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Abstract. In this paper, we consider the composition of ordinary and exponential generating functions.
The obtained property of the composition of ordinary and exponential generating functions can be
used for distinguishing prime numbers from composite numbers. For example, it can be applied for
constructing new probabilistic primality criteria. Using the obtain property, we get several congruence
relations for the Uppuluri-Carpenter, Euler, and Fubini numbers.
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1. Introduction

Generating functions are a powerful tool for solving problems in number theory, combinatorics,
algebra, probability theory, and other fields of mathematics. One of the advantages of generating
functions is that an infinite number sequence can be represented in a form of a single expression.
Many authors have studied generating functions and their properties and found applications for
them (for instance, Comtet [1], Flajolet [2], Graham [3]l, Robert [12]], Stanley [15], and Wilf [17]).
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There are different kinds of generating functions, for example, ordinary, exponential,
Lambert, Bell, Dirichlet, multivariate and other generating functions. In this paper, we consider
ordinary and exponential generating functions.

According to Stanley [[16], ordinary generating functions are defined as follows:

Definition 1. An ordinary generating function of the sequence (a,),-¢ is the formal power
series

Ax)=ag+aix+asx’+...= Y anx™. (1)
n=0

According to Flajolet [2], exponential generating functions are defined as follows:

Definition 2. A exponential generating function is an ordinary generating function in the form

e
Ex)=) apx"=)_ —r;x” (2)
n=0 n=0 1
Kruchinin [7-9] introduced the mathematical notion of the composita of a given generating
function, which can be used for calculating the coefficients of a composition of generating
functions.

Definition 3. The composita of the generating function F(x)= Y f,x" is the function with two
n>0
variables

FAnk)= Y fufas - Fue
Tp eC,
where C,, is the set of all compositions of an integer n, m;, is the composition n into k& parts such
k
that Y A; =n.
=1
The expression of a composita for an exponential generating function (2) takes the following

form:
elle/lz'“e/lk

A — =
E%n,k)= ) anan-ap= ). A AR

n,eCy, n,€Cp
Using the expression of the composita of a given generating function F2(n,%), we can get
powers of the generating function F'(x):
F@) =Y FAn, k)"
n=k
In this paper, we continue the research given in [10] and study the following composition of

generating functions:

Gx)=BE)=Y i—':x", 3)

n=0 "°*

where B(x) = Y b,x" is an ordinary generating function with b, € Z and E(x) = ). i—’;x” is an
n=0 n>0 "
exponential generating function with e, € Z.

Commaunications in Mathematics and Applications, Vol. 9, No. 4, pp.[705 , 2018



Properties of a Composition of Exponential and Ordinary Generating Functions: D.V. Kruchinin et al. 707

2. Main Results

In the paper [10] we proved that for the given composition of exponential generating functions
G(x)=B[E(x)= Y £ =tx", where A(x)= ). ‘fl—’,lxn and E(x)= Y} %xn are exponential generating

. . n>0 n=0 . n>0
functions with a,,e, € Z, the value of the expression

gn—€nal— e’ 19n

n
is an integer for every prime n.

(4)

Example 1. Let us consider the generating function for the Uppuluri-Carpenter [6] or
complementary Bell numbers B,, (the integer sequence A000587 from the on-line encyclopedia
of integer sequences [13])

1 -1 0 1 1 -2 -9 B
G)=el ™ ==+ —x+ 2+ -+ —at+ =P+ a8+ = ) ="
o 1 2! 3! 4! 5! 6! = n!
as the composition G(x) = A (E(x)) of the exponential generating functions
1 1 1 1 1 1 1 1
Aw)=e"=—+—x+—a®+ =2+ —xt+ —a¥+ =abr =) —a”
o 1 2 3! 4! 5! 6! =on!
and
-1 -1 -1 -1 -1 -1 -1
E@)=1-e"=—x+—x?+ —a2+ —ut+ —2®+ —xb+...= ) —a"
1! 2! 3! 4! 5! 6! = n!

Substituting the values in (4), we get that the value of the expression
gn—enar—elan B,—-(-1)-1-(-1)"-1 B,+1-(-1)"

n n n
is an integer for every prime n.

Hence, we can get the following primality criterion: if » is a prime, then B, = (~1)" — 1mod n.

Next we consider the case of a composition of generating functions when outer function is
an ordinary generating function (I). We obtain a new property for such composition that is
described in the following theorem:

Theorem 1. For the composition of generating functions G(x) = B(E(x)) = Y %xn, where

n=0
B(x) = Y b,x™ is an ordinary generating function with b, € Z and E(x) = Y. %xn is an
n=0 n>0 """
exponential generating function with e, € Z, the value of the expression
—enb
8n nVU1 (5)
n

is an integer for every prime n.

