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Construction of Wavelet and Gabor’s Parseval Frames
Mar a Luisa Gordillo and Osvaldo Ano

Abstract. A new way to build wavelet and Gabor’s Parseval frames for L2(RY)is
shown in this paper. In the first case the construction is done using an expansive
matrix B, together with only one function h € L2(RY). In the second one, we
work with a function g € L2(R?) and two invertible matrixes B and C, with
the condition that C'Z? < Z9. The only requirement for h and g is that they
have to be supported in a set Q, such that the measure of Q is finite and
positive. Q has diameter lower than 1, and its border has null measurement. In
addition, {BjQ}jEZ ({TBjQ}jeZd) is a covering of R4\{0} (RY), and {h(Bj)}jEZ
({Tg;g} jeZd) is a Riesz Partition of unity for L2(R?). Then, it is possible to obtain
the Parseval frames with good localization properties, after adding conditions to
h(g). At the end, we show two examples of building of wavelet Parseval frames
and Gabor’s Parseval frames with a good decay, as required.

1. Introduction

Mathematical research focuses in developing of new theories, technologies and
algorithms for representation, processing, analysis and interpretation of large
volumes of data from different disciplines such as communications, geosciences,
astronomy and medical sciences, among others. The usefulness of these data, is
largely determined by their accessibility and transportability. Thus, the theories
of representation that use Gabor and wavelet expansions are within the most
accurate mathematical tools for this purpose, and they have found an extensive
use in the analysis of signals, processing of images and many other areas. Besides,
the frame concept has achieved relevance not only in pure mathematics but also in
the applied ones. In the Hilbert’s separable spaces, the frames are representation
systems of the elements of the space less restrictive than the bases. This advantage
is achieved without losing the remarkable condition of reconstruction obtained in
the frames, from their duals. Parseval frames, duals of themselves, constitute a
powerful tool, because the process of reconstruction or synthesis of an element of
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the space from its decomposition or analysis in Parseval frames, is very simple.
Specifically, wavelet and Gabor’s frames have similar features: they are generated
from only one function, or from a finite collection of them by applying two
countable families of operators in each case, dilations and translations in the first
one, and modulations and translations in the second one. On the other hand,
the good localization is very important in applications, being this property very
appreciated by researchers.

The notion of frames was introduced by Duffin and Schaeffer [8], as a new tool
to describe expansions of functions in L?(—, 7] using exponentials of the type
e with A, # 27n. These types of expansions are known as non harmonic series.
Later, several authors have used these frames, ([8], [12], [6], [11]), [4], [5D.

In this article, the principal results are included in sections 3 and 4. In the first
one we build wavelet Parseval frames; in the second one, we construct Gabor’s
Parseval frames. In section 5, we show two examples of this type of constructions.

1.1. Previous Concepts

Definition 1.1. Let H be a Hilbert space and I a set of countable indexes.
{fi}ie; C H is a frame for H if there exist constants 0 < A < B < oo such that:

AllfII? < Z [(f, f)l? <BIfII> forall f €H.
jel
{{f, fi) }ic; is called set of frame coefficients of f respect to {f;};c;, and it is the result
of the process known as analysis.
A and B are the constants lower and upper bounds of the frame {f;},; respectively.
A frame will be called tight, if A= B, and it will be Parseval frame, if A=B = 1.

Definition 1.2 (Wavelet frames and Gabor’s frames in L%(R%)).

(@ Let {Y'}1p..0 C L%(RY), A € GLy(R)) expansive, and I' be a lattice.
A wavelet frame of L2(R?) is a frame of the form:

.....

,,,,,

.....

If dilation, modulation and translation operators of L2(RY) in LA(R?) are
defined as:

o (Duf)(x):=|detAP"f (Ax)
o (Mf)(x):=e =V f(x)
o (Tif)x) = fx—k)

then

qj)iy =D,j Tylﬂl, ¢;7(X) = MBjTCy(;bl(x)-
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One essential fact in the frame theory is how to recover f vector from frame
coefficients {(f, fi) }ics -

Definition 1.3 (Dual frames). Let { fj}jel be a frame for a Hilbert space H, the
frame {g;};; is a dual frame for {f;}; if:

f =Z(f,fk)gk forall f e H 1.1
kel

The frame {f;};c,; carries out the analysis through a {(f, fy)}«c;, and the frame
{g;}je; makes the process known as synthesis represented by equation (1.1).

