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Abstract. A set R <V of a graph G = (V,E) is said to be a ‘rebellion set’ (rb-set) of G, if
INR()| < |Ny,r()|, for all v e R, |R| = |V/R| and (R) has no isolated vertices. The total rebellion
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cardinality trb(G) is denoted by trb(G)-set. In this paper, we defined the total rebellion number for
simple graphs. Also, we determined its tight bounds for some standard graph and characterize this
parameters.

Keywords. Rebellion number and Total rebellion number

MSC. 05C38; 05C69

Received: January 22, 2017 Accepted: March 16, 2017

Copyright © 2017 V. Mohanaselvi, P. Shyamala Anto Mary and A. Monisha. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

A graph G =(V,E) is a finite undirected connected simple graph with p vertices and g edges.
All the terms defined here are used in the sense of Harary [[1]]. The word alliance means a
bound or connection between individuals, families, states or parties. The union of individuals in



766 A Study on Total Rebellion Number in Graphs: V. Mohanaselvi, P. Shyamala Anto Mary and A. Monisha

an alliance is thought of to be stronger than the sole individual. Suppose nations at war, the
individual nations are represented as vertices and the relations between them are represented
as edges. Alliance in graphs was first introduced by Kristiansen et al. in [2]. Further it was
studied by Hanyes et al. in [3]. For studying the co-alliance set the authors already introduced
the rebellion and independent concept by interchanging the inequalities in the alliance set
in [4] and [5]. A set R < Vof a graph G = (V,E) is said to be a ‘rebellion set’ (rb-set) of G, if
INr(V)| < |[Ny,r(v)|, for all ve R and |R| = |V/R]|. The rebellion number rb(G) is the minimum
cardinality of any rebellion set in G. A total dominating set D of G is a dominating set such
that the induced subgraph (R) has no isolated vertices. The total domination number r;(G) of
G is the minimum cardinality of a total dominating set of G [6].

In this paper, we study the total property of the rebellion set and defined the total rebellion
number for simple graphs. Also, we determined its tight bounds for some standard graph and
characterize this parameters.

2. The Total Rebellion Number in Graphs

Definition 2.1. A rebellion set R <V of a graph G =(V,E) is said to be a ‘total rebellion set’
(trb-set) of G, if INgr(v)| < |Ny,r(v)|, for all ve R, |R| = |V/R| and (R) has no isolated vertices.
The total rebellion number ¢rb(G) is the minimum cardinality of any total rebellion set in G.
A total rebellion set with cardinality ¢rb(G) is denoted by #rb(G)-set.

Example 2.2.

Figure 1

For the graph G in Figure([l] the set R = {vg,vs,ve,v7,V11,V12} is trb-set and hence trb(G) = 6.

Theorem 2.3. For the cycle C,,

[n/2], n =0,3(mod 4)
tro(C,) =1 [n/21+1, n=1,2(mod 4),n>5
0, n=>5.

Proof. Let G be the cycle graph C,, with atleast three vertices and R be a total rebellion set
in G. Let V(G) ={v1,v9,vs,...,v,} and E(G) ={e1,e9,es,...,e,} be the vertex and edge set of G.
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Case(i): n =0,3(mod 4)
In this case, the set R = {v3;19,v3;41/1 =1,2,..., [%1} is a total rebellion set of G. Since |[R| = |V/R|
and for all v € R, N(v) is not a subset of R,|Ng(v)| < |Ny,g(v)| and (R) has [%1 edges. Now,
n n
trb(G) < |R| =2 H < H . 2.1)

Let R be a total rebellion set of GG, such that |R| = trb(G). Since R is a rebellion set gives
|[R|=|V/R| and for all v € R, N(v) is not a subset of R, |Ng(v)| < |[Ny,g(v)|. Thus, R must contain
atleast [%] vertices.

Therefore,
n
trb(G) = |R| = H . (2.2)

From and we have, irb(G) = [5].

Case(ii): n =1,2(mod 4)

In this case, the set R ={vg;49,03i+1/1=1,2,..., [%1} is a total rebellion set of G. Since |R| = |V/R)|
and for all v € R, N(v) is not a subset of R,|Ng(v)| < |Ny,g(v)| and (R) has [%1 edges. Now,

trb(G) < |R| =2 E] < [g] +1. 2.3)

Let R be a total rebellion set of G, such that |R| = trb(G). Since R is a rebellion set gives
|[R|=|V/R| and for all v € R, N(v) is not a subset of R, |Ng(v)| < [Ny, (v)|. Thus, R must contain
atleast [%] + 1 vertices. Therefore,

n
trb(G) = |R| = [5] +1. (2.4)
From (2.3) and 2.4) we have, trb(G) = [2] + 1.
Example 2.4.

