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1. Introduction
In 2007, Huang and Zhang [14] introduced the concept of Cone metric spaces, they replaced

set of real numbers by an ordered Banach space and proved some fixed point theorems for
contractive type conditions in cone metric spaces. Then, many authors studied the existence
and uniqueness of the fixed point in cone metric spaces, see for example [1,2,15]. In 2009,
Beiranvand et al. [3]] introduced the new classes of contractive function and established the
Banach principle. Since then, fixed point theorems for T-contraction mapping on cone metric

spaces have been appeared, see for instance [[5-7,/11,/13,16].
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Recently, Cho et al. [4], and Wang and Guo [|18] defined the concept of the c-Distance in a
cone metric space. Later, several fixed and common fixed point results on cone metric spaces
with c-Distance were introduced in [8-10,/12,(13,/17]] and references were mentioned therein.

The aim of this paper is to improve certain results proved in a recent paper of Rahimi et al.
[16]], Filipovic et al. [11], Dubey et al. [9]], and Fadail et al. [[13].

2. Preliminaries

Definition 2.1 ([[14]]). Let E be a real Banach space and 6 denote to the zero element in E.
A cone P is the subset of E such that

(i) P is closed, non empty and P # {0},
(i) a,beR,a,b=0;x,ye P—ax+byeP;

(i1) x€ P and ~-xe P = x =0.

Given a Cone P € E, we define a partial ordering < with respect to P by x < y if and only if
y—x € P. We write x <y to indicate that x < y but x # y, while x < y will stand for y —x €intP,

intP denotes the interior of P.

Definition 2.2 (14]). The cone P is called normal if there is a number K > 0 such that for all
x,yeE,0<x<yimplies ||x| < K| yl|l. The least positive number satisfying above is called the

normal constant of P.

In the following we always suppose E is a Banach Space, P is a cone in E with intP # ¢ and

< is partial ordering with respect to P.
Definition 2.3 ([14]). Let X be a nonempty set. Suppose the mapping d : X x X — E satisfies:
(1) If 0 X d(x,y) for all x,y € X and d(x,y) =0 if and only if x = y;
(i1) d(x,y)=d(y,x) for all x,y € X;
(iii) d(x,y)<d(x,z)+d(y,z) for all x,y,z€ X.

Then d is called a cone metric on X and (X,d) is called a cone metric space.

Example 2.4 ([14]). Let E =R%, P ={(x,y) € E:x,y=0}cR?, X =R and d : X x X — E is such

that d(x,y) =(lx — y|,a|lx — y|), where a =0 is a constant. Then (X,d) is a cone metric space.

Definition 2.5 ([14]]). Let (X,d) be a cone metric space, let {x,} be a sequence in X and x € X.

(1) For all c € E with 6 < ¢, if there exists a positive integer N such that d(x,,x) < ¢ for all

n > N, then {x,} is said to be convergent and {x,} converges to x.

(2) For all c € E with 0 < ¢, if there exists a positive integer N such that for all n,m > N,

d(x,,xm) < c, then {x,} is called a Cauchy sequence in X.
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(3) If every Cauchy sequence in X is convergent in X then (X,d) is called a complete cone

metric space.

Lemma 2.6 ([15]1). (1) If E be a real Banach space with a cone P and a < Aa where a € P and
0<A<1, thena=20.

(2) If ceintP, 0 <Xa, and a, — 0, then there exists a positive integer N such that a, < c for
alln=N.

Next, we give the notion of c- Distance on a cone metric space (X,d) of Cho et al. in [4].

Definition 2.7 ([4]]). Let (X,d) be a cone metric space. A function ¢ : X x X — E is called a

c-Distance on X if the following conditions hold:
(g1) 0<q(x,y) forall x,yeX;
(q2) q(x,2)<qx,y)+q(y,z) for all x,y,z€ X;

(q3) foreach x€ X and n =1 if q(x,y,) < u for some u =u, € P, then g(x,y) < u whenever {y,}
is a sequence in X converging to a point y € X;
(q4) for all c € E with 0 < ¢, there exists e € E with < e such that ¢(z,x) < e and ¢(z,y) < e

imply d(x,y) < c.

Example 2.8 ([4]). Let E =R and P={x € E : x = 0}, X =[0,00) and define a mapping
d:X xX — E is defined by d(x,y) = |[x—y| for all x,y € X. Then (X,d) be a cone metric
space. Define a mapping g : X x X — E by q(x,y) =y for all x,y € X. Then ¢ is a c-Distance
on X.

Lemma 2.9 ([4]). Let (X,d) be a cone metric space and q be a c-Distance on X. Let {x,} and {y,}
be a sequences in X and x,y,z € X. Suppose that {u,} is a sequence in P converging to 6. Then
the following hold:

(1) If q(xn,y) < uy and q(x,,2) < u, then y =z.
(2) If q(xp, yn) S up and q(x,,2) <X uy, then {y,} converges to z.
) If q(xy,xm) X u, for m > n, then {x,} is Cauchy sequence in X.