For tight frames, is easy to recover f from their frame coefficients {(f, f;)};cz:
DIERP=AIfIP =" f=a"D (A (1.2)
Jjel jel
Then a dual frame, for a tight frame {f;};c; is {A™'f;},c;, where A is the bound
of {f;};c;- A Parseval frame (A= B = 1) is dual of itself.

Definition 1.4. Let & = {S;};c; be a covering of R¢ by measurable subsets, with
J a countable set of indexes; and p : R? — NU {0} defined as:

py(x):=#{j€J:x€S;} =Zx5j(x)

jeJ

where #R means the cardinal of the set R.
We call covering index of & t0 po := [P |lso-

Definition 1.5. A countable set 7 = {h;},c; of measurable functions of RY is a
Riesz Partition of Unity (RPU) with bounds p and P (0 < p < P < 00) if:

pSZIhj(x)|2§P a.e. x e R4, (1.3)
jeJ
We use two theorems for the proof of the main results in this work, due to

Hernadez et al. [9], which characterize wavelet and Gabor’s Parseval frames for
L2(RY).
Theorem 1.6. Let W = {3)1,,,...,;} € L2(R%), A€ GL4(R) be, such that B = A’
expands’ a subspace F of R%. Then the system:

(DITp,:jez, kezd, 1=1...,L}
is a Parseval frame if and only if:

L _
S S P EIEP B IE+m) =5y ae & R (1.4)
=1 jeP,

for all m € Z4, where P,, = {j € Z: B 'm e Z4}.

"The authors consider matrices that expand a subspace F of R?; in our case the subspace F of the
previous theorem is all RY.
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Theorem 1.7. The Gabor system:
My, Terg! :mkeZ, 1=1,2,...,L}

generated by the finite family {g',g>,...,g"} € L*%(R?) and the pair of matrices B
and C of GL4(R) is a Parseval frame if and only if:

L
=

1 -~ =
> Gerg & (6 BRI (E ~Bk+CIm) =5y (1.5)
1 kezd

fora.e £ €RY, all m € Z%, where C' = (C*)™"

We will makes use of two lemmas following in our construction, the first of
which was demonstrated by Aldroubi et al. [1]:

Lemma 1.8. Let V C R? be a bounded set such that 0 € V°, and A a d x d expansive
matrix. Let Q = AV\V, then {A/Q : j € Z} is a covering of R4\ {0} with finite covering
index. Furthermore, if V. C AV then the sets {AQ : j € Z} are disjoint.

Lemma 1.9. If A C GL4(R) is expansive, then there exists Q € R? with §(Q) < 1
such that {A'Q} jez, covers R4\ {0} with finite covering index (5(Q) is the diameter of
the set Q).

In the following section we introduce the first theorem of this article related to
the construction of wavelet Parseval frame. Then we analyze conditions that makes
possible to built frames with good localization properties.

2. Construction of Wavelet Parseval Frame

Theorem 2.1. Let A expansive, B =A", and Q C R? be a measurable subset such that
6(Q)< 1, u(@dQ)=0and {BjQ}jEZ is a covering of R4\ {0}". Let h be a measurable
function with supph C Q, such that ¢ = {h; := h(B™/)};c;, be RPU; then the system
given by:

{|detAsn(Ax —Kk): jeZ ke 7} 2.1)

is a Parseval frame for L*(R?), where:

h(g), si £ e RIS
n(&) = \ EZ KB D (2.2)
0 sites

being S := {§ € R? : B,z |h(BTE)* < p V iy lR(BE)? > P}; with p and P
bounds of the RPU 2. (The set S has null measure since {hj } jez 18 RPU).

“If Q is built as in the Lemma 1.9, {B/Q} jez has a finite covering index.
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Note that Daubechies and Han [7] have obtained a similar result as the one
presented here. They worked in L2(R) with dyadic dilation, but with different
hypothesis from ours. It is necessary to note that the idea for the construction of
the function #) has been taken from their work.

