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On the Absolute Summability Factors of Infinite Series
involving Quasi-f-power Increasing Sequence

W.T. Sulaiman

Abstract. In this note we improve a result concerning absolute summability
factor of an infinite series via quasi β-power increasing sequence achieved by
Sevli and Leindler [1].

1. Introduction

A positive sequence (bn) is said to be almost increasing if exist a positive
increasing sequence (cn) and two positive constants A and B such that Acn ≤ bn ≤
Bcn.

A positive sequence a = (an) is said to be quasi β-power increasing if there
exists a constant K = k(β , a)≥ 1 such that

Knβan ≥ mβam (1.0)

holds for all n ≥ m. If (1.0) stays with β = 0 then a is called a quasi increasing
sequence. It should be noted that every almost increasing sequence is a quasi
β-power increasing sequence for any nonnegative β , but the converse need not
be true as can be seen by taking an = n−β .

A positive sequence α = (αn) is said to be a quasi-f-power increasing sequence,
f = ( fn), if there exits a constant K = K(α, f ) such that

K fnαn ≥ fmαm

holds for n ≥ m ≥ 1 (see [3]). Clearly if α is quasi-f-power increasing sequence,
then α f is quasi increasing sequence.

Let T be a lower triangular matrix, (sn) a sequence, and

Tn :=
n∑

v=0

tnvsv . (1.1)
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A series
∑

an is said to be summable |T |k, k ≥ 1 if

∞∑

n=1

nk−1|∆Tn−1|k <∞. (1.2)

Given any lower triangular matrix T one can associate the matrices T̄ and bT , with
entries defined by

t̄nv =
n∑

t=v

tni , n, i = 0, 1, 2 . . . , btnv = t̄nv − t̄n−1,v

respectively. With sn =
n∑

i=0
aiλi ,

tn =
n∑

v=0

tnvsv =
n∑

v=0

tnv

v∑

i=0

aiλi =
n∑

i=0

aiλi

n∑

v=i

tnv =
n∑

i=0

t̄niaiλi , (1.3)

Yn := tn − tn−1 =
n∑

t=0

t̄niaiλi −
n−1∑

i=0

t̄n−1,iaiλi =
n∑

i=0

btniaiλi , as t̄n−1,n = 0. (1.4)

We call T a triangle if T is lower triangular and tnn 6= 0 for all n. We designate
A= (anv) to be of class Ω if the following holds

(i) is lower triangular

(ii) anv ≥ 0, n, v = 0, 1, . . .

(iii) an−1,v ≥ anv , for n≥ v + 1

(iv) an0 = 1, n= 0, 1, . . .

By tn we denote the nth (C , 1)mean of the sequence (nan), that is tn =
1

n+1

n∑
v=1

vav .

Very recently, Selvi and Leindler [1] proved the following result

Theorem 1.1. Let A∈ Ω satisfying

nann = O(1), n→∞ (1.5)

and let (λn) be a sequence of real numbers satisfying
m∑

n=1

λn = o(m), m→∞ (1.6)

and
m∑

n=1

|∆λn|= o(m), m→∞. (1.7)

If (Xn) is a quasi-f-increasing sequence and the conditions
m∑

n=1

1

n
|tn|k = O(Xm), m→∞, (1.8)
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∞∑

n=1

nXn(β ,µ)|∆|∆λn| |<∞, (1.9)

are satisfied then the series
∑

anλn is summable |A|k ≥ 1, where ( fn) = (nβ logµ n),
µ≥ 0, 0≤ β < 1 and Xn(β ,µ) =max{nβ (log n)µ, log n}.

2. Main Result

The purpose of this paper is to give the following

Theorem 2.1. Let A ∈ Ω, Let (Xn) be a quasi-f-power increasing sequence and let
(λn) be sequence of real numbers all are satisfying (1.5) and

λn = o(1), n→∞, (2.1)

|λn|Xn = O(1), n→∞, (2.2)

∞∑

n=1

nXn|∆|∆λn| |<∞, (2.3)

m∑

n=1

|tn|k
nX K−1

n

= O(Xm), (2.4)

n−1∑

v=1

ban,v+1avv = O(ann), n→∞, (2.5)

then the series
∑

anλn is summable |A|k, k≥1, where f =( fn), fn=nβ
� N∏
µ=1

logµ n
�Pµ

,

0≤ β < 1, 1≤ N <∞, Pµ > 0, and logµ n= log(logµ−1 n).

