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A Note on Right Full k-Ideals of Seminearrings

Nanthaporn Kornthorng and Aiyared Iampan

Abstract. This work extends the idea of k-ideals of semirings to seminearrings,
the concept of k-ideals of seminearrings is introduced and investigated, which is
an interesting for seminearrings and some interesting characterizations of k-ideals
of seminearrings are obtained. Also, we prove that the set of all right full k-ideals
of an additively inverse seminearring in which addition is commutative forms a
complete lattice which is also modular in the same way as of the results of Sen
and Adhikari.

1. Introduction and Preliminaries

The notion of semirings which is a generalization of rings introduced by
Vandiver [13] in 1935, several researches have characterized the many type of
ideals on the algebraic structures such as: In 1958, Iseki [7] considered and proved
some theorems on quasi-ideals in semirings. In 1992, Sen and Adhikari [10]
studied k-ideals in semirings. Moreover, Sen and Adhikari proved that the set of
all full k-ideals of an additively inverse semiring in which addition is commutative
forms a complete lattice which is also modular. In 1993, Sen and Adhikari [11]
gave some characterizations of maximal k-ideals of semirings. In 1994, Donges
[5] characterized quasi-ideals, regular semirings and regular elements of semirings
using quasi-ideals. In 2000, Baik and Kim [2] characterized fuzzy k-ideals in
semirings. In 2004, Shabir, Ali and Batool [12] gave some properties of quasi-ideals
in semirings. In 2005, Flaska, Kepka and Saroch [6] gave some characterizations
of bi-ideal-simple semirings. In 2008, Chinram [4] studied (m, n)-quasi-ideals of
semirings. In this year, Atani and Atani [1] characterized some results on ideal
theory of commutative semirings with non-zero identity analogues to commutative
rings with non-zero identity. Moreover, they studied some essential properties of
Noetherian and Artinian semirings. Now, the notion of seminearrings which is a
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generalization of semirings introduced and discussed by Rootselaar [9] in 1963.
Therefore, we will study k-ideals of seminearrings in the same way as of k-ideals
of semirings which was studied by Sen and Adhikari [10].

The purpose of this paper is threefold.

(i) To introduce the concept of (left, right) k-ideals of seminearrings.
(i) To introduce the concept of (left, right) full k-ideals of additively inverse
seminearrings.
(iii) To characterize the properties of (left, right) k-ideals of seminearrings, and
(left, right) full k-ideals of additively inverse seminearrings.

For the sake of completeness, we state some definitions and notations that are
introduced analogously to some definitions and notations in [10].

A seminearring [8] is a system consisting of a nonempty set S together with two
binary operations on S called addition and multiplication such that

(i) S together with addition is a semigroup,
(i) S together with multiplication is a semigroup, and
(iii) (a+b)c=ac+ bcforalla,b,c€S.

We define a subseminearring A of a seminearring S to be a nonempty subset A
of S such that when the seminearring operations of S is restricted to A, A is a
seminearring in its own right. A seminearring S is said to be additively commutative
ifa+b=>b+aforalla,beS. Anonempty subset I of a seminearring S is called
a right(left) ideal of S if

(i) a+belforalla,bel, and
(ii) arel (arel)forallreSandael.

A nonempty subset I of a seminearring S is called an ideal of S if it is both a left
and a right ideal of S. A right(left) ideal I of a seminearring S is called a right(left)
k-ideal of S if foranya €  and x € S, a+x € I or x +a € I implies x € I.
A nonempty subset I of a seminearring S is called a k-ideal of S if it is both a left
and a right k-ideal of S. A seminearring S is said to be additively regular if for any
a € S, there exists an element b € S such that a = a + b + a. A seminearring S is
said to be additively inverse if for any a € S, there exists a unique element b € S
such thata=a+b+a and b = b+ a + b. In an additively inverse seminearring,
the unique inverse b of an element a is usually denoted by a’. An element a of a
seminearring S is called a additive idempotent of S if a + a = a and the set of all
additive idempotents of S denoted by E™. A right(left) k-ideal I of an additively
inverse seminearring S is called a right(left) full k-ideal of S if E* C I. A nonempty
subset I of an additively inverse seminearring S is called a full k-ideal of S if it is
both a left and a right full k-ideal of S. Let S be a seminearring and A a right ideal
of S. Define the set

A={a€S|a+x €Aforsome x €A}.
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Let S be an additively inverse seminearring. Define the set of all right full k-ideals
of S by I(S). An equivalence relation p on a seminearring S is called a congruence
if for any a, b,c € S,(a, b) € p implies

(c+a,c+b)ep and (a+c,b+c)ep
and
(ca,cb)ep and (ac,bc)<p.

We can easily prove that the set of all congruence classes S/p is a seminearring
under addition and multiplication defined by

(a), +(b), =(a+Db), and (a),(b),=(ab),
foralla,b €S.
A lattice A is said to be modular [3] if for any x,y,z2 €A, y < x, x A2=Yy Az
and x Vg =y Vz implies x = y.