Proof. s is PRU with bounds p and P, then
p< Y IEPF =Y IWBIEP<P ae&.
JEZL JEZ
This shows that 7 is well defined a.e. According to the theorem 1.6, the system
(2.1) is a Parseval frame for L2(R?) if and only if:

D ABIENABIE+m) =6y ae. &, 23)
jepm
for all m € Z¢, being P,, = {j € Z : B 'm € Z4}.
We will prove (2.3) for our hypothesis:
(i) Let m =0. We have Py = {j €Z:B0ez=7Z.
The proof of (2.3) for m =0 is:

o |h(B~I (&) |n(B~(£)|2
B J 2: - =
B EN SHETBIOF 3 HEEP
€7 €7
then:
ZZ|h<B—f(£)|2
o~ — i 2 _ JE -
;mw O =S rmmgE = et 2.4)
keZ

(ii) Let m # 0. We know that supp 7 = supph C Q.
Let £ € RY, m #0 and j € P,, such that B/(&) € supp ).
IfN(B7(§)#0=>n(B(§E+m))=0foralljeP,:

B7(m)=kez! = BI(E+m)=BI(&)+k.
If we assume that

BI(E+m)eQ = |[IB7(E+m)=BT(EI=IBTm)I=Ilkl=>1,
this is an absurd since 6(Q) < 1. Then

D ABIENABI(E +m))=0. O

J€Py

Corollary 2.2. If h is a function at real values, supph = Q and {B’Q : j € Z} is a
covering for almost disjoint of R¥\{0} (u(B’Q NB*Q) = 0 if j # k), then the system
given by:

{|ldetAls yy(Wx —k): j € Z, ke Z%] (2.5)

is a Parseval frame for L*(R%).
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Proof. If {B'Q : j € 7} is a covering for almost disjoint of R?\{0}, the function 7
of the Theorem 2.1 is exactly y,, except a set of null measurement (S N Q). O

The frame obtained in Corollary 2.2 has no good decay. In the next corollary
of the Theorem 2.1 we show that under certain conditions the wavelet Parseval
frames with good localization properties can be built.

Corollary 2.3. If p < D |h(B7/(E))|? < P for all £ € R4\{0}, h € 6" and 0 ¢ Q,
JEZ
then the function 7j of the Theorem 2.1 is of the class® €.

In order to demonstrate this corollary, a result over matrix norms is introduced,
this can be seen in other works (for example [10]).

Lemma 2.4. Let A be a matrix of the order n X n and € > 0, then there exists a
matrix norm || - || such that

pA) <Al < p(A)+e (2.6)

where p(A) is the spectral radius of the matrix A, defined as the maximum of the set
of modules of eigenvalues of the matrix A.

Proof of the Corollary 2.3. Because supph C Q and Q is bounded, h is a
compactly supported function. Let’s assume that h is a real function. We will
to prove that 7 is continuous a.e, for which we will observe that the series
> (h(B/(£))? uniformly converges over each compact that does not contain the
jEZ

zero.

According to the hypothesis 0 ¢ Q, then there exists ¢ > 0 such that 0 ¢ Q, being
Q,:={xeR:d(x,Q) <e}.

Q c Q,, then {B/Q, : j € Z} is a covering for open of R\ {0}.

Let K € RY be a compact set such that 0 ¢ K, then K ¢ R%\ {0}, there exists a finite
amount of integers j,..., j, such that:

K c| JBiqQ,. 2.7)
i=1

We will prove that
KNB'Q=0 forallj¢{j,...,j.}. (2.8)

e Because K is compact, then K is bounded. In addition O ¢ K, then there exists
r > 0 and R < oo such that:
o B(0,r)NK =0, and
o ||E]]| <R forall £ €K,

f
agloc} .88
such that i; +iy +...+ iy =s < r and for all £ € RY.

SA function f is of ¢" class if (&) exists and is continuous for all set {iy, iy, ..., iy} N
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later:
r<|Ell<R forall ek (2.9)
e There exist: ¢c; > 1 and ¢, < 1 such that for all £ € R%:
IB'Ell > cfligll forall j>0and [IB/E]l <c,”[[E]l, forall j<0. (2.10)

The inequalities in (2.10) come from that B is an expansive matrix, p(B) > 1
and thus p(B™!) < 1. According to (2.6) there exists a matrix norm || - || such
that ||[B™}|| < ¢, < 1 and then ||BE|| > ¢;||&]| (it is enough to consider ¢; = 1/c,).

e Because Q is compact and 0 ¢ Q, then exist 0 < 7 < R < o0, as in the previous
analysis for K (see above), such that:

