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Monotonicity Properties of the First Eigenvalue of
the Laplacian Operator on Ricci Solitons

Xiang Gao and Qiaofang Xing

Abstract. In this paper, we deal with the monotonicity properties of the first
eigenvalue of the Laplacian operator on Ricci solitons. Firstly, by using the
monotonicity formula of the & functional, we derive a monotonicity formula of
the first eigenvalue of the Laplacian operator on Ricci solitons. Based on this, we
also prove an exponential decreasing property of the first eigenvalue.

1. Introduction and Main Results

Let (M", g) be an n-dim C* complete Riemannian manifold, and A denote the
Laplacian operator. For the compact manifold, it is well known that the eigenvalue
problem —Ap = Ay has discrete eigenvalues, which are listed as

0=20(8) <2A(g) S Ay(g)<--.

Moreover we call A;(g) the ith eigenvalue and call a function ¢; satisfying
Ap; = —2; (g) ¢; the ith eigenfunction.
Recall that the first eigenvalue A, (g) for the closed Riemannian manifold M" is
defined:
S

2
Vo| du
21 (g) = inf ¢
ven [ p2du,

where Q is the completing Hilbert space of

[ o

under the norm [|$[> = [ | P> dug + [, IV 2dp,.
We denote the geodesic ball with center p and radius r by B(p, r) in the n-dim
manifold M". Then the first Dirichlet eigenvalue A?(B(p, r)) of Laplacian operator

) (€5)

Q= {<l> €Co(M")
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can be denoted as:

Joory IVOI2du
B )= inf R
periBo) [ ¢y

where Hg(B (p,r)) is the completing Hilbert space of C;°(B(p,r)) under the norm

II¢I|§=J ¢2du+J V¢ |*du.
B(p,r) B(p,r)

The upper bound for the first eigenvalue of Laplacian operator are very useful in
geometry analysis and PDE. In [1], S. Y. Cheng used the approach of Jacobi fields
to obtain an upper bound for the first eigenvalue A;(g) of Laplacian operator as
follows:

(2)

Theorem 1.1 (Cheng). Let (M", g) be a compact Riemannian manifold satisfying
Rc >0, then

Mg) < =
1g—d1%4n)

where C, = 2n(n + 4) and dy. is the diameter of M".

On the other hand, for studying the Ricci flow, in [2] Perelman defined a new
functional named as & functional

Z(g.f)=| R+IVFIHe du,

Mn

and proved a monotonicity property of the & functional along the Ricci flow.

Theorem 1.2 (Perelman). Let (M", g(t)), t € [0, T), be a solution to the Ricci flow
on closed manifold M"

9 =—-2R
EraCA

and the function f satisfies

ij>

9 2
Sof =—R=Af +|VfP, )

then we have the following monotonicity property

%9(g(t),f(t))=2j [Re+VVflPefdu>0, @

n

and if the equality in (4) holds then (M™, g(t)) is a steady gradient Ricci soliton such
that Re(g(t)) + vEOvs®f =0,

Remark 1. Theorem 1.2 states that the manifold (M", g(t)) being a steady
gradient Ricci soliton is a necessary condition of %9(g(t), f() = o.
Furthermore, in this paper, we will prove that it is actually a sufficient condition.
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Theorem 1.3. Let (M", g(t)) be a steady gradient Ricci soliton which is a special
solution to the Ricci flow on closed manifold M"

Re(g() + vEWvels =, (5)

then

%9(g(t),f(t)) = ZJ |[Re+VVf2efdu=o0.

n

Then by using Theorem 1.3, we present a monotonicity property of the first
eigenvalue of the Laplacian operator on Ricci solitons by using the monotonicity
formula of the & functional as follows:

Theorem 1.4. Let (M", g(t)) be a steady gradient Ricci soliton on closed manifold
Mn
Re(g(t))+vEWwelf =0

with positive scalar curvature. Then there exists a time T, such that when t > T, we
have 2,(g(t)) < A,(g(0)).

Corollary 1.5. Let (M", g(t)) be a steady gradient Ricci soliton (5) with positive
scalar curvature, which is a special solution to the Ricci flow on closed manifold M".
Then the time of blowing up for the Ricci flow satisfies

n 1 1
T, <[ = - .
=2 ( inf R(g(0))  44,(g(0))+ sup R(g(on)
XEM xeMn
Then recall that the 2-positive curvature operator is defined as follows:

Definition 1.6 (2-positive curvature operator). A Riemannian manifold (M", g)
has 2-positive curvature operator if

Ua() + g (R) > O ©)
for arbitrary a # f3.

In [3], Bohm and Wilking derived a convergence result of 2-positive curvature
along the Ricci flow:

Theorem 1.7 (Bohm-Wilking). On a compact manifold the normalized Ricci flow

J ~ 2

a_?gif =—2Rij+zrgij, V2]
evolves a Riemannian metric with 2-positive curvature operator to a limit metric with
constant sectional curvature.

