial Douglas-Rachford splitting algorithm for finding
the set of zeros of the sum of two maximally monotone operators in Hilbert spaces and
investigate its convergence properties.

Qu and Xiu [15] introduced the stepsize self-adaptively by adopting Armijo-line searches as
follows:
Algorithm 1. For any y >0, £€(0,1) and u € (0,1), take arbitrarily x; € RN and calculate
Zn+1= Po(en — an AT(I — Pg)Axy), (1.3)
where o, =y¢™" and m, is the smallest nonnegative integer m such that
f(Pc(x, —ap™AT(I - Pg)Ax,))
< f(xn) — AT (I = P@)An, xp — Pl —0p™ AT(I - Po)Axy)), (1.4)
where f(x) = %IIAx —PQAxIIQ.

Recently, Gibali et al. [12] modified relaxation CQ algorithm with the Armijo-linesearch of
Qu and Xiu [15] in real Hilbert spaces as follows:

Algorithm 2. Given constants y >0, ¢ €(0,1) and p € (0,1). Let x; be arbitrary. For n = 1,
calculate

Yn =Pc, (xn — anFr(xy)), (1.5)
where a, =y¢™" and m, is the smallest nonnegative integer such that

an |l Fn(xn) = Frp(yu)ll < pllcn — ynll- (1.6)
Construct the next iterative step x,.1 by

Xn+1=Pc, (@n — an fr(yn)). .7

In this work, we propose an inertial relaxation CQ algorithm for the split feasibility problem.

We prove weakly convergence of our algorithm and present numerical examples comparing

algorithm of Gibali et al. [12]]. There have been some iterative methods invented for solving the
SFP in the literature (see, e.g. [[8,[18-20]).
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2. Preliminaries

In this section, we give some definitions and lemma, which will be used in the main results.
Throughout this paper, we recall the following definitions:

A mapping T : H; — H is said to be firmly nonexpansive if, for all x,y € H1,

(x—y,Tx—=Ty)=|Tx—-Tyl?. (2.1)
F is said to be monotone on C if
(F(x)-F(y),x—y)=0, Yx,y € C; (2.2)
In a real Hilbert space H, we have the following equality:
<x,y>=%IIxIIZJr%IIyIIZ—%le—yIIZ. (2.3)
A differentiable function f is convex if and only if there holds the inequality:
(@)= fx)+(Vf(x),z—x) (2.4)
for all z € Hy.
An element g € H; is called a subgradient of f : H; — R at x if
f@zfx)+(g,z2—x) (2.5)

for all z € Hq, which is called the subdifferentiable inequality.
A function f : H; — R is said to be subdifferentiable at x if it has at least one subgradient
at x.
The set of subgradients of f at the point x is called the subdifferentiable of f at x, which is
denoted by of (x).
A function f is said to be subdifferentiable if it is subdifferentiable at all x € H4. If a function
f is differentiable and convex, then its gradient and subgradient coincide.
A function f : H; — R is said to be weakly lower semi-continuous (shortly, w-1sc) at x if x, — x
implies
f(x) <liminff(x,). (2.6)
n—.oo

We know that the orthogonal projection P¢ from H; onto a nonempty closed convex subset
C c H; is a typical example of a firmly nonexpansive mapping, which is defined by

Pcx:=argmin|x - yII2 2.7)
yeC
for all xe Hy.

Lemma 1 ([2]). Let C be a nonempty closed convex subset of a real Hilbert space Hy. Then, for
any x € Hq, the following assertions hold:
(1) (x—Pcx,z—Pcx)<0 forall zeC;

(2) IPcx—Pcyl? <(Pcx—Pcy,x—y) forall x,y € Hy;
3) IPcx—zl?<llx—z|?2=|Pcox—x|? for all z€C.

From Lemmal/l] the operator I — P is also firmly nonexpansive, where I denotes the identity
operator, i.e., for any x,y € H1,

(I-Pc)x—(I-Pc)y,x—y) = (I -Pc)x— (I - Pc)yl?. (2.8)
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Lemma 2 ([14]]). Assume x, €[0,00) and §, € [0,00) satisfy:
(1) xp41—2%, <0,(xp, —%,-1)+6y,
+o0
(i) Y 6, <oo,
n=1

+00
(iii) {0,}<[0,0], where 0 €[0,1). Then the sequence {x,} is convergent with Y [x,+1 —%x,]l+ <00,
n=1

where [t], := max{t,0} (for any t € R).