Proof. If we consider the composition A(x) = R(F(x)) = Y a,x" of generating functions
n=0
R(x)= Y rpx" and F(x)= Y fn,x", then we can get the values of the coefficients a, by using
n=0 n>0

the following formula [9]:

ro, for n=0;
= n
n Y. FMn,k)rp, otherwise. (6)
k=1
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Applying (6) for the composition of ordinary and exponential generating functions (3), we get

A
n' = Z E~(n,k)by,
k=1
or
n
gn=n!) E*n,Rk)by. (7
k=1
According to [10], if E(x) = ). e” x" is an exponential generating function with integer e,, then
n>0"

the expression
n:oa
k'E (n,k)
is integer for k,n € Z and k < n. Hence, the value of g, in (7) is an integer for n € N.

Let us consider the special case for the sum in (7) with &2 =1:
e e
nEMn,k)by = nlENn, Dby =nlby Y, = =nlby 2 = e,b.
7[1€Cn 1! n!
Since e; € Z and b; € Z, then e, b1 is integer for n € N and the expression

oA L eren, ey
gn—enbi=n!) E%(n,k)br=n!) by ), m (8)
k=2 k=2 meC,

is integer for n € Z.

If k>1,then A; <n (i =1,k). For prime n we get
gcd(n,/lll/ll! .o -/1]%!) =1

Therefore, for prime n we can divide (8) by n and the value of the obtain expression
8n—enb1

n
will still be an integer. O

3. Application

The obtained property can be used for distinguishing prime numbers from composite
numbers [11]]. The problem of distinguishing prime numbers from composite numbers is one of
the most important and useful in arithmetic. The solution of this problem is interesting both
theoretically and practically, for example, in cryptography it can be applied for constructing
new probabilistic primality criteria [14,/18].

Corollary 1. Suppose the composition of generating functions G(x) = B(E(x)) = ngo %xn, where

B(x) = Y b,x™ is an ordinary generating function with b, € Z and E(x) = _Z %xn is an
n=0 n>0
exponential generating function with e, € Z. If n is a prime, then

gh—epb1=0 modn.

Example 2. Let us consider the generating function for the Euler [4] or zigzag numbers A,

(the integer sequence A000111 from the on-line encyclopedia of integer sequences [113[)
1 1 1 2 5 16 61 272
Gr)=————=—+—x+ -2+ x>+ —at+ —x®+ = —xb+. .= =)y == A+t x”
l1-sinx O! 1! 2! 3! 4! 5! 6! aso Nl
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as the composition G(x) = B(E(x)) of the ordinary generating function
B(x) = 1% =l+x+x2 4+ +at+ 20 +48 4. = goxn
and the exponential generating function "~
n-1
E(x) =sinx = %x + %xz + ;—}x?’ + %x4 + éx + g 64, = r& ((_1)n_1;n1!)(_1)7

Substituting the values in (5), we get

n—1
1) ly1)(-1) 2
A, - ELTDED

gn_enbl _ 2
n n
For odd n, we obtain
n—1
- lin-nz n-1
Apy —EULDEDT %

n n
By Theorem (1} the value of the expression
n-1
An+1 - (_ 1)T
n
is an integer for every odd prime n.

Hence, we can get the following primality criterion: if n is an odd prime, then

A= (—1)nT_1 mod n.

Example 3. Let us consider the generating function for the Fubini [5] or ordered Bell numbers
F, with Fy = 0 (the integer sequence A000670 from the on-line encyclopedia of integer
sequences [13]])

1 1 3 13 75 541 4683
G(x) = ——x+—x2+— 3 —x4 x5+—x6 — Z
2—e* 1 2! 3! 4! 5! 6! =o n!
as the composition G(x) = B(E(x)) of the ordinary generating function
Bx)=—— =x+22+28 424254284 = ¥ &”
1-x n>0
and the exponential generating function
1o 13 1,4 15 15 1 .
Ex)=e"-1=—x+—x"+=x"+—=x"+=x"+—=x"+ :Z—x
1 2! 3! 4! 5! 6! =on
Then, we get

ex_l ex—]_ ]_
G(x)=B(E(x)) = 1-(e*—1) - 9 X - 2_ex_1.

Substituting the values in (5), we get that the value of the expression
gn—enb1 F,-11 F,-1
n B n on
is an integer for every prime n.

Hence, we can get the following primality criterion: if n is a prime, then
F,=1 modn.
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4. Conclusion

Using the notion of a composita, we get a new property for a composition of ordinary and
exponential generating functions. The obtained property of the composition of ordinary and
exponential generating functions can be used for distinguishing prime numbers from composite
numbers. On the basis of the obtain property, we have got several congruence relations for the
Uppuluri-Carpenter, Euler, and Fubini numbers.
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