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1. Introduction

In finance, an option is a contract which gives the right, to buy or sell an underlying asset
subject to certain conditions within a specified period of time. The price that is paid for the
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asset when the option is exercised is called the “exercise price" or the “strike price”. The last
day on which the option may be exercised is called the “expiry date" or “maturity date”.

Any option with the general characteristic that the underlying security’s price must pass
a certain level or barrier before it can be exercised is called a barrier option. There are two
types of barrier options, Knock-out options and Knock-in options. A Knock-out option becomes
worthless if at any time before expiry, the stock price reaches the barrier, while a Knock-in
option only provides a pay-off once the stock price crosses the barrier.

Since the theory for the pricing of Knock-out option and Knock-in option are identical, apart
from the final value, we will address the former in this paper. For more details on option theory
refer to [9].

In [1]], Black and Scholes published their seminal work on option pricing in which they
described a mathematical frame work for finding the fair price of an european option. The Black
Scholes model for pricing options has been applied to many different commodities and payoff
structures.

In this work, we consider the Black-Scholes equation corresponding to barrier option to
discuss its solution.

2. Barrier Option

A barrier option is essentially a normal option with an extra constraint. It satisfies the Black-
Scholes equation [1].

o 1 02 R
a—(;(s, £) + 502820—;2'(8, £) + rS%(S, £—rC(S,t)=0, 0<S <oo, (2.1)
C(S,T)=max(S - K,0), (2.2)

with the additional condition C(B,t) =0, 0 <t < T, where B is the barrier, K is the strike price,
S is the price of the underlying asset at time ¢, T' is the expiry time. The value of the option C
also depends on the volatility o, and the interest rate , where r and o are constants in this
work.

Using several changes of variables equation and can be reduced to the heat
equation [5]

oU _ U for O0<x< >0 (2.3)
— =—— for x<00, T .
ot  Ox? ’
with the boundary conditions
K
U(x,0)=U(x) =max|e® * - Ee_“x,O , x>0, (2.4)
U,7)=0.

3. Solution of Barrier Option using Semigroup Theory

In this section, we find the solution of (2.3) and (2.4) using the theory of Co-semigroups. We recall
some basic facts in the Co-semigroup theory.
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A family T = T'(t);>0 of bounded linear operators from a Banach space X into itself is called
a Co-semigroup on X if

(1) T(0)=1, the identity operator on X,
2) T(t+s)=T()T(s) for all t,s=0,
(3) li1(1)1 T)x=xforall xe X.

t— +

The family S(¢);cg of bounded linear operators from X into itself is called a Co-group, if
(1) S(0) =1, the identity operator on X,
(2) S(t+s)=S@)S(s) for all ¢,seR,
(3) %Er&S(t)x =x forall xe X.

The infinitesimal generator of Co-semigroup T = (T'(¢));>¢ is the operator given by
DG) = {x eX: tlir(])c1+ %(T(t)x —x)€ X} ,
Gx = tl_i,I(I)1+ %(T(t)x -x), xe€D(G).

Growth bound of the Co-semigroup T = (T'(¢));0 is given by

wo(T)=inf{weR:3 M >0:|T@®)| <Me"" }.

Further, we have

In|TON . InlT@
—— =inf———.

o) = Jim =

For more details on semi-group theory, refer [4]].

We define the operators
A :D(A¢) — L*(R)
and

Bo:D(By) — LA(R)

0
D(Ap) = {f e L%(R): f is absolutely continuous with a—f € L2(R)} ;
x

) of o°
D(By) = {f eL*R): f, of are absolutely continuous with —f, o7 €L2(R)} ,
Ox Ox’ 0x2
of *f
Aof =—, Bof =—5.
Of ox’ Of Ox2

From [2], it is observed that A is the infinitesimal generator of the Co-group

(So(®)f)s) = f(t+s) where So:R — B(L%R)), s,teR.
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Further By is the infinitesimal generator of a Co-semigroup 7y given by
1
Vdnt

forall t>0, xeR, f € L%(R).

Now, the semigroup (S((¢));>0 commute as do the resolvents of Ay and hence of By = A(z).

o0 _52
(To(t)f)x) = f e Flx+s)ds

Then the semigroup (T(¢));>0 generated by By, are analytic and commute and has an
analytic extension (7'(¢)):0.

We now obtain the solution of (2.3)
Theorem 3.1. If f € L2(R), then the function given by Ur:R xR — C given by
Ur(x,7) = (T@)f)x) is a solution of (2.3).

Proof. Clearly (T(t));>0 is a bounded analytic semigroup of angle % The domain D(A) of the
generator A of (T'(¢));>o contains D(A(z)).

In particular it contains

Do={f e LA(R)D“f e LA(R) for every multi index a with |a| <2}

and for every f € D, the generator is given by Af = 327’;.
. Uy  o*Uy . U
Since, a_rf = WJ’ it follows - =Af.
Hence Uy (x,7) = (T'(t))f)(x) is the solution. O

4. Valuation of Barrier option using Mellin Transform Method

The Mellin transform method is one of the most popular method for solving diffusion equations
in many areas of science and technology. The Mellin transforms in option theory were introduced
by Panini and Srivastav [7]]. An application of Mellin transform techniques can be found in [|6,8].
Let M {f(x);w} denote the Mellin transform of a function f(x) € R* given by,

Fw) = M{f(x);0) = fo Fon®Ldx

where complex variable w exists on an appropriate strip of convergence in C. Conversely, the
inverse Mellin transform of a function f(x) € C is defined by

_ 1 c+ioco__
fo) =M {Fayaf = o f  Fawadw.

where ¢ € R(w), the real part of ¢ € C. Now, the Mellin transform for barrier option is given by

Cw,t)= f C(S,HS* 1dsS
0
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where w is the complex variable with 0 < Re(w) < co. The inversion of the Mellin transform is
also given by

1 c+ioco
C(S,t)= —f Cw,t)S “dw.
c

271 Je—ico

Taking the Mellin transform of equation (2.1), we get

aC 1 5 90%C
M(at (S,t))+M(2a §*255(8:0)

+M(rS%(S,t))—M(rC(S,t)):M(O). (4.1)

From the properties of Mellin transform equation (4.1) is transformed as

Vol 2

TUD — rCw, 0+ wiw + D% Clw, 0~ rClaw, 1 =0, (4.2)
0C(w, ) _o? 9 2r  2r\=

-2 [ a2 e | e

Put z = % in equation (4.3), we get

Yal 2
- acg:, b _ %[(wQ +w-wz—-2)Cw, D). (4.4)

Substituting G(w) = (w? + w — wz — z) in equation (@.4), we get

oCw,t) -o? —
FYR Gw)C(w,1).

Seperating the variables and integrating we get
C(w,t)=C(w,0)e 27 ¢w! (4.5)

where C(w,0) is a constant.

Also, we have C(w,0) = J(w, t)e%UQG(w)T, where J(w, ) = % is called the Mellin transform of
the boundary condition (2.2)

Hence equation becomes C(w,t) = J (w, t)e%"gG(w)(T_t).

Using the inverse Mellin transform, the price of a barrier option is

1 [erico 162G ) (T-1) q—w
C(S,t):T J(w,t)e2 S Ydw

Tl Je—ioco

where ¢ € (0,00) and (S, #) € (0,00) x (0,T).

5. Conclusion

This paper establish a connection between the solution of the heat equation (2.3) equivalent
with Black-Scholes equation (2.1) and the Co-semigroup, 7'(¢). Also, it provides, the applications
of semigroup theory in finance.
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