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1. Introduction

Various operators of fractional calculus have been used in recent years to find solutions to the
equations modeling of real-world phenomena in engineering and physical sciences. There exist
many phenomena in several fields which are modeled by fractional differential equations.
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These include fluid mechanics [45], chemistry [17,[26,(39, 401, biology [30l, viscoelasticity
[[35], engineering, finance, and physics [19,28,36]]. This made scientists and engineers give
more attention to the modeling problems in which the fractional derivative does arise in
physical contexts. In this connection, we refer the interested reader to the earlier works [3,42].
As a result of the difficulty in finding an analytical solution for the fractional differential
equations by using analytical techniques, the approximate methods were used (see, for example,
[16,24),29,/37., 41,4346/, 49-51]).

The familiar Nagumo equation is given by

Vp=v+yQ-v)y—p  O=p<Ly=ymn) (1.1)
involving the space variable { and the time variable 1. The exact solution of is known as a
solitary wave in the following form:

w({,n) = a+ btanh(x({ —vn)). (1.2)
In fact, there is a class of eight solutions of the form that can be obtained by the software
MATHEMATICA or otherwise. Here, in this paper, we consider the case when
:1+u :1+u bzl—u p—1

, v , and x = ——. (1.3)
2 V2 2 2v2

We mention that the solution (1.2) satisfies the ollowing condition:

a

W(—oo,n) =1 and w(oco,n) = .

The Nagumo equation has attracted the attention of many researchers (see, for example,
[12,(12,|18, 22, |23]]). This equation has been applied as a model for the transmission of nerve
impulses (see, for details, [[15,33]). Furthermore, the equation (1.1) is an important nonlinear
reaction-diffusion equation and it has been used in biology, in the area of population genetics,
and in circuit theory (see [44])).

Recently, Adomian (see [4,/5]]) considered a new technique called the Adomian Decomposition
Method (ADM) for computing the solutions of linear and nonlinear equations. Various authors
have studied the convergence of Adomain’s method (see [1,/10,/11,31]). It has recently been
proven that the ADM provides a very effective technique and can be applied successfully to
many problems such as systems of ordinary and partial differential equations as well as integral
equations (see, for example, [[6-8,/20,21,,27,34,/47,48]).

This work is organized as follows. Section [2|is devoted to the essential ideas surrounding
some operators of fractional calculus, which we propose to use in this paper. Section
concentrates upon a description of the standard ADM. In Section 4, we apply the ADM for
evaluating the time-fractional Nagumo equation. In Section [5, we apply the ADM for evaluating
the space-time fractional-order Nagumo equation. Conclusions are presented in the last section
(Section [7).

2. Operators of Fractional Calculus

In this section, we give some basic definitions and properties of the operators of fractional
calculus (see, for details, [9],25}32}/35]).
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Definition 1. If () € L1(a,b), Li(a,b) being the set of all integrable functions in the interval
(a,b), and a >0, then the Riemann-Liouville fractional integral of order @, denoted by J, is
defined by

1
JZ =— f - L y(o)ds. 2.1
arw(m @ ). n-¢)*" " wlg)dg (2.1)
Correspondingly, the Riemann-Liouville fractional derivative operator Dy is defined by
1 n
D¢ — f _ n—a-1_.(n) d 2.9
A ] n=¢) v (c)dg (2.2)

(n-1<a<n;neN={1,2,3,---}).

Definition 2. For a > 0, the Liouville-Caputo fractional derivative of order a, denoted by

LCDZ‘ +, 1s defined by

RIOE r(nl_ m f "(n- "1 DM y()de (2.3)

(n—-1<a<n;neN),
where
dn

D,’]L = an (neNp:=NuU{0}). (2.4)
If a is a positive integer, then the Liouville-Caputo fractional derivative becomes the ordinary
derivative:

°D¢, =Df (aeN). (2.5)

Finally, the Liouville-Caputo fractional derivative on the whole space R = (—oc0,00) is defined
below.

Definition 3. For a > 0, the Liouville-Caputo fractional derivative of order a on the whole
space R, denoted by LCDg +, 1s defined by
1

LCnha _
Do (O =

¢
a)f -6y ' DMy(c)ds (2.6)

(n—-1l<a<n;neN).

