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Projective Change between Randers Metric
and Special (a, 3)-metric

S.K. Narasimhamurthy and D.M. Vasantha

Abstract. In the present paper, we find the conditions to characterize projective
2
change between two (a, 8)-metrics, such as special (a, 8)-metric, L = o — % +p

and Randers metric L = & + f3 on a manifold with dim n > 3, where a and & are
two Riemannian metrics, 8 and 8 are two non-zero 1-forms. Further, we study
the special curvature properties of two classes of (a, 3)-metrics.

1. Introduction

The projective change between two Finsler spaces have been studied by many
authors ([3], [12], [10], [13], [15] [20]). An interesting result concerned with
the theory of projective change was given by Rapscak’s paper [18]. He proved
the necessary and sufficient condition for projective change. In 1994, S. Bacso
and M. Matsumoto [3] studied the projective change between Finsler spaces with
(a, )-metric. In 2008, H.S. Park and Y. Lee [13] studied on projective changes
between a Finsler space with (a, )-metric and the associated Riemannian metric.
The authors Z. Shen and Civi Yildirim [20] studied on a class of projectively flat
metrics with constant flag curvature in 2008. In 2009, Ningwei Cui and Yi-Bing
Shen [12] studied projective change between two classes of (a, 3)-metrics. The
author N. Cui (2006) studied S-curvature of some (a, 3)-metrics [4]. Some results
on a class of (a, 3)-metrics with constant flag curvature have been studied recently
by Z. Lin (2009) [7].

The first part of the present paper is devoted to the study of projective change
between two classes of Finsler spaces with (a, 3)-metric (Theorem 3.1). The
second part is devoted to investigate the special curvature properties of these
Finsler metrics under projective change (Theorem 4.2).
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2. Preliminaries

The terminology and notations are referred to ([8], [19], [1]). Let F* = (M, L)
be a Finsler space on a differential manifold M endowed with a fundamental
function L(x, y). We use the following notations:

(@ gij= %%%Lz, 0= aiyi,

(®) Cij = %akgij:

© hy =g — L,

(d) Y;k = %gir(ajgrk + akgrj - argjk);

© 6=y Gi=36, G=ad) G

= 9,G}.

The concept of (a, #)-metric L(a, ) was introduced in 1972 by M. Matsumoto
and studied by many authors like ([11], [16], [6], [9], [22], [17]). The Finsler
space F" = (M, L)) is said to have an (a, §)-metric if L is a positively homogeneous
function of degree one in two variables a? = g; i(x) y'y/ and B = b;(x)y'. A change
L — L of a Finsler metric on a same underlying manifold M is called projective
change if any geodesic in (M, L) remains to be a geodesic in (M, L) and viceversa.
We say that a Finsler metric is projectively related to another metric if they have the
same geodesics as point sets. In Riemannian geometry, two Riemannian metrics o
and @ are projectively related if and only if their spray coefficients have the relation
[12]

GL=GL+Aay*y', 2.1

where A = A(x) is a scalar function on the based manifold, and (x,y’) denotes
the local coordinates in the tangent bundle TM.

Two Finsler metrics F and F are projectively related if and only if their spray
coefficients have the relation [12]

G'=G'+P(y)y, (2.2)

where P(y) is a scalar function on TM \ {0} and homogeneous of degree one in
y. A Finsler metric is called a projectively flat metric if it is projectively related to
a locally Minkowskian metric.

For a given Finsler metric L = L(x, y), the geodesics of L satisfy the following

ODEs:
il rac(x2) =0
dt? Yar )T

where G' = Gi(x, y) are called the geodesic coefficients, which are given by

A
G = Zgll{[Lz]xmylym — [Lz]xz}.
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Let ¢ = ¢(s), |s| < by, be a positive C* function satisfying the following
P(s) —sp’(s)+ (b* =s*)9"(s) >0, (Is| < b < by). (2.3

If @ = y/a;;y'y’ is a Riemannian metric and § = b;y' is 1-form satisfying
[|Bslle < by for all x € M, then L = ¢(s), s = #/a, is called an (regular) (a, f8)-
metric. In this case, the fundamental form of the metric tensor induced by L is
positive definite.