F<|E|<R forall& €q. (2.11)
Using (2.9), (2.10) and (2.11) we are will prove the stated in (2.8)as follow:

Suppose that K N B/Q # 0 for non finite j € Z, then two possibilities exist:

(i) KNB/Q # 0 for all j € J with J € N of non finite cardinality, then for all j € J
there exists £; € K and q € Q such that §; = B/q, and:

R g1l = [IB/qll = cjligll = 7
this is an absurd due to ¥ > 0, R < 0o and ¢; > 1. It is enough to consider j
sufficiently large;
(i) KNB/Q # 0 for j € J;, where J; is a subset of integers lower than 0, and the

cardinal of J; is non finite. Then for all j € J; there exists £; € K and q € Q
such that &; = B/q, then:

r<llgll =Bl < ¢, llgll < ;'R
this is an absurd due to r > 0, R < oo and ¢, < 1. It is sufficient to consider
j € J; of absolute value as large as it is required.
The expression (2.8) is valid according to (1) and (2). Then, it can be warranted
that there exists N € N such that:
h(B7(£))=0 forallE€K A forallj:|j|>N (2.12)
whereas N = max{|j,|,..., [j.|} + 1:

If |[j| > N then j ¢ {j,...j.} so BQ[)K = 0. Because supph(B’.) c B7/Q, the
expression (2.12) is verified. Then:

D (W(BE)*=0 EeK, foralln>N (2.13)
ljl=n
The equation (2.13) ensures the uniform convergence of the series Y. (h(B/(£))?
JEZL
over the compact K, and as functions h(B’.) are of class 6" over K, the function 7
is of class € for being quotient of functions of class 6" for which the denominator
is different from zero. O
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Observation 2.5. From the previous corollaries it can be derived that:

(i) Because that the frame determined in (2.1) has good decay properties (h is
smooth enough), the covering {B/Q : j € Z} of R\ {0} can not be for almost
disjoint, i.e. the covering index must be strictly higher than 1.

(i) If h is of class ¥" and # = {h; := h(B_j)}jeZ is a Riesz partition of the
unity with p < Y |h(B7/(&))> < P for all £ € R?\{0}, then the frame

€L
(2.1) determined ;n Theorem 2.1 has good localization properties, since their
elements have polynomial decay if r is finite, and belong to the Schwartz

class for h € €.

3. Construction of Gabor’s Parseval Frames

We present now the second theorem in this work, from which we build Gabor’s
Parseval frames.

Theorem 3.1. Let B and C € GLy(R?) such that Z¢ < C'Z%. Let Q c R4
such that §(Q) < 1 and w(dQ) = 0. Be g € L*(RY) such that suppg C Q. If
2 ={Q; := Ty Q : k € Z covers R and ¢ = {g; := Tg;g}jeze is a Riesz partition
of the unity with bounds p and P, then the Gabor system.

(Mg, Teyn = 2P B —cn):mez,nez} 3.1

is a Parseval frame for L*(R%), being

g(&)y/|detC|

n) = ae. &. (3.2)

/2. 18(& —Bj)I?
JEZ

Proof. Since ¥ is RPU then 7] is well defined. According to the Theorem 1.7, the
system given in (3.1) will be a Parseval frame if we prove the equation (1.5) of the
Theorem 1.7 for all m € Z4:

(i) If m =0, it must be verified that:

1 o 2 _
kEZZd Gergy ME BRI =1. (3.3)

The equation (3.3) is fulfilled due to

2
— Bk A/ detC

= |detC]|.
kezd kezd IZ |g(€ _Bj)|2
JEZ
(ii) If m # 0 we must prove that :
1
n(€ — Bk) (£ —Bk+C'm)=0 3.
Idetqn(«f ) n(€ +C'm) 3.4

kezd
being C! = (C*)~L.
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We observe that supp 7] = supp g. We consider & € R? such that N(§—Bk) # 0.
If (& — Bk + C'm) # 0, then (§ — Bk + C'm) belongs to supp 1) C Q, then

€ =Bk — (§ =Bk +C'm)|| = [IC'm| = I(C")'m|| > 1. (3.5)

The expression (3.5) is an absurd due to 6(Q) < 1, (note that the inequality
in the previous expression is due to the hypothesis Z¢ C C*Z%).