3. Basic Ideas of the Adomian Decomposition Method (ADM)

In this section, we present the basic ideas of the Adomian Decomposition Method (ADM) (see,
for example, [13]]) by considering the following nonlinear partial differential equation:

L(y(&,m) +R(w(,m)+N(pE,m) =0 3.1)
together with the condition given by
w((,0) = ¢(0), (3.2)

where L is the highest-order derivative which is assumed to be invertible, R is the remaining
linear operator and N represents a nonlinear operator. Now, by applying the inverse operator
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L~ to both sides of (3.1)), we get

(¢, =$Q) - L HR(w((,m) + N(w(,m)}. (3.3)
Let

w(,m) = i Ym(C,n) (3.4)
and "

N(y)= i}xm, (3.5)

where y,, are the Adomian polynomials which depend upon . In view of the equations (3.4) to
(3.5), the equation (3.3) takes the following form:

Y wm@m =¢Q-L YR m)}+ Y. xm(w,m). (3.6)
m=0 m=0
We set
wo(Z,1n) = (). 3.7
Then
Ym1 () ==L HR(w &)} + Y am(WCm)  (meNy), (3.8)
m=0
where
wem) = | =2 N[ Sy mam (3.9)
Xm Y6, 1)) = l dAm m:me 1 /1:0- .
Hence, the equations (3.7), and lead to the following recurrence relations:
¥ol,0)=¢Q), Yms1((,;m) = -L7 [RYQ,m) +An(w(,m)]. (3.10)
The solution y¥({,n) can be approximated by the truncated series given by
k-1
Pl =) Ym(C,m) (3.11)
m=0
and
Jim @ (¢, 1) = y(¢,m). (3.12)

4. The Time-Fractional Nagumo Equation

In this section, we apply the ADM to find the approximation solutions for the time-fractional
Nagumo equation. To obtain the time-fractional Nagumo equation, we replace v, in the Naguno
equation by wf]‘, where n— 1< a < n (n €N). We thus obtain the time-fractional Nagumo
equation given by

Yy =¥ +y(-yv)y-p (0<a=10=p<l). 4.1)
If we operate upon both sides of by J%, we obtain
W, = Y(,0)+ Iy [yer — py + L+ py® —y°]. (4.2)
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Now the ADM solutions and the nonlinear functions N(¢({,7)) can be presented as infinite
series given by

y(¢,m=vyoll,n+ i v (,m) 4.3)
and "
N(w(,m) = @+ wyE,m -y, = f Xns (4.4)
where "
1| d?

Xn = (4.5)

n!

N3 Akwk«,n))
dAn (k=0 A=0

Here y, are called the Adomian polynomials and the components v, ({,n) of the solutions y¥({,n)
will be determined by the following recurrence relations:

Yoll,n =y((,0) (4.6)
and

In view of (3.9), and by using the software MATHEMATICA, we evaluate the Adomian polynomials
Xn as follows:

xo = L+ wlwo,m? - [wo,m]?
x1 =201+ wWyol,My1C,m) - 3lwol,MPPy1(,m),

(4.8)
Thus, in the case of the first iteration, we have
1 n _
v1(g,n) = @ fo M- woll, g — uyo(l,6) + xo|d. (4.9)
The initial condition is then taken by setting n =0 in (1.2), so that
1 (p—1)
((,0)==|1+pu—( —l)tanh( )] (4.10)
(404 5 p—=(p W5
In view of(4.6) and to (4.10), we obtain the first three approximations as follows:
1 (u—1)
C,mM==|1+pu—( —1)tanh( )], (4.11)
voll,m =5 1+u—(u W
(p—1%(u+1n® 2((u— 1)()
= h*| ——— 4.12
v1(,m) TS R W (4.12)
and
—1)2(u+1)n%@ -1 VT4~ (u—1)? cos(ma)T 1_g
vt = D2 D sech2(‘“ )c) K (z-9)
327 22 [(a+1)
(,u—l)() 2((,u—1)()
. cosh( —2|sech”| ———
[ V2 2v2
. V4 % cos(na)l (3 - a)
— (4u sin2ra)l'(—2a) — Ta+ D) )

1+u—(u- l)tanh((ﬁ;:/lg)c)] {1 +u+3(u— l)tanh((l;?/lé)c) H (4.13)
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The following further approximations:

ys(C,m, va(l,m), ws(,n), -
can also be determined similarly and used accordingly. For the sake of brevity, we choose not to
record these approximations here. The general form of the above approximations is given by