Let VB =D

Denote

il jdxi ® dx’ be covariant derivative of 8 with respect to a.

1 1
ryj = E(bilj + bji), ;5 = E(bilj —Dbj).

B is closed if qnq only if s;; = 0 [21]. Let s; = b's;j, s} = a'ls;j, so =s;y", sh = siy!
and oo = rl'jyly‘l.
The relation between the geodesic coefficients G' of L and geodesic coefficients

G! of a is given by

G'=G. +aQs) +{—2Qasy + oo} {¥b' + ©a 'y}, (2.4)
where
_ ¢’ —s(pd” +¢'d")
20((¢ —s¢’) + (b —s2)p")’
__¢
Q - ¢ —S¢/ 5
1 ¢//

R Tr I Py s vy
Definition 2.1 ([12]). Let

DY, = o G- L 99, (2.5)
K 9yigyka yl n+18y”‘y ’ '
where G' are the spray coefficients of L. The tensor D = D;kl . ®@dx' @dxk®dx!is

called the Douglas tensor. A Finsler metric is called Douglas metric if the Douglas
tensor vanishes.

We know that the Douglas tensor is a projective invariant [14]. Note that the
spray coefficients of a Riemannian metric are quadratic forms and one can see
that the Douglas tensor vanishes form (2.5). This shows that Douglas tensor is a
non-Riemannian quantity.

In the following, we use quantities with a bar to denote the corresponding
quantities of the metric L. First, we compute the Douglas tensor of a general (a, 3)-
metric.

Let

G = Gfx + ast) + W{—2Qasy + ro}b'.
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Then (2.4) becomes
G'=G'+ 0{—2Qas, + roota"ty'.

Clearly, G' and G' are projective equivalent according to (2.2), they have the same
Douglas tensor.
Let

T' = aQs) + ¥{—2Qas, + ro}b'. (2.6)

Then G' = G. + T', thus

D;klzﬁ;kl
A . 196y .. 1 3aT™
~ dylaykay! (G"‘_n+18ymy T n+1 5ymy)
o3 .1 oorm |
=8y18yk8yl (T 41 8y’"y)' 2.7

To simplify (2.7), we use the following identities

aj=aly,, sp=a (ba—sy),
where y; = a;; ', Ay = j—;. Then

[aQsy']yn = a” 'y, Qsy + a*Q'[b,a® — By, ]sy

= Q,'SO

and

[¥(—2Qasy + 1g)b™]ym = ¥'a™(b* —s*)[rop — 2Qas,]

+ 2¥[ry — Q'(b* —s*)sy — Qsso],

where r; = b'r;; and r, = r;y". Thus from (2.6), we obtain

Ty =Q'so+ a1 (b% —s2)[ryo — 2Qas,]

+ 20[ry — Q' (b —5*)sy — Qssp]. (2.8)

Now, we assume that the (a, 8)-metrics L and L have the same Douglas tensor,
that is, D;kl = D;kl. Thus from (2.5) and (2.7), we get

_ 9 (piqio L (rm —Tm)y' | =0.

dylaykoy! n+1-y"

Then there exists a class of scalar functions Hji.k = H;k(x), such that
. A 1 _ )
A r__ 1__ m __ m 1
Hyy=T'-T sy (Tym Tym)y , (2.9)

where H{, = H;k ¥y, Tt and T). are given by the relations (2.6) and (2.8)
respectively.
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3. Projective Change between Randers Metric and Special (a, 3)-metric