Lemma 3 ([3]]). Let S be a nonempty subset of a real Hilbert space Hi and {x,} be a sequence in
H that satisfies the following properties:

(i) lim |x, — x| exists for each x€ S;
n—oo
(i1) every sequential weak limit point of {x,} isin S.

Then {x,} converges weakly to a point in S.

3. Inertial Relaxation CQ Algorithm with Armijo-line Search

In this section, we introduce an inertial relaxation CQ algorithm with Armijo-line search, in
which the closed convex subsets C and @ have particular structure.
For the SFP, we assume that the convex sets C and @ satisfy the following conditions:

(A1) The set C is given by

C={xeHi:c(x)<0}, (3.1)
where ¢ : H; — R is a convex function and C is a nonempty set. The set @ is given by
Q={y€Hz:q(y)=<0}, (3.2)

where q : Ho — R is a convex function and @ is a nonempty set. Assume that ¢ and ¢ are
subdifferentiable on C and @, respectively, and ¢ and g are bounded on bounded sets. Note that
this condition is automatically satisfied in finite dimensional spaces.

For any x € H; , at least one subgradient ¢ € dc(x) can be calculated, wheredc(x) is defined
as follows:

Oc(x)={zeHi:c(u)=clx)+{u—x,2), Vu e Hqy}. (3.3)
For any y € Hq, at least one subgradient 1 € dq(y) can be calculated, where

0g(x)={weHs:q)=q(y)+{v—y,w), Vv e Ho}. (3.4)
Define the sets C,, and @, by the following half-spaces:

Cp={xeHqi:clxy)+{n,x—x,) <0}, (3.5)
where ¢, € 0c(x,), and

Qn=1{y€Hz:q(Axy)+ (Nn,y — Axpn) < 0}, (3.6)

where 1, € 0q(Ax,).

By the definition of the subgradient, it is clear that C € C,, and @ < ®,,. The projections onto
C, and @, are easy to compute since C, and @, are two half-spaces.

We define the function F,, : H; — H;1 by

Fp(x)=A"(I-Pgq,)A(x). (3.7)

where A : Hy — Hy a bounded linear operator, and A* is the adjoint operator of A.

Commaunications in Mathematics and Applications, Vol. 10, No. 2, pp. [245 , 2019



On Inertial Relaxation CQ Algorithm for Split Feasibility Problems: S. Kesornprom and P. Cholamjiak 249

Algorithm 3. Given constant y >0, £€(0,1), p€(0,1) and {0,} <[0,60), where 6 €[0,1). Let x;
be arbitrary and let

Wn = Xn +0n(xn —2xn-1), (3.8)

In =Pc,(wn — anFr(wy)), (3.9)
where a, =y¢™" and m, is the smallest nonnegative integer such that

an |l Fn(wn) — Fp(yu)l < pllwy — yall. (3.10)

Construct the next iterative step x,+1 by
Xn+1=Pc,(Wn — anFn(yn)). (3.11)

Lemma 4 ([12]]). The Armijo-line search (3.10) terminates after a finite number of steps. In
addition,

¢
“f <an<y, foralln=1 (3.12)

where L = | A||2.

In what follows, we denote S by the solution set of the problem (SFP) and also assume that
S is nonempty.

(0,0

Theorem 1. Assume that the solution set S is nonempty and Y 0,|x, —xn_lll2 < o00. Then any
n=1

sequence {x,} generated by Algorithm [3|converges weakly to a solution in S.