Then by using Theorem 1.4 and 1.7, we can prove the following comparison
theorem for the first eigenvalue of the Laplacian operator.
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Theorem 1.8. Let (M", g(t)) be a steady gradient Ricci soliton (5) on closed
manifold M", and suppose that the curvature operator Z(g(0)) is a 2-positive
curvature operator. Then along the Ricci flow, we have

2 [0 9]
A1(gun) < exp (_ j
nJo

t

r(T)dT)ll(g(O))

and

1 2
SM(gmp)exp ( ——
n

0

t

r(’r)d’r) <Ai(g(t) = 211(gM;g)eXP (_%J

0

r(T)dT),

where r(7) is the average scalar curvature of the metric g(t) and My is the space
form with the constant curvature K.

The paper is organized as follows: In section 2, we prove Theorem 1.3 and 1.4
by using the monotonicity formula of the & functional. Based on this, in section 3,
we prove Theorem 1.8.

2. Proof of Theorem 1.3 and 1.4

Proof of Theorem 1.3. For the Ricci soliton (5), we have (see [4])

e,
_ — (t) 2
SO =VEOF (O,
Furthermore, it follows from (5) that R(g(t)) + A, f (t) = 0, which implies that

0
37/ (0==R@(0) = Ay f () +IVEOF (O,

Hence the potential function f in the equation of Ricci soliton satisfies (3), then
we can using the monotonicity formula (4) to the Ricci soliton (5) and derive that

%9‘(g(t),f(t)) = 2J [Re+ VVflPedu=o0.

n

This implies that for the steady gradient Ricci soliton (5), we have that
F(g(t),f(t)) = C for any time t, where C is a constant independent on the
time t. Il

Then by using Theorem 1.3 and the monotonicity formula of the & functional,
we can prove Theorem 1.4.

!
Proof of Theorem 1.4. Let ¢ = ez, where f is the corresponding function in
Theorem 1.2. Then we can rewrite the & functional as follows:

9(g,f)=f

n n

(Re™f +4|Ve 5 [2)du = J R?+4Ve[>)du

= f (—4A¢ +Ryp)pdu.
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Then by using Theorem 1.3 and the definition of the A functional, we have

Ag(e) = inf{ﬁ(g(t),f(t))

fec®Mm), efdu= 1}

Mn

= inf{ (—4A¢ +Rp)pdu ' peC®MM), | ¢*du= 1}.
.

e

According to the definition, we know that the A functional is actually the first
eigenvalue of the operator —4A + R. Furthermore, for any fixed time t, we know
that the infimum of A(g(t)) can be attained by a function ¢, according to the proof
of Perelman [2].

For any ¢ > 0 we consider the geodesic ball B(p, ¢) and M™\B(p, ¢) in the n-dim
manifold M". We denote u, and v, as the first Dirichlet eigenfunctions of Laplacian
operator corresponding to B(p, ¢) and M™\B(p, ¢), and define the following two
functions:

2y [1C x €80 ooy = [0 xEMMBG,e)
¢ 0, x € M"\B(p,¢)’ ‘ 0, x € B(p,¢)
This implies that the volume
Vol(sup pti,(x) Nsuppv,(x)) =0. 8)
Thus
~ 2
Ju VBl _ Sy 191 =2P(B(p,e)) ©
72d B f 24 M p;
[y Tp B(p.e) et
[ \V9PAp Sy 1 97e PP
v — TMNBG, - = A2(M™\B(p, £)). (10)
S V2du g V2L

Then we choose a constant C such that f . (U, +Cv,)du = 0. Thus by the
definition of the first eigenvalue of Laplacian operator A;(g) we have

Mlg) < o V@ + CTIPAp [, IVELPdu+C? [ IV dp
18)= — — — = i
f n (ug +CV€)2d‘U, an ugd'u/_jl_cz an VEdeL
2 2 9
_ fB(P,€)|vu£| du+cC fM"\B(P,€)|vv£| du

2 2 2
fB(p,s) uldp+C* [ MB(p.e) Ve IH

where the first equality we use (8). Then let ¢ — 0, we have
2 2 2
Japy VUi +C* [ e, o 1VVelPdis

2 2 2
fB(p,e) wdp+C* [ MB(p,e) Ve AH

A1(g) < lim

2
fM”\B(p,e‘) |vv£| d“’

= lim0 3
£—>
) M\B(p.e) Ve IH
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= lim (inf{f [V |2du f p>du = 1})
0 MM\B(p,e) M™\B(p,e)

= inf{f Vo |2dulp € C°(M™M), | ¢2du= 1}.

Mn

where the second equality we use the fact that (10) satisfies for any ¢ > 0.