In this section, we find the projective relation between two (a, 3)-metrics that

2 - -
is special (a, 8)-metric L = a — % + B and Randers metric L = @ + 8 on a same
underlying manifold M of dimension n > 3. For (a, §)-metric L = a — %2 + 3, one
can prove by (2.3) that L is a regular Finsler metric if and only if 1-form f satisfies

the condition ||f3]|, < 1 for any x € M. The geodesic coefficients are given by
(2.4) with

o 1+ 352 —4s°
C2(14s—s2)(1—-2b2+352)°
B 1-—2s
14827
-1
YT e 3.1
Substituting (3.1) in to (2.4), we get
. , 1 —2(a —2B)a’s
G =G+ (o~ 26)a"s oo
“ a?-2b%a?+3p2 a’+ B2
3 2 3y, 2 i
. +3 -4 a“(a—2P)s
P G ) (=265 .,
2(a?+aff — B?) a®+ B2

For Randers metric L = @ + f3, one can also prove by (2.3) that L is a regular
Finsler metric if and only if || 8,||, < 1 for any x € M. The geodesic coefficients are
given by (2.4) with

1 _ -

sz, Q=1, v =0. (33)

First, we prove the following lemma:

Lemma 3.1. Let L =a — %2 + B and L = a+ f be two (a, B)-metrics on a manifold
M with dimension n > 3. Then they have the same Douglas tensor if and only if both
the metrics L and L are Douglas metrics.

Proof. First, we prove the sufficient condition. Let L and L be Douglas metrics and

corresponding Douglas tensors be D;’kl and D;kl. Then by the definition of Douglas

metric, we have D;kl =0 and D;‘kl = 0, that is, both L and L have same Douglas
tensor. Next, we prove the necessary condition. If L and L have the same Douglas
tensor, then (2.9) holds. Substituting (3.1) and (3.3) in to (2.9), we obtain

- A+ Bla®+Cla’ +Dla® + Ela® + Fla* + Gla® + Hia®> +J1
Hy, = 8 6 2 %o,
Ka®+ La®+Ma*+Na?+P

3.4

where

A= (1-2b%)[(1 —2b%)s] +2b's,],
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B' = —(1—2b*){b'rgo + 2B(1 — 2b)s] + 4b'Bsy + 22y [(1 — 4b%)s, — 1,1},
C' = B{B(1—2b>)(7 — 2b®)s| — 4[b'B(b* — 2) — 34y ' b?1s,},
D' = B{B(1 —2b*)[2B(2b> — 7)s{ + 24y [(2b* + 5)so + 2r] — b'rgo]

+ 2B(b* = 2)[4(b' + b* Ay )so + b'roe] — 6AY [b?reg — Brol},
E'=3B3{B[(5 - 4b2)sé +2bisy] — 44y (1 — b?)so},
F' = B3{6B>[(4b* — 5)s|, — 2b's,] + b' B(2b* — 7)reo

— 21y [B(14b% — 19)sy + 3(2b% — D)roy — B(7 — 2b)1, 13,
G' =3B°(3Bs., — 4Ay'so),
H'=-3B°{B [6/556 + b'rge] + 22y [(b* — 2)rog — B(5s0 + o)1},
Ji=61y'7r0,

1
A= 3.5
n+1 3.5)
and
K =(1-2b%)?,
L =4B%(1—-2b%)(2 - b?),
M = B*[(1—2b%)+3(7 — 8b?)],
N =-12B%(b%-2),
P =9p8. (3.6)
Then (3.4) is equivalent to
Ala® +Bla® + Cla’ + D'a® + Ela® + Fla* + Gla® + Hia? + J!
=(Ka®+La®+Ma*+Na? + P)(as) + H ). 3.7)
Replacing y' in (3.7) by —y! yields
—Alad’ +Bia® —Cla’ + D'a® —Ela® + Fla* — Gia® + Hia? + J'
=(Ka®+La®+Ma®* +Na® + P)(Hj, — as). (3.8)

Subtracting (3.8) from (3.7), we obtain

Ad® +Cla’ +E'a® + G'a® = (Ka® + La® + Ma* + Na? + P)(as)). (3.9)

From (3.9), Pas,, has the factor a?, that is, the term Pas, = 95%as] has the factor
a?. Now, we can study two cases for Riemannian metric.

Case (i): If @ # u(x)a, then Ps) = 9385) has the factor a®.
Note that 32 has no factor a®. Then the only possibility is that [3’53 has the factor
a’.