4) If q(y,x,) < up, then {x,} is Cauchy sequence in X.

Remark 2.10 ([4]). (1) q(x,y) =q(y,x) does not necessarily for all x,y e X.
(2) If g(x,y) = 0 is not necessarily equivalent to x =y for all x,y € X.

Definition 2.11 ([3]]). Let (X,d) be a cone metric space, P a solid cone and 7' : X — X. Then
(a) T is said to be continuous if x, = x* implies that Tx,, = Tx* for all {x,} in X;

(b) T is said to be sequentially convergent if we have, for every sequence {x,}, if {T'x,} is

convergent, then {x,} is also convergent;
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(c) T is said to be subsequentially convergent if we have, for every sequence {x,} that {Tx,}

is convergent implies {x,} has a convergent subsequence.

3. Main Results

Theorem 3.1. Let (X,d) be a complete cone metric space, P a solid cone and q be a c-Distance
on X. In addition let T : X — X is a continuous and one to one mapping and f : X — X be a map

satisfying the contractive condition,
Q(Tfx,Tfy) < kx,y)q(Tx,Ty) +1(x,y)q(Tx, Tfx)+r(x,5)q(Ty, Tfy)
+t(x, Yg(Tx, Tfy)+q(Ty,Tfx)] (1
for all x,y € X, where k, I, r and t are nonnegative functions satisfying

sup {k(x,y)+1(x,y)+r(x,y)+2t(x,y)} <A< 1 2)
x,yeX

that is, f is a T-contraction. Then
(1) For each xog€ X, {Tf"xo} is a Cauchy sequence.

(Define the iterate sequence {x,} by xn+1= "1 x0.)

(2) There exists a Zy, € X such that lim Tf"xo=Z,,.

n—0o0

(3) If T is subsequentially convergent, then {f"xo} has a convergent subsequence.
(4) There exists a unique wy, € X such that fw,, = wy, that is, f has a unique fixed point.

(5) If T is sequentially convergent, then, for each xo € X, the sequence {f"xo} converges to wy,.

Proof. Choose xq € X, set x1 = fxo, X2 = fx1 = f2X0 = = Xpn+1 = f%n = " Lx9. Then, we have
q(Txn, Txpn+1) = q(Tfxn-1,Tfxn)
< k(n-1,2)q(Txp-1, Txn) + Uxp-1,%2)q(Txp-1, T fx,,_1)
+1r(xn-1,%)q9(Tx,, Tfx,)+ t(xn-1,6)q(Txp-1,Tfx,)+q(Tx,, Tfx,_1)]
=k(xn-1,%)9(Txn_1,Txn) +1(xp-1,%,)q(Txp-1,Txy)
+1(Xn-1,20)q(T %0, Txn+1) + Exn-1,20q(Txn—1, T2n+1) + g(Txy, T'xp)]
S (B +1+)(xn-1,%0)q(Txn-1,Txn) + (r + )(xn-1,%2)q(Txn, Txp+1).
Consequently
k(xn_1,%n)+1(xn-1,%n) + 8(xn_1,%n)

(Tx ,Txn )4 (Txn— )Tx )' (3)
7 " H 1-r(xp_1,%,) —t(xp_1,%,) 1 ! "

Using (2), we have
k(x,y)+1(x,y)+ t(x,y) -
1-r(x,y)—tlx,y)
for all x,y € X. Thus, from (3), it follows that

q(fon—bexn) = q(Txn, Txn+1) < A’q(Txn—l,Txn)
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Following arguments similar to those given above, we obtain
q(Tfx,, Tfxpi1)=q(Txn41,Txn+2) S AQ(Txn, Txp+1),
where
k(x,y)+r(x,y)+t(x,y) -

1-1x,y)—tlx,y)
for all x,y € X. Therefore for all n,

qQ(Txn, Txn+1) S Aq(Txp-1,Txn)
< AzQ(Txn—Z, Txp-1)

A" q(Txo, Tx1). 4)
Let m > n = 1. Then it follows that
q(Txn, Txp) < q(Txn, Txp 1) + q(Txp 41, Txpi2) + -+ q(Txr—1, Txm)
<A+ A e A Y g(Txg, Txr)

n

< mQ(Txo,Tx]_) — 0 as n — oo.