Proof. Let z€ S. Since C<C,, @ SQ, then z=Pc(z) = Pc¢,(2) and Az = Pg(Az) = Pg,(Az2).
This implies that F,,(z) = 0. By Lemmal[1] (iii), we obtain
I2n+1 =212 = |1Pc, (Wn — anFrn(yn) — 2|2
< lwn = anFrn(yn) — 211 = 1xp+1 = wn + @ Fr(yn)l?
= lwp —211* = 2an Wy — 2, Fn(yn)) + |l anFn(yu)1? = xp41 — wn l1?
~ 20, (X 41— Wn, Fr(yn)) — lanFrn(ya)I1?
= lwn = 211 = 200 Wy = Y + Yn — 2, Fn () = 12ns1— wa
—2ap{xp+1—Wn, Frn(yn))
= llwn = 2112 = 2@ Wn = Y0, Fr(yn)) = 200 n = 2, Fn () = 241 — w12
—2ap{Xp+1—Wn, Frn(yn))
= lwy =211 = 2an (Y — 2, Fn(yn)) — 20 (Xn+1 = Y, Fa(yn))
~|%n+1 = Yn + Yn — wall®
= lwy =21 = 200 Yn = 2, Fn(yn)) — 205 (Xn+1 = Y, F(yn))
~1%ne1 = Ynl? = 2(n41 = Yn, ¥ — Wn) = yn — wall®
= llwn =21 = 2an 0 = 2, Fn(yn)) = xns1 = yal = llyn —wn I

—2{Xn+1 = Yn>Yn — Wn + an 'y (yn)). (3.13)
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On the other hand, we have
lwn = 2117 = It +On (2t — 2n-1) — 21|

= llp — 2112+ 20xp — 2,0, — %n_1)) + 10,25 — 2 _1)I|2

=[xty — 2012 + 20, (X, — 2,25 — K1) + 021120 — 21112 (3.14)
By (2.3), we obtain
1 2 1 2 1 2
(n = 2,0 = 2n1) = Sl = 2117 4 Sl = n 1 17 = Sl =217, (3.15)

Combining and (3.15), we have
lwn =212 = llxn — 21 + O lln — 211 + 0nllty, — Xn—111% = On lxn-1—211% + 02, — Xn—11l”
< llocn =212 + 0nllxn — 211% = l2n-1 — 211%) + 20, 2, — 2111 (3.16)
From and F,(z) =0, we have
20, yn — 2, Fn(yn)) = 2an(yn — 2, Fn(yn) — F(2))
=20, (yn —2,A"(I -Pg,)Ay,—A"(I—-Pgq,)Az)
=20,(Ay, —Az,(I-Pq,)Ay,—(I—Pg, )Az)

zz%n(I—PQn)Aynnz. (3.17)
Using Lemma [1] (i) and the definition of y,(y, € C,), we obtain
(Xn+1=Yn,Yn —Wn + @nFp(wy)) 2 0. (3.18)
We see that

=2Xn+1 = Yn>sYn — Wn + AnFn(yn)) < 2(Xn+1 = Yn,Wn — Yn — AnFn(yn))
+2(Xn+1 = Yn, Yn —Wn + AnFn(wy))
=20 Xn+1 = Yn, Fn(wy) = Fn(yn))
<2a,lxp+1 = YullFn(Wy) — Fp(y,)ll
< @ IF ) = Frn(ym)lI + [2n 41— yul®
< 121w =yl + xns1 = yul®. (3.19)
Combining (3.13), (3.16), (3.17) and we have

2 2 2 2 2
lXn+1—2l1° < llxp =217 +0nUlxn — 2117 = lxp—1 —2117) + 20, | xp, — xp-1l

4

—2"f||ur—1>Qn)Ayn||2 ~Nxns1 = Yull2 =y — w2

+ 12 lwp = Yul? + 12011 — Y ll?

=2ty — 2012 + 0 (2t — 211% = 12— 1 — 211%) + 20, x5, — 1112

l

—2*‘f||ur—PQn)Aynu2 — (L= D)y — wl. (3.20)

Lemmagives lim |x, —z| exists and {x,} is bounded.
n—oo

From (3.20), it follows that
lim ||y, —w,l =0, (3.21)
n—oo
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nlllgO (I —Pg,)Ay,ll =0. (3.22)
From (3.8), we have
lim ||lw, —x,] =0. (3.23)
n—oo
Using (3.21) and (3.23), we get
%n = ynll = llxn —wn +wpn = yall

< llxp —wnll + llwn — yaull
—0asn—oo. (3.24)
From (3.9), (3.10), (3.11) and (3.24), we obtain
1Xn+1 = Xnll < 1Xn+1 = Ynll + | yn — 24l
=Pc,(wn — anFn(yn)) —Pc,(wn — anFrwu))l + | yn — xnl
S anllFn(yn) = Fn(w)ll + llyn — xnl
= pllyn —wnll + 1 yn — 2l
—0asn— oo. (3.25)
By and (3.25), we get
[%n+1 —wnll < llxnt1 —2pll + lxn —wal
—0asn—oo. (3.26)