(4.3), that is, by
1//((’ 77) = 1//0((, 77)"‘1//1((, 77)'*'1//2((, n)+ Tt (414)

W W

Figure 1. The surface of the 4 terms of the ADM solution for a =0.4,0.6,0.8 in (a) to (c), respectively,
and the surface of the exact solution (1.2) in (d) and the plotting of (a) to (d) in (e) at u=0.8.
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In Figure I we have graphically illustrated the first four terms of the ADM solution for
a =0.4,0.6,0.8 in (a) to (c), respectively and the surface of the exact solution in (d) at
1 =0.8. It is clear from Figure[l|that, in the limit when a — 1, the behavior of the ADM solution
approaches to the exact solution. In Figure [2| we have graphically illustrated the absolute
error between the exact solution (1.2) and the ADM solutions for three terms, four terms, five
terms and six terms in (a) to (d), respectively. It can be seen from Figure |2/ that the absolute
error decreases as the number of terms of the ADM solution increases. Obviously, in order to

minimize the error involved, more terms need to be considered for the ADM solution.

In Figure |3, we have presented the graphs of the surfaces of the two-term ADM solution
(5.18) for different special numerical values of the parameters involved therein.

7 /
Absolute error S p ’,/ i Absolute error
0.00015 P oo
0 0001(}\\\\ z
. 3 bl
Ploss e 4
0.00005 '1 5
0.00000%,2
n
¢}
(a)
Absolute error Absolute error

(d)

Figure 2. The absolute error of the ADM solutions for three terms, four terms, five terms and six terms
in (a) to (d), respectively, at u = 0.98.
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W(ap

W

(d)

Figure 3. The surface of the two-terms ADM solution (5.18) for a = 0.4,0.6 and = 0.6,0.6 in (a) and (b),
respectively, and the surface of the exact solution (1.2) in (c) and the plotting of (a) to (c) in (d) at u =0.9.

5. The Space-Time Fractional-Order Nagumo Equation

In this section, we study the ADM solutions for the space-time fractional-order Nagumo equation.
We begin by expanding the exact solution given (see, for details, [38]])

1
w(,n) = 5[1 +u—(=1+wtanh (o,n)]

= 1—(—1+p)§(—1)" e TP (5.1)
r=1

where
V2

For convenience, we set 1 = 1+ ¢ and rewrite the Nagumo equation (1.1) as follows:

> 0.

p((7n) =
on =@ —(L— e —2-we® - ¢°. (5.2)

The solution of (5.2) assumes the following form:

P =—(=1+p) Y (=1) e "PE, (5.3)
r=1
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We take the initial condition by letting 7 =0 in (5.3), so that
o0
@(,0)=—(=1+p) Y (-1) e PO, (5.4)
r=1

We now consider the ADM for the space-time fractional-order Nagumo equation. If, in the

equation (5.2), we replace ¢, by ¢ and ¢ by (p?'6 , we obtain

o5 =wp —(L-we-2-we* -’ =0. (5.5)
If we operate upon both sides of (5.5) by J%, we obtain

P = 9,0+ 7 |97 ~ (1= e -2 - pp* - 9. (5.6)

Now the ADM solutions and the nonlinear functions M (y({,n)) can be presented as infinite
series given by

O, = oM+ Y @all,n) (5.7)
n=1
and
M(p,m) = -@2-wle, M -Tp, NP = &, (5.8)
n=0
where
e anikw@) (5.9)
n n' dpn k:Op k 777 p:07 .

where ¢, are called the Adomian polynomials. The components ¢,({,n) of the solutions ¢({,n)
will be determined by the following recurrence relations:

9ol = 9({,0) (5.10)
and
Pne1 @ =2 |95 — (1= Wepn(C,m) +En| . (5.11)

In view of (3.9), and by using the software MATHEMATICA, we evaluate the Adomian polynomials
&, as follows:

&0 = (u— Do, M - Lo, M,
&1 = 20— 2)0o(, M1, ) = 3lpol,mPp1(,m),
(5.12)

In view of the equations (5.4), (5.10) and (5.11), the first three components of the decomposition
series are derived as follows:

2 -1
CmM=—(-1+w Y (-1 e (/1:: “—) (5.13)
po((,n v} r; e \/§
1) =~ oD, (5.14)
2a
02((,1) = —ﬁ (10 — (1 - i folD) — 22 — o fol) - 392 o)), (5.15)
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where

fiQ)=(=1+p) f(—l)’ e M) PP — (1 - p)(—1+ p) f(—l)’ e M (r1)2iP

r=1 r=1
+@2-(=1+w? Y Y (1) e HOM (4 ) ARP
r=1ri=1
—(=1+pR Y Y Y 1yttt A (g ey 4 o) AP, (5.16)

r=1ri=1rqo=1
where A is given as in the equation (5.13), and so on. In this manner, the rest of the components
of the decomposition series can be obtained. The first two terms of the decomposition series are

given by
Y, mM=1+¢o+¢1

1 _(_ = 1\ ,—2rAl _ Tla
=1—( 1+,u)rzzl( 1) e Tas D fo(0). (5.17)

In the same manner, we obtain the following other components of approximation:

Q03({’77)> ()04(Cy17)7 (P4((,7]), ttt.

When we set =1 in the first approximation and in the second approximation (5.15),
and after some simplifications, we obtain the same approximations as those given by and
(4.13) after returning to the original variable.

We can obtain the ADM solutions of for p({,n) < 0 by using the same procedure as the
above for p({,n) > 0. Moreover, by using the software MATHEMATICA, we can simplify and

we obtain the following ADM solutions for the first few terms:

v Ve
p=1  (u=D1n* p=1  (u=D%2  (u=2)(u—1ev*

y(C,m=1+—=;

(-1 [ WO
ez 11 @D 551 (Virei)?  (evitevs)
) D
+27P(1-w?P Li_gp(—e 2 )] (5.18)
where Lig(z) denotes the Polylogarithmic function (or de Jonquiére’s function) Li,(z):

[e.@] zn

Li =) — 5.19

15(2) rlz::l s ( )

(s € C when |z| < 1; R(s) > 1 when |z| = 1).

We use the first approximation to show the behavior of the ADM solutions. Figure
shows the behavior of the ADM solution for different values for @ and S. It can be seen
from Figure[3|that, in the limit as @ — 1 and  — 1, the ADM solution approaches the exact
solution of the Nagumo equation (I.I). Therefore, the ADM is an efficient and accurate method
which can be used to find approximate analytical solutions of the space-time fractional-order

Nagumo equation (5.5)).
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6. Convergence Analysis

In this section, we establish a lemma and a set of three theorems that guarantee the existence
of the ADM solution and provide the maximum absolute truncation error. We define the Banach
space as (C(I), |- |I), which is the space of all continuous functions ¢({,n) with the norm given by

lp@,m = max l(¢,m|.

Lemma. Suppose that the function ¢((,n) and their partial derivatives are continuous. Then the
derivatives Dy ¢({,n) and D( ¢((,n) are bounded.

Proof. We first prove that Dy¢((,n) is bounded. From the definition ( of the Riemann-
Liouville fractional derlvatlve we have

IDg ¢l = | - f (n—cyn-a-1 (m)(C,C)ch

|17 al
<
= T =) l(Z, 0l

= L1llo(@,ml, (6.1)

where

In—al
|(m —a)[(m —a)|’
In the same manner, we find that

|02 o] < Lallp@, m.
This completes the proof of the lemma. .

L=

Theorem 1. Let the function F(¢) given by
F(p)=—(2-p¢*-¢°

satisfy the Lipschitz condition with the Lipschitz constant Ls. Then the problem (5.5) has a

unique solution ¢({,n) whenever 0 <6 <1, where

[Lo+Ls—(1-wIMT

0= @

(6.2)

Proof. Let v and ¢ be two different solutions of the space-time fractional-order Nagumo
equation (5.2). Then, for all n € [0,T]; (T > 0) and ¢ € [0,n], these solutions are seen to be
bounded on using (6.1). We now set

M= max |(n—c)“_1|.