Let A,(g(t)) denote the first eigenvalue of the Laplacian operator for the time t,
and ¢, be the eigenfunction corresponding to the first eigenvalue A;(g(0)). Then
the combination of Theorem 1.2, 1.3, the definition of A(g(t)) functional and the
fact

(gl < inf{f IV 2 dbtgco
MYI

¢ €COMM), | P duge) = 1}

Mn

leads to

4%1(g(t))+f R(g()¢id gy

n

n

:f ;ﬂg lf _4¢Ag(t)¢dug(t)+f R(g(t))(pfdug(t)
Mn u= n

< f (=4840 T R(E(E)) @) gy
= A(g(0))

< | (484090 +R(8(0))o)¢odig(o)
Mﬂ

=4x,(g(0)+ J R(g(0))¢5d (o),

n

where we use the fact that ¢, is the eigenfunction corresponding to A(g(t)).
On the other hand, by using the maximum principle and the following evolution
equation % = AR+ 2|Rc|* > AR+ %RZ, we have that

n inf R(g(0))
xeMn
n—2t inf R(g(0))’
xeMn

R(g(0)) > inf R(g(t)) > an

The combination of the above results we have

n inf R(g(0))
xXeM" 2
AN+ — inf R(5(0) < 42,(g(1) +f R(g(£))¢; dug o)

n

=42,(g(0)) + f R(g(0)) 5 dig(o)

n

< 42,(g(0)) + sup R(g(0))

xeM"
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Since M" is a closed manifold with positive scalar curvature, we can choose the
time

_ n( 1 1 )
®" 2\ inf R(g(0)) sup R(g(0))
xX€EM xeMn
such that when t > T, we have

n inf R(g(0)
xeM™ >
w2t inf R(z(0) - s
xeMn

Hence when t > T, it follows that A,(g(t)) < A,(g(0)). O

By using the proof of Theorem 1.4, we can actually estimate the time of blowing
up exactly and prove the Corollary 1.5.

Proof of Corollary 1.5. Firstly by (11), we derive that the time of blowing up

satisfies
n

T, <— 12
Blow =5 inf R(g(0))’ (12)
xeM™"

which gives a upper bound of Ty, . Furthermore, noting the proof of Theorem 1.4,
we have
n inf R(g(0))

xeM"
A (g()) +—— inf R(z(0)) <42,(g(0)) +xs€uN113nR(g(0))-

Since the first eigenvalue of the Laplacian operator A;(g(t)) > O for any time ¢,
we have

n inf R(g(0))
n—2t inf R(g(0)) < 421(g(0)) + sup R(g(0)).

Thus the time of blowing up satisfies

TBlow < E( : - - . )’
2\ inf R(g(0))  44,(g(0)) + SuA?"R(g(O))

which is an improvement version of (12). O

3. Proof of Theorem 1.8

In this section, we prove Theorem 1.8 by using Theorem 1.4 and 1.7.

Proof of Theorem 1.8. For using the convergence result in Theorem 1.7, we deal
with the normalized Ricci flow. Given a solution g(t) of Ricci flow, the metrics
g(6) = c(t)g(t), where

2
c(t) =-exp (E f
0

t

r(T)dT)
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and t(t) = f(; c(7)dr, are the solution of the normalized Ricci flow
J _ ~ 2
278 = —2R;; + T8

with g(0) = g(0), where

Jun RE®)d iz

o iz

is the average scalar curvature.
Hence, the relation between the first eigenvalue of Laplacian operator along the
Ricci flow A;(g(t)) and the one along the normalized Ricci flow A,(g(t)) satisfies

S IV L2 g
S 92dugo
. { fM” |v¢|?(t)g(t)d‘u’c(f)g(f)
= inf .
o #2dicog(o
:inf{C(t)f VPl s
f n ¢2dnu’g(t)
=c(t)A,(g(t)),

where we use the fact that

J b dug = c(t)? J ¢dug=0
M" M"

if and only if an pdugy =0.
Thus by using Theorem 1.4, we have
2 (E(0) < M(8(0)

c(t) —  ¢(0)

Since the curvature operator %£(g(0)) is a 2-positive curvature operator, then let

F(E(0) =

M(ED) = inf{

peC®M"), | ¢dugm =0}

Mn

$ € Cx(M"), f G diteqorg(o) = 0}
e

pecM), | duy= 0}

Mn

= 21(g(0)).

t — oo, by Theorem 1.7 we have the metrics g(t) convergent to a space form My
with constant positive curvature K. Thus
2 (gwp) NP ¢(5)
s = hmen tlirglo "0) < 21(g(0)),
exp (H fo r(T)dT) 00

which implies that

2
A1(gumy) < exp (;J
0

On the other hand, when t is large enough, we have

o0

r(r)dr) 2 ((0).

1 ~ 3
57(8u) < 1ED) < S 2em),
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which implies that

1 3
Ekl(gM;) <c(t)A(g(0)) < Ell(gM;)-

1 2
Ekl(gM;)eXp -
n

0

Thus

t

r(r)dr) < 2(g(®)

3 2
< EM@M;;)GXP -
n

0

t

r(’c)d’c).
O
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