Then for each i there exists a scalar function 7' = 7(x) such that 5 = t'a?

which is equivalent to b;5; + bS; = 27" ..
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When n > 3 and we assume that ©° # 0, then
2 > rank(b;s} ) + rank( bks'j.)
> rank(b;s;, + bk§;)
=rank(27'a;;) = 3, (3.10)

which is impossible unless 7/ = 0. Then 8§} = 0. Since 8 # 0, we have 5, = 0,
which says that f3 is closed.

Case (ii): If @ = u(x)a, then (3.9) reduces to
Ad®+Cla®+Ea* +G'a* =u(x)si[Ka® + La® + Ma* + Na® + P],
which is written as

,u(x)Ps'(i) =[Aa®+Cla*+Ea®> +G - u(x)s'(i)(Ka6 +La*+Ma®+N)]a?.
(3.11)

From (3.11), we can see that u(x)P$) has the factor a?. i.e., u(x)Ps, = 9u(x)3; 58
has the factor a?. Note that u(x) # 0 for all x € M and 32 has no factor a?. The
only possibility is that [556 has the factor a?. As the similar reason in case (i), we
have Ef) =0, when n > 3, which says that 3 is closed.

M. Hashiguchi [5] proved that Randers metric L = @ + f3 is a Douglas metric if
and only if 3 is closed. Thus L = & + 3 is a Douglas metric. Since L is projectively
related to L, then both L and L are Douglas metrics.

Now, we prove the following main theorem:

Theorem 3.1. The Finsler metric L = a — %2 + B is projectively related to L = a+
if and only if the following conditions are satisfied

G(ix = G(ii +0y' —ta’b,
bl|] - T[(_]. + 2b2)aij - 3blb1],
df =0, (3.12)

where b' = a''b;, b = |||, by; denote the coefficients of the covariant derivatives
of B with respect to a, T = t(x) is a scalar function and 8 = 6,y' is a 1-form on a
manifold M with dimension n > 3.

Proof. First, we prove the necessary condition. Since Douglas tensor is an invariant
under projective changes between two Finsler metrics, if L is projectively related to
L, then they have the same Douglas tensor. According to Lemma (3.1), we obtain
that both L and L are Douglas metrics.

We know that Randers metric L = & + 8 is a Douglas metric if and only if f3 is
closed , that is

dB=0 (3.13)
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and L =a— %2 + f3 is a Douglas metric if and only if
bi|jZT[(_1+2b2)aij_3bibj]y (3.19)

for some scalar function T = 7(x) [2], where b;; denote the coefficients of the
covariant derivatives of 8 = b;y' with respect to a. In this case, f3 is closed. Since
B is closed, s;; = 0 = b;; = bj;. Thus s{ =0 and s, = 0.
By using (3.14), we have roy = T[(—1 + 2b?)a? — 382]. Substituting all these in
(3.2), we obtain
. a®+3ap?—4p3
“‘T[z<a2+aﬁ—ﬁ2)
Since L is projective to L = a + f3, this is a Randers change between L and a.
Noticing that f3 is closed, then L is projectively related to &. Thus there is a scalar
function P = P(y) on TM \ {0} such that

G'=GL+Py'. (3.16)
From (3.15) and (3.16), we have
a®+3apB2—4p3
pio( 3 30F Z46°
2(a®+af —B2)
Note that the RHS of the above equation is a quadratic form. Then there must be
a one form 6 = 0,y" on M, such that

a3 + Saﬁz _ 4[53
P ——— | = 6.
+T(2(a2+aﬁ—f52))
Thus (3.17) becomes

G=G

]yi + ta?bl. (3.15)

)]yizG;—Gé+ra2bi. (3.17)

Gl =G.L+0y' —1a®b'. (3.18)
From (3.13) and (3.14) together with (3.18) complete the proof of the necessity.
For the sufficiency, noticing that 8 is closed, it suffices to prove that L is
projectively related to @. Substituting (3.14) in to (3.2) yields (3.15).
From (3.15) and (3.18), we have
3 2 3
‘ A a’+3aB*—4p ;
G=G,+|0—-1T| ———— !
. [ (2(a2+a/5—/52)ﬂy
i.e., L is projectively related to a.
From the above theorem, immediately we get the following corollaries