Figure 2

For the graph Cg in Figure[2] the set R = {v1,v2,v4,05,07,0g} is a irb-set and hence trb(G) = 6.
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Theorem 2.5. For the path P,, n =3,

[n/2], n=0,3(mod 4)

trb(P,,) = {
n/21+1, n=1,2(mod 4)

Proof. Let G be the path graph P,, with atleast three vertices and R be a total rebellion set in
G. Let V(G) ={v1,v9,vs,...,v,} and E(G) ={e1,ez,e3,...,e,—1} be the vertex and edge set of G.

Case (i): n=0,3(mod 4)
In this case, the set R = {vg;.0,v3;:1/i =1,2,..., [%1} is a total rebellion set of GG.

Since |R| = |V/R|, for all v € R, N(v) is not a subset of R, [Ng(v)| < |[Ny/r(v)| and (R) has [%1
edges. Now,

trb(G) < |R| =2 E] < {%] . (2.5)

Let R be a total rebellion set of GG, such that |R| = trb(G). Since R is a rebellion set gives
|R| =|V/R| and for all v € R, N(v) is not a subset of R, [Ng(v)| < |Ny,gr(v)|. Thus, R must contain
atleast [%] vertices. Therefore,

trb(G) = |R| = [g] . (2.6)

From (2.5) and (2.6) we have, trb(G) = [%].

Case (ii): n =1,2(mod 4)
In this case, the set R ={v3;49,03i+1/1=1,2,..., [%1} is a total rebellion set of G. Since |R| = |V/R)|
and for all v € R, N(v) is not a subset of R,|Ng(v)| < |Nvy,g(v)| and (R) has [%1 edges. Now,

trb(G) < |R| = 2 E] < %1 +1. 2.7)

Let R be a total rebellion set of G, such that |R| =#rb(G). Since R is a rebellion set gives such
that |R| =|V/R| and for all v € R, N(v) is not a subset of R, |[Nr(v)| < |[Ny/r(v)|. Thus, R must
contain atleast [%] +1 vertices.

Therefore,

trb(G) = |R| = [g] +1. (2.8)

From 2.7) and 2.8) we have, trb(G) = [2] + 1.
Example 2.6.

Figure 3

For the graph P4 in Figure |3, the set R = {vg,v3} is a trb-set and hence trb(G) = 2.
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Theorem 2.7. For the complete K,, trb(G) = [%], n = 3.

Proof. Let G be the complete graph K,, with atleast three vertices and R be a total rebellion
setin G. Let V(G) ={v1,v9,vs,...,v,} and E(G) = {61,92,63,...,6717—1} be the vertex and edge set
of G. The set R = {v;/i = 1,2,...,[2]} is a total rebellion set of G, Since |R| = |V/R| and for all
veER, N(v) is not a subset of R,|Nr(v)| < |Ny/r(v)| and (R) has [%1 edges. Now,

trb(G) < |R| = [g] . (2.9)

Let R be a total rebellion set of G, such that |R| =#rb(G). Since R is a rebellion set gives such
that |[R| = |V/R| and for all v € R, N(v) is not a subset of R,|Nr(v)| < |[Ny,g(v)|. Thus, R must
contain atleast [%] vertices.

Therefore,
n
trb(G) = |R| = [5] . (2.10)
From (2.9) and 2.10), we have trb(G) = [%]. O
Example 2.8.

Figure 4

For the graph Kg in Figure 4] the set R ={v1,v9,v4,vU5} is a trb-set and hence irb(G) = 4.

Theorem 2.9. For the complete bipartite graph K, ,,

(i) tro(Km ) = [”’;m], when m,n =2 and even

(ii) trb(Kp, ) = 0, when m =n = odd.

Proof. Let G be the complete bipartite graph K,, , with atleast four vertices and R be a total
rebellion set in G. Let V(G) = {v1,v2,03,...,Un+n}t and E(G) ={e1,e2,e3,...,emn} be the vertex
and edge set of G.
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Case (i): m and n are even
In this case, the set R = {u}U{v;/i = 1,2,...,% is a total rebellion set of GG. Since |R| = |V/R|,
for all ve R, N(v) is not a subset of R,|Nr(v)| < |Ny/r(v)| and (R) has [%1 edges. Now,

trb(G) = |R| < [gn] - [’%2} < V‘;m] (2.11)

(because m =2.)

Let R be a total rebellion set of G, such that |R| =trb(G). Since R is a rebellion set gives
|[R|=|V/R], for all ve R, N(v) is not a subset of R, |[Nr(v)| < |Ny,g(v)|. Thus, R must contain
atleast [£] +1 vertices.

Therefore,
_pi= [P
trb(G) = |R| = u (2.12)

(because p=n+m.)

From (2.11) and 2.12), we have irb(G) = [252].

Case (i1): m and n are odd.
rby(Kn, n) =0 when m =n =odd.

Therefore, the result is obviously. O

Example 2.10.

Figure 5

For the graph K3 19 in Figure the set R ={u1,v1,09,03,04,Us} is a trb-set and hence trb(G) =6
Theorem 2.11. For the star graph and bistar graph trb(G)=0.

