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On the Absolute Summability Factors of Infinite Series
involving Quasi-f-power Increasing Sequence

W.T. Sulaiman

Abstract. In this note we improve a result concerning absolute summability
factor of an infinite series via quasi 3-power increasing sequence achieved by
Sevli and Leindler [1].

1. Introduction

A positive sequence (b,) is said to be almost increasing if exist a positive
increasing sequence (c,) and two positive constants A and B such that Ac,, < b,, <
Bc,,.

A positive sequence a = (a,) is said to be quasi B-power increasing if there
exists a constant K = k(f3,a) > 1 such that

Knfa, > mPa, (1.0)

holds for all n > m. If (1.0) stays with 8 = 0O then a is called a quasi increasing
sequence. It should be noted that every almost increasing sequence is a quasi
fB-power increasing sequence for any nonnegative 3, but the converse need not
be true as can be seen by taking a, = n~F.

A positive sequence a = (a,,) is said to be a quasi-f-power increasing sequence,
f =(f,), if there exits a constant K = K(a, f) such that

Kfnan Z fmam

holds for n > m > 1 (see [3]). Clearly if a is quasi-f-power increasing sequence,
then af is quasi increasing sequence.
Let T be a lower triangular matrix, (s,) a sequence, and

n
T =D tys,. (1.1)
v=0
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A series Y. a, is said to be summable |T|, k > 1 if

o0
> AT, [F < oo (1.2)

n=1

Given any lower triangular matrix T one can associate the matrices T and T, with
entries defined by

n
L= tuy Mi=0,1,2..., Ty =1y — Loy,
t=v

n
respectively. With s, = >_ a; A,
i=0

\4 n n n

th= 2’1: LySy = 2’1: tny Z aA; = Zaili Z by = Z E”iaili’ (1-3)
v=0 v=0

i=0 i=0 v=i i=0

i=
n n—1 n
Yn = tn - tn,:l = Z Em‘aiki - Z fn,l’iaili = Z tm'aili, as En,Ln = O (14)
t=0 i=0 i=0

We call T a triangle if T is lower triangular and t,, # O for all n. We designate
A= (a,,) to be of class 2 if the following holds

(i) is lower triangular
(i) a,, >0, n,y=0,1,...

ny —
(i) a,—1, = ay,, forn>v+1

@iv) a,=1, n=0,1,...
By t, we denote the nth (C, 1) mean of the sequence (na,,), thatis t,, = nlﬁ VZ: va,.
Very recently, Selvi and Leindler [1] proved the following result
Theorem 1.1. Let A € Q satisfying
na,, =0(1), n— o (1.5)

and let (A,,) be a sequence of real numbers satisfying

m
Z)Ln =o(m), m—o 1.6)
n=1
and
m
Z|Akn| =o(m), m— oo. (1.7)
n=1
If (X,,)) is a quasi-f-increasing sequence and the conditions
=1
> ltlf=0(,), m— oo, (1.8)
n

n=1
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> X, (B, wIAIAL,]| < oo, 1.9)

n=1

are satisfied then the series Y. a,A, is summable |Al, > 1, where (f,) = (nf log" n),
u>0,0<p<1andX,(8,u) =max{nf (logn)*,logn}.
2. Main Result

The purpose of this paper is to give the following

Theorem 2.1. Let A € Q, Let (X,) be a quasi-f-power increasing sequence and let
(A,)) be sequence of real numbers all are satisfying (1.5) and

A,=0(1), n— oo, 2.1
[An1X, =0(1), n— oo, (2.2)

[o¢]
D X, |AIAR,] | < oo, 2.3)
n=1

ST

> T = 0, 2.4)
n=1 n

n—1

An,v—t—lavv = O(arm)’ n— oo, (2.5)

v=1

N Pu
then the series Y a,A, is summable |Al, k>1, where f =(f,), fo= nﬁ( [ log" n) ,
u=1

0<B<1,1<N<oo,P,>0, andlog'n= log(log" ™! n).
The goodness and advantage of Theorem 2.1 follows from the following remark.

Remark. (1) Although the condition (2.5) is added (in comparing with
Theorem 1.1) but this condition is trivial. As an example if we are putting
a,, = p,/P, (in order to have the |N,p,|, summability), (2.5) is obvious by
the following

n—

,_\
3
|
-
o]
B
|
)

El\n,v-!—lavv = 5 = P, = P_ =ap, = O(ann)'

Il
—
<
Il
—_

v

(2) Let us define the following two groups of conditions
group I = {(1.6),(1.7),(1.9)},
group J = {(2.1),(2.2),(2.3)}.

It is clear that (see [1]) I = J , but not the converse. Therefore the conditions
of Theorem 3.1 are weaker than those of Theorem 1.1.
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(3) The condition (1.8) in using impose us to loose powers of estimation. For
example in the proof of Theorem 1.1, through the estimations of I; and I,,
the power A,|! has been lost through the estimation when it has been
substituted by (|A,,[~! = O(1)), while we have not this case on using (2.4).

(4) The sequence (X,,) used in Theorem 2.1 is more general and in some sense
make some condition is weaker than (X,,) defined in Theorem 1.1.