According to the Theorem 1.7, equations (3.3) and (3.4) confirm that the Gabor
system given in (3.1) is a Parseval frame for L?(R%). O

Corollary 3.2. If 2 covers R with covering index equal to 1, then the function in
Theorem 3.1 is N(&) = xo(&)+/|detC| ae. & € RY. In this case the Gabor’s frame
given in (3.1) does not have a good decay.

Corollary 3.3. If0 <p < > |T5;8(§)* <P < oo forall § €RY, g € 6" and
jezd
0 ¢ Q, then the function 7 of the theorem 3.1 is of the class €.

Proof. Because suppg C Q and Q is bounded, then g has compact support. Let

assume that g is a function at real values, and that Y. |Tj jgl2 uniformly converges
jezd

over compact sets. Let K € R? be a compact set. Because K is compact, its diameter

(6(K)) is finite.

0¢Q=>3e>0:0¢Q, :={x € R:d(x,Q) < ¢}. Because Q C Q, then

{TpQ. }xeze is a covering by open subsets of R%. There is a finite amount of integers
J1sJ25- - > Jjn such that

K c| J1sQ.- (3.6)

i=1

Let prove that
KNTzQ=0 foralljeZN\{j,jp-..,Jn}- 3.7)

(a) If there is only one integer j, 1 & {j1,J2,---,Jn} such that KN Ty; Q #0, then
Kl T;,Q., and (3.7) is valid for all j € Z\{jy, jo, .- ., jur ns1 }-

(b) If there is a finite set {j',...j'} < Z< such that K N Tp;;Q # 0, with
1sdos > Ju 3N {1, ... j'} = 0, expressions (3.6) and (3.7) are verified similarly
to the previous case.

(c) Let assume that there is a finite amount of integers for which K N Ty iQ #0,
then we can choose two of them j and j’ such that:

IBG =Nl =1+6(K). (3.8)

Because K N T;Q # 0 and K N T;Q # 0, there are g and q’ in Q, & and &’ in
K such that g =& + Bj and ¢’ = &’ + Bj’. Then

lg—q'll=11E =& +BG - = | IBG-i—-lE=&1|. (3.9



334 Mar a Luisa Gordillo and Osvaldo Ano

Because ||§ — &’|| < 6(K), due to (3.8) we obtain:

| IBG =i =1E =&l | =1IBG = Il = 1IE = &'l
> BG—iM-o6®) =1. (3.10)

From (3.9) and (3.10) we obtain ||g — ¢’|| > 1, which is absurd since the
diameter of Q is strictly smaller than 1.

With (a), (b) and (c) we have proved (3.7); then there is N > {|j;|,|jal,- .. |jnl}
such that

D lgE—Bj)P=0 forall &R, 3.11)

ljI=N
The expression (3.11) ensures the uniform convergence of the series Y. |g(& —
jezd
Bj)|? over each compact set in R?: because g € 6", the series is of 6" class. Then
7] defined in Theorem 3.1 results of class €. g

Observation 3.4. Similarly to the analysis for wavelet Parseval frames, it is derived
for the construction of Gabor’s Parseval Frames, from the previous corollaries it is
deducted that:

(i) Because the frame determined in (3.1) has good decay properties (g is
smooth enough), the covering {T;Q} <7, of RY can not be by almost disjoint,
i.e the covering index must be strictly larger that 1.

(i) If g is of class 6" and ¢ = {g; := Tp;g}jez¢ is a Riesz partition of the unity
withp < )’ |Tng(§))|2 < P for all £ € RY, then the frame (3.1) determined

ez

in Theorejm 3.1 has good localization properties, since their elements have
polynomial decay in case of being finite r, and belong to the Schwartz class

for g € €.

Next, we will show two examples derived from a frame construction of the
paper [1].

4. Examples

Example 4.1. Let Q = {(§1,&,) € R* : 1/4*> < 2+ &2 < 5/4%}, A = 2], and
h(&1,&5) == nf,_1((§2 + &2 — 1/4*)4.n), where f,_; is the function -spline of
degree n — 1 whose support is the real interval [0, n]. It can be observed that:

(@) supph = Q, and |h(&;,&,)|? < n?, (due to the property of 3-spline functions:

> Bi(x —k)=1forall x €R, for all s € Ny).
keZ
(b) Q € By/5(0), then 6(Q) < 1.