Proof. Since every induced subgraph of rebellion set in star and bistar are having isolated
vartices and hence total rebellion set never exist for those graphs. Hence trb(G) = 0. O
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Example 2.12.

Figure 6

Theorem 2.13. For the book graph B, =2[|5+1]]|, n=2.

Proof. Let G be the book graph B, with atleast four vertices and R be a total rebellion set in G.
LetV(G) ={v1,v9,vs,...,v2,+2} and E(G) ={e1,eg,e3,...,e3,+1} be the vertex and edge set of G.
The set R = {v;/i = 1,2,...,[31}, {u;/i = 1,2,...,3[3]} are a total rebellion set of G. Since
|[R| = |V\R|, for all v € R, N(v) is not a subset of R, |[Nr(v)| < IN%(U)I and (R) has [%] edges.
Now,

trb(G) < |R)| :2Hg+1ﬂ. (2.13)

Let R be a total rebellion set of GG, such that |R| = trb(G). Since R is a rebellion set gives
|R| = |1K{|’ for all v € R, N(v), is not a subset of R, |[Nr(v)| < |N%(U)|. Thus, R must contain

atleast (%1 vertices (because p = 2n +2). Therefore,

B p 2n+2 n
trb(G)—IRlz[E]z{ - 1s2“§”. (2.14)
From (2.13) and 2.14) we have, trb(G) =2 [|5 +1]].
Example 2.14.

Figure 7

For the graph Bs in Figure 7] the set R = {u1,v1,u2,02,us,vs} is a trb-set and hence irb(G) = 6.
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Theorem 2.15. For the Fan graph F,, n =3,

(211 5 iseven
tro(F,) = 2
" {”T“Ll, n is odd.
Proof. Let G be the fan graph F,, with atleast four vertices and R be a total rebellion set in G.
Let V(G) ={v1,v9,vs,...,Uy+1} and E(G) ={e1,e9,e3,...,e9,-9} be the vertex and edge set of G.
Case (1): n is even.
In this case, the set R = {u} U{vy-gi+2/i = 1,2,...,[3 1} U{v,_0ii0i=12, ., L%J} is a total rebellion set
of G, since|R| = |V/R]|, for all v € R, N(v) is not a subset of R, |[Ngr(v)| < |Ny,g(v)| and (R) has
[7]1 edges. Now,
n n n n+1l
trb(G) =1+ [Z] + H <2 [Z] <2 [Tw (2.15)
Let R be a total rebellion set of G, such that|R| =trb(G). Since R is a rebellion set gives|R| =
I[VA\R|, for all v e R, N(v) is not a subset of R, |[Ng(v)| < |Ny\g|. Thus, R must contain atleast
[g] , vertices (because p =n +1).
Therefore,

trb(@) = |R| = [g] > [’%11 . (2.16)

From (2.15) and (2.16), we have trb(G) = {nT”].

Case (ii): n is odd
In this case, the set R = {u}u{ve;_1/i =1,2,..., L%J} is a total rebellion set of G, Since |R| = |V\R|,
for all ve R, N(v) is not a subset of R, [Ngp(v)| < |Ny\r(v)| and(R) has [%1 edges. Now,

trb(G) = R =1+ gJ < nT” < VTHW . (2.17)
Let R be a total rebellion set of G, such that|R| = trb(G).
Since R is a rebellion set gives such that, |R| = |[V\R| and for all v € R, N(v) is not a subset of
R, INr(v)| < |Ny\g(v)|. Thus, R must contain atleast [”TH] vertices (because p =n+1.)
Therefore,

ny 1} (2.18)

From (2.17) and (2.18), we have trb(G) = [”T”].
Example 2.16.

Figure 8
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For the graph Fg in Figure |8, the set R = {u,v1,v3,vg,vg} is a trb-set and hence trb(G) = 5.

Theorem 2.17. Let G be a (p,q) graph without isolated vertices. Then trb(G) = p —m if and
only if G = mKs. where m is the number of components greater than or equal to one.

Proof. Let m be the number of components in G. For the necessary part assume that
trb(G) = p —m. When, m = 1 the result is obvious. Suppose that G # mKs, m > 1, then for
the existence of trb-set for each component there exist a vertex v such that it is adjacent to at
least two vertices say u and w. The vertex set V —U is a total rebellion set which contradict the
value of trb(G) and hence the result. The sufficiency is obvious.

Theorem 2.18. A rb(G)-set R is a total rebellion set of G if and only if for every vertex in G
there exist an adjacent vertex in R.

Proof. Let R be a total rebellion set of G. Suppose that there exist a vertex v € V(G) such that v
is not adjacent to any vertex in R. If v € R then in (R), v is an isolated vertex, which contradict
R is a total rebellion set else R is not a rb(G)-set of G, which is also a contradiction and hence
the result. For the converse, suppose that the rb(G)-set R is not a total rebellion set, then
there exist an isolated vertex w in (R) such that wis not adjacent to any vertex in R. Which
contradict every vertex in G there exist an adjacent vertex in R and hence the result. O
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