The goodness and advantage of Theorem 2.1 follows from the following remark.

Remark. (1) Although the condition (2.5) is added (in comparing with
Theorem 1.1) but this condition is trivial. As an example if we are putting
anv = pv/Pn (in order to have the |N̄ , pn|k summability), (2.5) is obvious by
the following

n−1∑

v=1

ban,v+1avv =
n−1∑

v=1

pnPv

PnPn−1

pv

Pv
=

pn

PnPn−1

n−1∑

v=1

Pv =
pn

Pn
= ann = O(ann).

(2) Let us define the following two groups of conditions

group I = {(1.6), (1.7), (1.9)},

group J = {(2.1), (2.2), (2.3)}.
It is clear that (see [1]) I ⇒ J , but not the converse. Therefore the conditions
of Theorem 3.1 are weaker than those of Theorem 1.1.
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(3) The condition (1.8) in using impose us to loose powers of estimation. For
example in the proof of Theorem 1.1, through the estimations of I1 and I2,
the power λn|k−1 has been lost through the estimation when it has been
substituted by (|λn|k−1 = O(1)), while we have not this case on using (2.4).

(4) The sequence (Xn) used in Theorem 2.1 is more general and in some sense
make some condition is weaker than (Xn) defined in Theorem 1.1.

3. Lemmas

Lemma 3.1. The conditions (1.6), (1.7) and (1.9) implies λn = O(1), as n → ∞.
For the proof see [1].

Lemma 3.2. Let A∈ Ω. Then
n−1∑

v=1

|∆nan−1m,v | ≤ ann,

m+1∑

n=v+1

|∆nan−1m,v | ≤ avv .

Lemma 3.3. Let A∈ Ω. Then

ban+1,v ≤ ann for n≥ v + 1,

m+1∑

n=v+1

ban+1,v ≤ 1, v = 0, 1, . . . .

Lemma 3.4. Let (Xn) be as defined in Theorem 2.1. Then conditions (2.1) and (2.3)
implies

nXn|∆λn|= O(1), as n→∞, (3.1)

∞∑

n=1

X |∆λn|<∞. (3.2)

Proof. Let fn be as defined in Theorem 2.1. Then by (2.1),∆|∆λn| → 0, and hence

nXn|∆λn|= nXn

����
∞∑

v=n

∆|∆λv |
����

≤ nXn

∞∑

v=n

|∆|∆λv | |= O(1)nf −1
n fnXn

∞∑

v=n

|∆|∆λv | |

= O(1)nf −1
n

∞∑

v=n

fvX v |∆|∆λv | |

= O(1)
∞∑

v=n

v f −1
v fvX v |∆|∆λv | |
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= O(1)
∞∑

v=n

vX v |∆|∆λv | |

= O(1),

∞∑

n=1

Xn|∆λn| ≤
∞∑

n=1

Xn

∞∑

v=n

|∆λv | |=
∞∑

n=1

f −1
n fnXn

∞∑

v=n

|∆|∆λv | |

= O(1)
∞∑

n=1

f −1
n

∞∑

v=n

fvX v |∆|∆λv | |

= O(1)
∞∑

v=1

fvX v |∆|∆λv | |
v∑

n=1

f −1
n .

Now, as
v∑

n=1

f −1
n =

v∑

n=1

nβ+ε f −1
n n−β−ε, 0< β + ε < 1

≤ vβ+ε f −1
v

v∑

n=1

n−β−ε = O(1)vβ+ε f −1
v

∫ v

0

x−β−εd x = O(1)v f −1
v .

Then, we have
∞∑

n=1

Xn|∆λn|= O(1)
∞∑

n=1

nXn|∆|∆λn| |<∞ . ¤

4. Proof of Theorem 1.2

Let yn denotes the nth term of the A-transform of the series
∑

anλn. Then by
(1.4), we have, for n≥ 1

Yn = yn − yn−1

=
n∑

v=0

banvavλv

=
n−1∑

v=1

∆
�banvλv

v

� v∑

r=1

rar +
annλn

n

n∑

v=1

vav

=
(n+ 1)ann tnλn

n
−

n−1∑

v=1

∆nan−1,vλv tv
v + 1

v
+

n−1∑

v=1

ban,v+1λv tv
1

v
+

n−1∑

v=1

ban,v+1∆λv tv

= Yn1 + Yn2 + Yn3 + Y4.