=6C=1;0=0=

Then
y-¢=J2 D y((,0)- (1 -y, +FW)] - I [D7Pp(l,0) - (1- e, )+ F(g)]

n
= @f - DY w(C,0) - (1 - Wy, ) + Fy)lde

-t | -0 D0 - (1 gt o)+ Fep)de,
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so that
max|y — ¢| = max @ )f - 1[D Py, )~ (L - (¢, )+ Fy)]ds
i | =" D90 - (1 gt 0) + Fipar
[L2 +L3—(1—/J)]) {f -1 }
< —cl® — _
= (@) max ) | 1=l w —g[de, Iy gl
Lo+Ls—(1-p)IMT
< [Mztls- Oop)] )u ~gl, (6.3)
I'(a)
which yields
(1-8)ly -9l =0, (6.4)
where § is given by (6.2). Since 1 -6 # 0, we have
ly —oll =
Therefore, we have y = ¢, which completes the proof of Theorem O

Theorem 2. The series solution ¢({,n) of the problem (5.5) is given by

J=0
by using the ADM convergence when

0<d<1 and |p1(l,n)]<ooc.

Proof. We first define the sequence s, of partial sums. Let s,, and s,, be arbitrary partial sums
with n = m. We propose to prove that s, is a Cauchy sequence in the Banach space:

n

Zuj'

+1

s, —s ||-max|s — S, = max
P @ T el |

(6.5)

1 n a1 - . n-1 . n-1 .
x mfo(n-f) (j:szJ j;loﬁj;lpj).

= ma
€,mel
We find from [|14] that

n-1 n-1
Y B;i=DF(sp 1-sm-1), Y Ci=(1—p)sp_1—5m_1)
j=m J=m
and
n—1
j=m

Thus, clearly, we have

1 [
%fo (n— c)a—l(D?ﬁ[an —Sm-1]l=-(1 = wlsp-1—8m-11+Flsp_1— Sm—l])dT

L2+L3—(1—u)) f o

< _

:( (@) (md n—¢1* sp_1—sm-1l

([L2+L3—(1—u)]MT
I'la)

ls; —Sm | = max
v el

A

)Ilsn—1—8m—1ll = 6llsn-1—8m-1l. (6.6)
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Let n =m + 1. Then
Ism+1=8mll = 6llsm —sm-1l
< 6%Ism-1-Sm-2ll
= 6" ls1—soll. (6.7)
Thus, by the triangle inequality, we have
Isn=Smll S lsms1=Smll +ISme2=Smatll +---+lsp —Sp-1ll

<[6™+6™ 1 4o 48" lIs1 - soll

1 n—-m
<M —— . 6.8
(55 1o 6.8)
Since 0 <d <1,sothat 1-6""™ <1, we have
6m
lsn—smll = (1 5) max lp1(Z, . (6.9)

But |¢1({,n)| < co. Therefore, in the limit when m — oo, we get
”sn - sm” - 0.

We conclude that s, is a Cauchy sequence in C[I]. Consequently, the series is convergent and

the proof of Theorem [2|is complete. O

Theorem 3. The maximum absolute truncation error of the series solution ¢({,n) given by

oC,m=> @;i,n

Jj=0
for the problem (5.5) is estimated as follows:

o, m— Z%«m

max
(€mel

6m
(1 5) {p)gl%(( ;. (6.10)

Proof. According to the formula (6.9), we have

6m
_ <
s —smll = (1 5)(?}7%@1(( ml.

In the limit as n — oo, we see that
sn— @((,m),

so we have

o
<
10 = sl < (1 -

Therefore, the maximum absolute truncation error in the interval I is estimated by

m

) max lp1(,mI. (6.11)

6m
ma ma 6.12
max (T, JZ%« ) £ (55 max o, 6.12)
which evidently completes the proof of Theorem [3] O
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7. Conclusion

In this paper, we have successfully and efficiently applied the Adomian Decomposition Method
(ADM) to derive the approximate solutions of the time-fractional and space-time fractional-
order Nagumo equation. In the case of space-time fractional-order Nagumo equation, we
expanded the tanh-function initial condition in terms of the basis functions e ¢. The fractional
derivative could then be easily calculated. As there no direct methods to compute the fractional
derivatives, many authors seem to have avoided this type of initial conditions. We have studied
the convergence analysis and applied our results to the Nagumo equation. The agreement
with the numerical solutions are remarkably favorable. Aside from such favorable agreement,
the results demonstrate that the ADM provided a fairly accurate technique for solving the
time-fractional and space-time fractional-order Nagumo equation. By increasing the number of
iterations, we can reach any desired accuracy. We have the software MATHEMATICA 9 in all of
our calculations.
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