Thus, Lemma [2.9(3) shows that {T'x,} is a Cauchy sequence in X. Since X is complete, there

exists Z, € X such that Tx,, — Z, as n — oo. Thus
lim Tfx,=2Z,. (5)
n—oo

Since T is subsequentially convergent, {fx,} has a convergent subsequence. Thus, there exist

Wy, € X such that
lim fx,, = wy,. (6)
n—oo

Since T is continuous, we obtain

lim Tfx,, = Twy,. (7

n—oo
From (5) and (7) and using the injectivity of 7', there exists a w,, € X such that Tw,, = Z,. Then
by (q3), we have

QT fxn, T0z) < 7= (T, Tx). ®)

On the other hand by using (1), we have
q(Twyy, Tfwy) < Q(Twsg, Tfxn)+q(Tfxn, Tfwy,)
= q(Twyy, Txn+1) + (T fxn, Tfw,,)
S QT w0y, Txp1) + k(an, 0x)q(Tan, Twy) + 1(xn, 0, )q(Txn, Tfxn)
+7(%n, We)Q(T Wy, T, )+ txn, wx)q(Txn, Tfwy) + q(Twyy, Tfxp)]
= q(Twyy, Txn+1) + k(xn, 0x))q(Txn, Twyy) + Uy, 0 )q(Txn, Txn+1)
+ 17X, W )q(T Wy, Tfwy )+ t(xn, 0x )Ng(Txn, Tfw,)+ q(Twyy, Txn+1)]
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S Q(Twyy, Txp 1) + R (xp, 0x)q(Txn, Twyy) + U(xn, 0e)q(Txn, Txp 1)
+ 7%, W) (T Wy, Ty )+ (2, 0x ) q(Txn, Twy,)
+q(Twyy, Tfwyy) +q(Twyy, Txpe1)]
= q(Twyy, Txn+1) + (B + )X, 0yo)q(Txn, Twyy) + 1(xn, 0x))q(Txn, Txp+1)

+ (7 + ), 02))q(T Wy, T W) + o, 00 )@ (T, T 11)]
1

A
1 Aq(wa07Txn+l)+—q(Txn>wao)

A A
+ ﬂq(Txna Txn+1) + ]_TQ(waoa Txn+1)

= A1q(Twyy, Tp+1) + A2q(Txp, Twy,) + AzA™ + Ayq(Twy,, T 1)

where A1 = ﬁ, A2 = ﬁ, A3 = ﬁq(Txo,Txl) and A4 = ﬁ
Let O < c. Since A**1 — 0 and Txy,, — Twy, as i — oo there exists a natural number ng such

that for each i = ng, we have

, q(Txy,Twy) < < AN — q(Twyy, Txp+1) < L

T T <
q( (Y xn+l) 4A2, 4A3 A4

c
4A4
By (q4), we obtain
c
qQ(Twyy, Tfwy,) <~ 1 + 1 + 1 + - 1=
Thus q(T'wy,, Tfw,,) < c for each c € intP. Using Lemma [2.6(2), we obtain q(T'wy,, T'f w,,) =0

that is Twy, =Tfw,,. Since T is one to one, fw,, = Wy,.
Finally, suppose there is another fixed point w,, of f, then we have
q(Twy,, Tfw,) = q(Tfo,, Tfo,)
< B(Wg, 02 ) (T Wy, Ty)) + Uy, 0 V(T sy, Tf0y)
+ 1 (W, W )q(T Wy, Tf,,)
+ H Wy, W G(T Wy, Tf0,)+ q(Twy,, Tfwy,)
= (R +2t)(Wxy, Wy, )9 (Twy,, Twy,)
SAd(Twy,, Twy, ).
Using Lemma [2.6(1), it follows that q(Twy,, Twy,) = 0, which implies that Tw,, = Tw,,. Since T

is one to one w,, = wy,. Thus f has a unique fixed point. Now if T' is sequentially convergent,

then we can replace n; by n. Thus, we have
lim fx, =wy,.
n—oo
Therefore, from Definition b), the sequence {fx,} converges to wy,. O

The following result is obtained from Theorem

Corollary 3.2. Let (X,d) be a complete cone metric space, P a solid cone and q be a c-Distance
on X. In addition let T : X — X is a continuous and one to one mapping and f : X — X be a map
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satisfying
q(Tfx,Tfy)<aq(Tx,Ty)+ Blg(Tx,Tfx)+q(Ty,Tfy)]
+ylg(Tx, Tfy)+q(Ty,Tfx)] 9
for all x,y € X where
a,B,y=0and a+26+2y<1 (10)
that is, f be a T-contraction. Then

(1) Foreach xoge X, {Tf™xo} is a Cauchy sequence.
(Define the iterate sequence {x,} by xn+1=f"1x0.)

(2) There exists a Zy, € X such that nlim Tf"xy = Zxo.
— 00
(3) If T is subsequentially convergent, then {f"xo} has a convergent subsequence.
(4) There exists a unique wy, € X such that fw,, = wyy; that is, f has a unique fixed point.

(5) If T is sequentially convergent, then, for each xo € X the sequence {f"xo} converges to wy,.

Proof. Corollary [3.2|follows from Theorem [3.1by setting k=a,l=r= and t =7y. O

4. Conclusion

In this paper, we have established unique fixed point for T- contraction mapping under the

concept of c-Distance in cone metric spaces.
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