To complete the proof, by Minkowski’s inequality, it is sufficient to show that
∞∑

n−1

nk−1|Ynv |k <∞, v = 1, 2, 3, 4.
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Applying Holder’s inequality,

m+1∑

n=1

nk−1|Yn1|k =
m+1∑

n=1

nk−1

����
(n+ 1)ann tnλn

n

����
k

= O(1)
m+1∑

n=1

(nann)k−1 |tn|kλn|(|λn|Xn)k−1

nX k−1
n

= O(1)
m∑

v=1

|λv | |tv |k
vX k−1

v

= O(1)
m−1∑

v=1

∆|λv |
v∑

r=0

|t r |k
rX k−1

r

+O(1)|λm|
m∑

v=1

|tv |k
vX k−1

v

= O(1)
m∑

v=1

|∆λv |X v +O(1)|λm|Xm

= O(1),

m+1∑

n=1

nk−1|Yn2|k =
m+1∑

n=1

nk−1

����
n−1∑

v=1

∆nan−1,vλv
v + 1

v

����
k

= O(1)
m+1∑

n=1

nk−1

����
n−1∑

v=1

∆nan−1,v ,λv tv
v + 1

v

����
k

= O(1)
m+1∑

n=1

nk−1
� n−1∑

v=1

|∆nan−1,v | |λv | |tV |
�k

= O(1)
m+1∑

n=1

nk−1
n−1∑

v=1

|∆nan−1,v | |λv |k|tV |k
� n−1∑

v=1

∆nan−1,v |
�k−1

= O(1)
m+1∑

n=1

(nann)
k−1

n−1∑

v=1

|∆nan−1,v | |λv |k|tv |k

= O(1)
m∑

v=1

|λv |k|tv |k
m+1∑

n=v+1

|∆n, an−1,v |

= O(1)
m∑

v=1

avv |λv |k|tv |k

= O(1)
m∑

v=1

|λv | |tv |k
vX k−1

v

= O(1), as in the case of Yn1.
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m+1∑

n=1

nk−1|Yn3|k =
m+1∑

n=1

nk−1

����
n−1∑

v=1

ban,v+1λv tv
1

v

����
k

= O(1)
m+1∑

n=1

nk−1
� n−1∑

v=1

ban,v+1|λv | |tv |
v

�k

= O(1)
m+1∑

n=1

nk+1
n−1∑

v=1

avv |ban,v+1| |λv |k|tv |k
� n−1∑

v=1

avvban,v+1

�k−1

= O(1)
m+1∑

n=1

(nann)
k−1

n−1∑

v=1

avvban,v+1|λv |k|tv |k

= O(1)
m∑

v=1

|λv | |tv |K
vX k−1

V

m+1∑

n=v+1

ban,v+1 = O(1)
m∑

v=1

|λv | |tv |k
V x k−1

v

= O(1), as in the case of Yn1.

m+1∑

n=1

nk−1|Yn4|k =
m+1∑

n=1

nk−1

����
n−1∑

v=1

ban,v+1∆λv tv

����
k

= O(1)
m+1∑

n=1

nk−1
� n−1∑

v=1

ban,v+1|∆λv | |tv |
�k

= O(1)
m+1∑

n=1

nk−1
n−1∑

v=1

(ban,v+1)
k |∆λv |

X k−1
v

|tv |k
� n−1∑

v=1

X v |∆λv |
�k−1

= O(1)
m+1∑

n=1

(nann)
k−1

n−1∑

v=1

ban,v+1
|∆λv |
X k−1

v

|tv |k

= O(1)
m∑

v=1

|∆λv |
X k−1

v

|tv |k
m+1∑

n=v+1

ban,v+1

= O(1)
m∑

v=1

v|∆λv |
vX k−1

v

|tv |k

= O(1)
m−1∑

v=1

∆(v|∆λv |)
v∑

r=1

|t r |k
rX k−1

r

+O(1)m|∆λm|Xm

= O(1)
∑

v=1

|∆λv |X v +O(1)
m∑

v=1

v|∆|∆λv | |X v +O(1)m|∆λm|Xm

= O(1).
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