Since {x,} is bounded, set w,,(x,) is nonempty. Let x* € w,,(x,), then there exists a subsequence
{x,} of {x,,} such that x,, — x*. Now, we show that x* is a solution of the SFP, which will show
that w,(x,) € S. Since x,,,1 € C,,, then by the definition of C,,,, we obtain

C(xnk) + <€nk>xnk+1 _xnk> <0 (3.27)
where ¢,,, € 0c(x,,). Since dc is bounded and (3.25), we have

C(xnk) = <€nk,xnk _xnk+1>

< 1Sny M %n), = 2Xn 41l

—0as k — co. (3.28)
From the w-lsc and since x,, — x*, it implies that
c(x*) <liminfe(x,,) <0, (3.29)
k—o0

hence, x* € C. Since Pan (Ayn,) €EQp,, we have
q(Ayn,) + Mny, Pq, (Ayn,) —Ayn,) <0, (3.30)
where 1, € 09(Ay,,). Since dq is bounded and , we obtain
q(Ayn,) < (nys AYny, = Pq,,, (Ayn,))
<7, Il Ayn;, = Pq,, (Ayn,)ll
—0ask — oo (3.31)

We note that x,, —x* and [x,, — y»,| — 0. So y,, —x* and thus Ay,, — Ax" as k£ — oo.
By the w-Isc, we get

q(Ax™) Slikminfq(Aynk) <0. (3.32)
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So, Ax* € @. Using Lemma 3] we conclude that the sequence {x,} converges weakly to a solution
of the SFP. This completes the proof. O

4. Numerical Experiments
Example 1. Consider the following LASSO problem [21]:

1
min{§||Ax—b||2;xeR?’,nxulg}, (4.1)

33 -1
where A = (g 45 ? ), b =(0,2,0). We define C = {x € R3: || x||; < 7} and @ = {b}. Since the projection
onto the closed convex C does not have a closed form solution and so we make use of the
subgradient projection. Define a convex function c(x) = ||x|l{ — T and denote the level set C,, by:

Cn={xeR?:c(xy)+ (En,x —x,) < O}, (4.2)

where ¢, € 0c(xy,). Then the orthogonal projection onto C, can be calculated by the following:

x, if e(x,)+&n,x—x,) <0,
p = _ 4.3
¢n(x) {x - —C(x”)ﬁf’l‘l’; g otherwise. (4.3)
It is worth noting that the subdifferential dc at x,, is
1, if x,, > 0,
Oc(x,)=+41-1,1], ifx,=0, 4.4)
-1, if x, <O0.

The iteration process is stopped when the following criteria satisfied [|x,+1 — %, [ < 107%.
We let 6 =0.5 and 6,, = min {0, nzllx—ll—xllz}

We consider four cases as follows:

Case 1: x1=(-1,2,0), x9=(-2,0,-9), y = ”Alnz, ¢=0.4and p=0.8.

Case 2: x1=(1,-9,4), xo=(-5,2,1), y= &, £=0.9 and p=0.9.

Case 3: x1=(7,9,-4), x0=(4,6,-3), y= 157, /=0.3 and p=0.1.

Case 4: x1 =(5,4,0), xo =(3,5,-2), v = ﬁ ¢=0.2and u=0.5.

Table 1. Algorithm [3| with different cases

’ Algorithm 2 Algorithm 3
Case 1 No. of Iter. 215 187
cpu (Time) 0.0153 0.0145
Case 2 No. of Iter. 140 122
cpu (Time) 0.1657 0.1248
Case 3 No. of Tter. 403 362
cpu (Time) 0.0983 0.0759
Case 4 No. of Tter. 253 208
cpu (Time) 0.0637 0.0357

The convergence behavior of the error £, for each Cases is shown in Figure respectively.
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5. Conclusions

In this paper, we introduce the inertial relaxation CQ algorithm to solve the split feasibility
problem in real Hilbert spaces. We focus on the relaxation CQ algorithm with the Armijo-
linesearch for the SFP. The numerical experiments show that our algorithm converges faster
than that of Gibali et al. [12].
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