Corollary 3.1. The Finsler metric L = a — %2 + BB is projectively related to L = a+ 8
if and only if they are Douglas metrics and the spray coefficients of a and & have the
following relation

Gfl = Gg +0y' — ta®b,

where bl = aijbj, T = 1(x) is a scalar function and 6 = 6,y' is a one form on a
manifold M with dimension n > 3.
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Further, we assume that the Randers metric L = @ + f is locally Minkowskian,
where @ is an Euclidean metric and 3 = b;y' is a one form with b;=constants.
Then (3.12) can be written as

G\ =0y'—1a’b',
by; = Tl(=1+2b%)a;; — 3b;b;]. (3.19)
Thus, we state
Corollary 3.2. The Finsler metric L = a — %2 + B is projectively related to L if and

only if L is projectively flat, in other words, L is projectively flat if and only if (3.19)
holds.

4. Special Curvature Properties of Two (a, )-metrics

We know that, the Berwald curvature tensor of a Finsler metric L is defined
by [12]
B =B, dx' ® 3, ® dx" ®dx',
where B;kl =[G'] yiykyt and G! are the spray coefficients of L. The mean Berwald
curvature tensor is defined by

where E;; = %Bn’fij. A Finsler metric is said to be of isotropic mean Berwald curvature
if

B.— n+1

ij 5

for some scalar function c(x) on M.

C(X)Lyiyj,

In this section, we assume that (a, f)-metric L = o — %2 + B has some special
curvature properties. Randers metric L = & + f is projectively related to L.

First, we assume that L has isotropic S-curvature, i.e., S = (n + 1)c(x)L for
some scalar function c¢(x) on M. The (a, 8)-metric, L = a+¢efF + k(%z) of isotropic
curvature has been characterized in [4], where € and k are non zero constants. We
use the following theorem proved by N. Cui [4].

Theorem 4.1. For the special form of (a, 8)-metric, L=a+¢ef + k(%z), where €, k
are non gero constants, the following are equivalent:

(a) L has isotropic S-curvature, i.e., S = (n+ 1)c(x)L for some scalar function
c(x) on M.

(b) L has isotropic mean Berwald curvature.

(c) B is a Killing one form of constant length with respect to a. This is equivalent
to rgg =59 =0.

(d) L has vanished S-curvature, i.e., S = 0.

(e) L is a weak Berwald metric, i.e., E = 0.
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The above theorem is valid for L = a — %2 + 8 when we take e =1 and k = —1.
Then we have

Theorem 4.2. Let L = a— %2 + has isotropic S-curvature or isotropic mean Berwald
curvature. Then the Finsler metric L is projectively related to L = a+ f8 if and only if
the following conditions hold:

(a) a is projectively related to @,

(b) B is parallel with respect to a, i.e., b

(0 [3_’ is closed, i.e., d/a_’ =0,

where b;|; denote the coefficients of the covariant derivatives of [3 with respect to a.

iy =0

Proof. The sufficiency is obvious from Theorem 3.1. For the necessity, from
Theorem 3.1 we have that if L is projectively related to L, then

bll] = T[(_]. +2b2)ai]’ - 3blb1],

for some scalar function T = 7(x). Contracting above equation with y' and y’
yields

oo = T[(=1+2b%)a® — 3B2]. 4.1)

By the Theorem 4.1, if L has isotropic S-curvature or equivalently isotropic mean
Berwald curvature, then ryy = 0. If T # 0, then (4.1) gives

(—1+2b%)a*-3p%=0, (4.2)
which is equivalent to
(—1+2b*)a;; — 3b;b; =0. (4.3)

Contracting the above equation with a' yields —n + (2n — 3)b? = 0, which is
impossible.
Thus 7 = 0. Substituting in to Theorem 3.1, we complete the proof. U
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