3. Lemmas

Lemma 3.1. The conditions (1.6), (1.7) and (1.9) implies A, = O(1), as n — oo.
For the proof see [1].

Lemma 3.2. Let A€ Q. Then

n—1

Z |Anan71m,v| S ann:

v=1

m+1

Z |Anan71m,v| S avV'

n=v+1

Lemma 3.3. Let A€ Q. Then

Uyt < Ay forn>v+1,
m+1
> i, <1, v=0,1,....
n=v+1

Lemma 3.4. Let (X,,) be as defined in Theorem 2.1. Then conditions (2.1) and (2.3)
implies

nX,|AL,| =0(1), asn — oo, B.1n
> X|AA,| < oo (3.2)
n=1

Proof. Let f, be as defined in Theorem 2.1. Then by (2.1), A|AA,| — 0, and hence

(o]
> alaz,
v=n
o8]

<nX, Y. |AlAA, || =0W)nf,f.X, D 1AIAA|

v=n

nX,|AA,| =nX,

=0(nf, ! Y L £,X,IAIAL|]

= 0() Y vf, X, 118,
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=0(1) ) vX,|AlAA, ||

=0(1),
o0 [0 9] [0 9] o0 [0 9)
D XalAA | <X Y IARI =D F X D IAIAR |
n=1 n=1 v=n n=1 v=n
= O(l)if;l ivaVIAmm |
n=1 v=n

= 0(1)§]fVXVIA|MV| |2v]f,;1.
v=1 n=1

Now, as

4 \4

Zf;l = Znﬁ“fn*ln*ﬁ*e, 0<B+e<l1

n=1 n=1

v v
< VB S B = o1y f f xPdx = o(1vf,
0

n=1

Then, we have
D X, A%, =0(1) Y nX,|A|AL,| < co. O
n=1 n=1

4. Proof of Theorem 1.2

Let y, denotes the nth term of the A-transform of the series >_a,A,. Then by
(1.4), we have, forn >1

Yn:yn_yn—l

n
= Za\nvavkv
v=0
n—1 -~ n
= 21: A (_am;kv ) Z ra, + n:fn 2:vav

v= r=1 v=1

(n+1)a tdn 8 = =
— == ZA an— lvl t Z nv+ll t Z nv+1AA'vtv

v=1 v=1
= Ynl + Yn2 + Yn3 + Y4‘

To complete the proof, by Minkowski’s inequality; it is sufficient to show that

o0
an—1|an|’< <00, v=1,2,3,4.

n—1
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Applying Holder’s inequality,

k
s k—1 k_rn+1 k—1 (n+1)anntnan
n |Yn1| - n
n=1 n=1 n
m+1 k k-1
tal* A2 IX
=O(1)Z(nann)k_1| n| n|(| nl n)

nxkfl
Al ¢
_O(I)Z Xk 1
—omZAM |Z LA P S
" v=1 VX‘I}<71

=0(1) 1A, IX, + 0|2, IX,

v=1
=0(1),
m+1 m+1 n—1
_ v+1]F
P A ZA ety
n=1 n=1 v
m+1

v+1]|f
ZA Apogys Ayty——

=0(1) Z k-1
m+1 n—1 k

SO W W Itvl)
n=1

v=1

m+1

_0(1)2 k- 1Z|A v |tv|k(ZA a,_ 1v|)

m+1

—otl)Z(nam)k 1Z|A | 2 e I

-1

m m+1
=0 Y IAFILF D] 1A a, .y,
v=1 n=v+1

=0(1) Y a,, |4, e, [*
v=1

A k
o Bt

=0(1), asin the case of Y,;.
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m+1 m+1 n—1 k
k-1 k k-1 ~
Zn |Yn3| ZZH anv+lkvtv
n=1 n=1 v=1
+1 -1 ~ k
ZO(].)man_l(n an,v+1lkv||tv|)
n=1 v=1 v
m+1 n—1 k-1
k k
—O(]-)Z +1Z wlanv—t-lllA | |t | ( a,a nv+1)
v=1
m+1 n—1
= O(l) Z(nann)k_l Zavvan,v+1|lv|k|tv|k
n=1 v=1
Illlt IK & A1, [
—0(1)2 > nm—ou)z T
n=v+1
=0(1), asin the case of Y,;.
m+1 m+1 n—1 k
k— k k— -~
Zn 1|Yn4| ZZTI ! v+1Akvtv
n=1 n=1 v=1

m+1

k
—0(1)2 e 1(2 n,MIMVHtVQ
m+1 |AAV| n—1 k—1
—om 3 n- 1Z(anm)’< = |rv|’<(lev|Axv|)

m+1 n—1
PR P VAV
=0(1) D () Y (@i iy I
n=1 v=1 v
m+1
_O(]-)Z | v|k Z El\n,v+1
n=v+1
v|AA,|
—0(1)2 pe=l ¢

k
—0(1)ZA(V|M |)Z |r| -+ O()m| ALy X,

=0(1) Y |A4,[X, +0(1) D VIA|AA,||X, + 0(1)m| AL, X,

v=1 v=1

=0(1).
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