2. Lemmas

Before the characterizations of k-ideals of seminearrings for the main results,
we give some auxiliary results which are necessary in what follows. The following
lemma is easy to verify.

Lemma 2.1. Let S be a seminearring and I a right(left) ideal of S. Then I is a
subseminearring of S.

Corollary 2.2. Let S be a seminearring and I an ideal of S. Then I is a
subseminearring of S.

Lemma 2.3. Let S be an additively commutative seminearring, and A and B two
right ideals of S. Then A+ B is a right ideal of S.

Proof. Let x,y € A+ B and r € S. Then x = a; + b; and y = a, + b, for some
a,,ds €A and bl’bZ € B. Thus

x+y=_(a;+b;)+(ay+by)=C(a; +a,)+(b; +b,) €A+ B.
Since A and B are right ideals of S, we have
xr=(a; +by)r=a;r+b;r €A+B.
Hence A+ B is a right ideal of S. O

Lemma 2.4. Let S be a seminearring and & = {J | J is a right(left) ideal of S}.
Then (),.q J is a right(left) ideal of S where (), J # 0.

Proof. Letx,yeﬂJG%J andreS. Thenx,yeJ forallJeX,sox+y,xreJ
forall J € Z. Thus x + y,xr €();c, J. Hence (), J is arightideal of S. O

Corollary 2.5. Let S be a seminearring and & = {J | J is an ideal of S}. Then
(yea J is an ideal of S where ()4 J # 0.
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Lemma 2.6. Let S be a seminearring and & = {J | J is a right(left) k-ideal of S}.
Then ();cq J is a right(left) k-ideal of S where [ ;cqJ # 0.

Proof. By Lemma 2.4, we have (),_, J is a right ideal of S. Let x € [ ),., J and
r € Sbesuch thatx+r ()., J. Then x,x+r eJ forallJ € X, sor €J for all
J€Z.Thusr €(),oq J. Hence (), J is a right k-ideal of S. O

Corollary 2.7. Let S be a seminearring and = {J | J is a k-ideal of S}. Then
(Vyea J is a k-ideal of S where ();cp J # 0.

Lemma 2.8. Let S be a seminearring and & = {J | J is a right(left) full k-ideal of
S}. Then ();cq J is a right(left) full k-ideal of S.

Proof. By Lemma 2.6, we have ﬂje%.] is a right k-ideal of S. Since E* C J for all
J € Z,wehave E* C (), _, J. Hence (), J is a right full k-ideal of S. O

Corollary 2.9. Let S be a seminearring and & = {J | J is a full k-ideal of S}. Then
(yea J is a full k-ideal of S.

Lemma 2.10. Let S be a seminearring, and A and B two right k-ideals of S. IfFAC B,
then A C B.

Proof. Let a € A. Then a + x € A for some x € A. Thus a + x € A C B for some
X €ACB, so a € B. Hence A C B. O

Lemma 2.11. Let S be an additively regular seminearring in which addition is
commutative. Then E™ is a right ideal of S.

Proof let x,y € Et and r € S. Then x = x +x and y = y + y. Thus
x+y)+x+y)=(x+x)+(y+y)=x+yand xr +xr = (x + x)r = xr, so
x+y,xr € ET. Hence E" is a right ideal of S. O

Lemma 2.12. For an additively inverse seminearring S, I(S) is a partially ordered
set under inclusion. Moreover, if & = {J | J € I(S)}, then ﬂJE%J is an infimum
of X.

Proof. By Lemma 2.8, we have ﬂJE%J € I(S). Since ﬂJE%J CJforallJex,
we have [ ) jcq-J is a lower bound of &'. Let C be a lower bound of &'. Then C € J
forall J € Z,s0 C C(),cy J. Hence [);c, J is an infimum of Z. O

Lemma 2.13. Let S be an additively commutative seminearring. If e, f € ET and
r €S, thene+ f,er eE*.

Proof. Now, (e+f)+(e+f)=(e+e)+(f+f)=e+f ander+er =(e+e)r =er.
Hence e+ f,er € E* O
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3. Main Results

In this section, we give some characterizations of k-ideals of seminearrings.
Finally, we prove that the set of all right full k-ideals of an additively inverse
seminearring in which addition is commutative forms a complete lattice which
is also modular.

Theorem 3.1. Let S be an additively inverse seminearring. Then every right(left)
k-ideal of S is an additively inverse subseminearring of S.

Proof. LetI be a right k-ideal of S. By Lemma 2.1, we have I is a subseminearring
of S. Let arbitrary a € I. Since S is an additively inverse seminearring, we obtain
ata’+a=aanda’+a+a =a’.Now,a+(a’+a)=a+a’+a=a€<l.Sincelis
a right k-ideal of S, we have a’ + a € I. Again, a’ € I. Therefore I is an additively
inverse subseminearring of S. O

Corollary 3.2. Let S be an additively inverse seminearring. Then every k-ideal of S
is an additively inverse subseminearring of S.