(0) 2 =:{2/Q} ez covers R*\{0} with covering index p 5 = 2:
o 27Q={(£},&) €R?: /42 < £} 4+ <5/47%%}
e intervals [4%., %] cover the set RT\ {0} with covering index equal to 2.
From the stated above it is derived that pgy = 2.
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(d) his a function of R> — R determined by the composition of two functions,

(e)

PBn.—1 and H:

e B, ,:R— R defined by 8,_;(t) := nf,_,(t), and

o H:R?> — Rdefined by H(E,&,) := (§2 4+ &2 — 1/16)4n

ie.h=p,, 0H,with 8, , € 6" 2and He€ ¢, then he ¢" 2.

If for all j € Z we define h;(&1,&,) := h(2/(&,,&,)), then # = {h;},cz is a
Riesz partition of the unity:

e supph; =277Q

e Because to ¢) given (£,,&,) € R? there exists at least one or at most two

consecutive integer indexes, j and j + 1 such that (£,,&,) €27 7QuU27771Q.
Then:

Z Ihe (1, €7 < 1h;(81, )1 + Ry 41 (81, D) < 2.1 4.1

teZ

The other inequality is obtained form observing that for each j € Z exists at
least one point (£1,&,) € K :=277QN27771Q such that:

hj(gl,gz) =hj+1(gl,gz) (4.2)
We define K := {(&,,&,) €K : h;(£},&,) =h;11(8,,E,)}
If (51, 52) €K then

Bt (W& +E) = 1/16)4n) = B, (45" +5,7) — 1/16)4n)
4.3)

Considering the symmetry of 3-spline functions with respect to the middle
point of its support (/2 in case of f8,_;) function, according to equation
(4.3) it can be seen that there is (&, £,) which verifies:

FE+5)=1/2= B2+ 8 ¢ {1/47), 5/ 1/4), 5/4}  (4.4)

Then m := hj(gl, 52) > 0"
With the help of (4.2) and the properties of 3-spline functions:

hi(E1, EDP + i (E1, E)P = hi(EL EDI* 2 I(ELEP=m (4.5)
ifE2 482>, +&, ,and
|hj(§1, 52)|2 + |hj+1(€1,§2)|2 z |hj+1(§1,§2))|2 Z |hj+1(gl,gz))|2 =m
(4.6)
—2 —2
fE2+E2<E +&, .
Form (4.1), (4.5) and (4.6) it can be derived that:

m< Y |hy(Ey, &2 <2n* forall (£,,€,) € R?

jez

“Since 4j(£f + E%) = % for any j such that h;(&1,&5) = hj11(&1,&2). Thus m is unique.
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Thus 5 = {h;};c; is PRU with bounds m and 2n?. It verifies the conditions of
Theorem 2.1 and of the Corollary 2.3. Then:

{4:n(2/x - k)}jez ez2 4.7
is a Parseval frame for L2(R?), with polynomial decay, being
h
6=t ecewrr.

[ 2 ((h(278))
JEZ

The next example, following the methodology of Example 4.1, shows the
construction of a Gabor’s Parseval frame for L2(R).

Example 4.2. LetQ :=[-5/16,—-1/16]U[1/16,5/16] cR,B=1/8, C =1, and
g(&) :=npB,_1((I€] = 1/4*)4.n). If:
O 2={Q- % j}jez, then & covers R with covering index pg = 2.
(i) ¥ = {g; = Téj g}iez, then ¥ is a RPU for L*(RY) which verifies the
requirements of Corollary 3.3.

Thus conditions of Theorem 3.1 and of the Corollary 3.3 are satisfies. Then:
{M; /s Tem = R [ K)}iezkez (4.8)

is a Parseval frame for L2(R) with polynomial decay, being

7E) = s¢) ae £. 4.9)

20 18(&—j/8)
JEZ

Proof of the Lemma 1.9. Let V be an open subset such that 0 € V C B,(0), with

o<r< m. See that 6(AV) < 1:

5. Appendix

O0(AV) = sup ||Av; —Av,|| = sup [|A(v; — o)l

V1,V €V V1,V €V
<lAl6(V) < ||A]l 2r < 1.
Considering Q = AV\V, it is possible to see:

(i) QcAV,thend(Q)<1
(ii) According to Lemma 1.8 {AjQ}jEZ covers R\{0} with a finite covering
index. O
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