Theorem 3.3. Let S be an additively inverse seminearring in which addition is
commutative and A a right ideal of S. Then

A={aeS|a+x €A fordl x €A}
is a right k-ideal of S such that AC A.

Proof let a,b € Aand r € S. Then a+ x,b +y € A for some x,y € A. Since
(a+b)+(x+y)=a+x+b+yec€Aand x +y €A, we have a+ b € A. Since
ar +xr = (a + x)r € Aand xr € A, we have ar € A. Hence A is a right ideal of
S.Let d € S and ¢ € A be such that ¢ +d € A. Then there exist x, y € A such that
c+x€Aandc+d+y €A Thusd+(c+x+y)=(c+d+y)+x €A Since
c+x+y €A, we have d € A. Therefore A is a right k-ideal of S. Let a € A. Then
(a+a)+a=ae€A soa+a €A. Suppose that a € A. Since a + a’ € A, we get
a’ &A. Since a’+(a+a) = a+a’+a = a € A, we have a’ € A that is a contradiction.
Hence a €A and so ACA. O

Corollary 3.4. Let S be an additively inverse seminearring in which addition is
commutative and A a right ideal of S. Then A is an additively inverse subseminearring
of S such that AC A.

Corollary 3.5. Let S be an additively inverse seminearring in which addition is
commutative and A a right ideal of S. Then A = A if and only if A is a right k-ideal
of S.

Proof. Assume that A= A. Then, by Lemma 3.3, we have A is a right k-ideal of S.
Hence A is a right k-ideal of S.

Conversely, assume that A is a right k-ideal of S. Then, by Lemma 3.3, we have
ACA. Let x €A. Then x +y €A for some y € A. Since A is a right k-ideal of S, we
have x € A. Thus AC A, so A=A. O
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Lemma 3.6. Let S be an additively inverse seminearring in which addition is
commutative, and A and B two right full k-ideals of S. Then A+ B is a right full
k-ideal of S such that ACA+B and B CA+B.

Proof. By Lemma 2.3, we have A+ B is a right ideal of S. By Lemma 3.3, we have
A+ B is a right k-ideal of S such that A+ B € A+ B. Since A and B are right full
k-ideals of S, we have Et* C Aand Et C B. Now, let x € ET. Then x € Aand x € B,
sox =x+x €A+ B. Thus E* CA+ B C A+ B. Hence A+ B is a right full k-ideal
of S. Let a € A. Then a = a+ a’ + a. We can show that a’ +a € E*. Thus

a=a+a +a=a+(a’+a)eA+E" CA+BCA+B.

Hence A € A+ B. We can prove in a similar manner that B € A+ B. This completes
the proof. O

Theorem 3.7. For an additively inverse seminearring S in which addition is
commutative, I(S) is a complete lattice which is also modular.

Proof. By Lemma 2.12, we have I(S) is a partially ordered set under inclusion.
Let A,B € I(S). By Lemma 2.8, we have AN B € I(S). By Lemma 3.6, we have
A+ B € I(S). Define

AANB=ANB and AVB=A+B.

Since AAB=ANBZCAand AAB =ANB C B, we have AA B is a lower bound of
Aand B. Let C € I(S) be such that C CAand C € B. Then C CANB =AAB, so
ANB is an infimum of A and B. Since AV B = A+ B and by Lemma 3.6, we have
ACA+B=AvVBand B CA+B=AVB. Thus A+ B is an upper bound of A and B.
Let D € I(S) be such that AC D and B € D. Then A+ B C D. By Lemma 2.10, we
have A+ B C D. By Corollary 3.5, we have D = D and so A+B C D. Thus A+ B
is a supremum of A and B. Hence I(S) is a lattice. We shall show that I(S) is a
modular lattice. Let A,B,C € I(S) be such that AAB=AAC and AVB=AVC
and B € C. Now, let x € C. Then x € AV C = AV B = A+ B. Thus there exists
a+beA+Bsuchthat x+a+b&€A+B,sox+a+b=a; +b; for some a; €A
and b, € B. This implies that x +a+da’+b=x+a+b+a’ =a; + b, +a’. Since
x €C,a+da €Cand beBC C, wehave a; + b; +a’ € C but b; € C. Thus
a,+a’ € C. By Lemma 3.1, we have a; +a’ €Aand so a; +a’ €ANC = ANB. Thus
a,+a €B.Sincex+a+b=a;+b;,, wehavex+a+a'+b=a;+a’ + b, €B.
Since (a +a’)+ b € B and B is a right k-ideal of S, we have x € B and so C C B.
Thus B = C. Therefore I(S) is a modular lattice. By Lemma 2.12, we get that I(S)
is complete. O

In comparison our above results with results of k-ideals of semirings, we see
that the set of all right full k-ideals of an additively inverse seminearring in which
addition is commutative forms a complete lattice which is also modular which is
an analogous result of full k-ideals of semirings.
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