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Intuitionistic Fuzzy D∗-Metric Spaceand
Some Topological Properties

Masoumeh Vali

Abstract. The notion of intuitionistic fuzzy metric space was introduced by
Park [Chaos Solitons and Fractals 22(2004), 1039–1046] and the concept of
D∗-metric space by Sedghi, Shobe and Zhou [Fixed Point Theory and Applications
2007, Article ID 27906, 13 pages]. In this paper, we define intuitionistic fuzzy
D∗-metric space and study precompactness and metrizability in this new setup.

1. Introduction and Preliminaries

Among various developments of the fuzzy set theory [29], a progressive
development has been made to find the fuzzy analogues of the classical set theory.
Infact the fuzzy theory has become an area of active research for the last forty
years. It has a wide range of applications in the field of science and engineering,
e.g. population dynamics [5], chaos control [19], computer programming [21],
nonlinear dynamical systems [5], medicine [4] etc.

Fuzzy topology is one of the most important and useful tool studied by various
authors, e.g. [16, 17, 18, 20, 23, 28]. The most fascinating application of the fuzzy
topology in quantum physics arises in e(∞)-theory due to El Naschie ([9]-[15])
who presented the relation of fuzzy Kähler interpolation of e(∞) to the recent work
on cosmo-topology and the Poincaré dodecahedral conjecture and gave various
applications and results of e(∞)-theory from nano technology to brain research.

Atanassov [2, 3] introduced the concept of intuitionistic fuzzy sets. For
intuitionistic fuzzy topological spaces, we refer [1], [6], [23], [24] and [25].
Recently, Sedghi, Shobe and Zhou [27] studied the notion of D∗-metric space.
D?-metric spaces is a probable modification of the definition of D-metric introduced
by Dhage [7, 8].

In this paper we introduce the concept of intuitionistic fuzzy D?-metric space
which would provide a more suitable funtional tool to deal with the inexactness
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of the metric or D?-metric in some situations. We present here analogues of
precompactness and metrizability and establish some interesting results in this
new setup.

We recall some notations and basic definitions used in this paper.

Definition 1.1 ([26]). A binary operation ∗ : [0, 1]× [0, 1]→ [0, 1] is said to be
a continuous t-norm if satisfies the following conditions:

(a) ∗ is associative and commutative,
(b) ∗ is continuous,
(c) a ∗ 1= a for all a ∈ [0, 1],
(d) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d for each a, b, c, d ∈ [0, 1].

Definition 1.2 ([26]). A binary operation ♦ : [0, 1]× [0, 1]→ [0, 1] is said to be
a continuous t-conorm if satisfies the following conditions:

(a) ♦ is associative and commutative,
(b) ♦ is continuous,
(c) a♦0= a for all a ∈ [0, 1],
(d) a♦ b ≤ c♦d whenever a ≤ c and b ≤ d for each a, b, c, d ∈ [0, 1].

Definition 1.3 ([25]). The five-tuple (X , M , N ,∗,♦) is said to be an intuitionistic
fuzzy metric space (for short, IFMS) if X is an arbitrary (non-empty) set, ∗
is a continuous t-norm, ♦ is a continuous t-conorm, and M , N fuzzy sets on
X×X×(0,∞) satisfying the following conditions. For every x , y, z ∈ X and s, t > 0,

(a) M(x , y, t) + N(x , y, t)≤ 1,
(b) M(x , y, t)> 0,
(c) M(x , y, t) = 1 if and only if x = y ,
(d) M(x , y, t) = M(y, x , t),
(e) M(x , y, t) ∗M(y, z, s)≤ M(x , z, t + s),
(f) M(x , y, ·) : (0,∞)→ [0, 1] is continuous,
(g) N(x , y, t)< 1,
(h) N(x , y, t) = 0 if and only if x = y ,
(i) N(x , y, t) = N(y, x , t),
(j) N(x , y, t)♦N(y, z, s)≥ N(x , z, t + s),
(k) N(x , y, ·) : (0,∞)→ [0, 1] is continuous,

Then (M , N) is called an intuitionistic fuzzy metric on X .

Definition 1.4 ([27]). Let X be a nonempty set. A generalized metric (or
D?-metric) on X is a function, D? : X 3 → [0,∞), that satisfies the following
conditions for each x , y, z, a ∈ X :

(1) D?(x , y, z)≥ 0,
(2) D?(x , y, z) = D?(p{x , y, z}), (symmetry) where p is a permutation function,
(3) D?(x , y, z) = 0 if and only if x = y = z,
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(4) D?(x , y, z)≤ D?(x , y, a) + D?(a, z, z).

The pair (X , D?) is called a generalized metric (or D?-metric)space.

Immediate examples of such a function are

(a) D?(x , y, z) =max{d(x , y), d(y, z), d(z, x)},
(b) D?(x , y, z) = d(x , y) + d(y, z) + d(z, x).

Here, d is the ordinary metric space on X .

2. Intuitionistic Fuzzy D?-Metric Space

Recently, the concept of D?-metric spaces has been introduced by Sedghi, Shobe
and Zhou [27]. In this section we introduce the concept of intuitionistic fuzzy
D?-metric space and we also define here some topological concepts in intuitionistic
fuzzy D?-metric space.

Definition 2.1. The 5-tuple (X , M , N ,∗,♦) is said to be an intuitionistic fuzzy
D?-metric space (for short, IF-D?-MS) if X is a D?-metric space, ∗ is a continuous
t-norm, ♦ is a continuous t-conorm, and M , N fuzzy sets on X × X × X × (0,∞),
satisfying the following conditions for each x , y, z, w ∈ X and s, t > 0,

(a) M(x , y, z; t) + N(x , y, z; t)≤ 1,
(b) M(x , y, z; t)> 0,
(c) M(x , y, z; t) = 1 if and only if x = y = z,
(d) M(x , y, z; t) = M(p{x , y, z}; t), where p is a permutation function,
(e) M(x , y, w; t) ∗M(w, z, z; s)≤ M(x , y, z; t + s) for all x , y, z, w ∈ X ,
(f) M(x , y, z; ·) : (0,∞)→ (0, 1] is continuous,
(g) N(x , y, z; t)< 1,
(h) N(x , y, z; t) = 0 if and only if x = y = z,
(i) N(x , y, z; t) = N(p{x , y, z}; t), where p is a permutation function,
(j) N(x , y, w; t)♦N(w, z, z; s)≥ N(x , y, z; t + s),
(k) N(x , y, z; ·) : (0,∞)→ (0, 1] is continuous.

In this case (M , N) is called an intuitionistic fuzzy D?-metric on X and we denote
it by (M , N)D∗ . The functions M(x , y, z; t) and N(x , y, z; t) denote the degree of
nearness and the degree of non nearness between x , y and z with respect to t,
respectively.

Remark 2.1. In an intuitionistic fuzzy D?-metric space (X , M , N ,∗,♦), M(x , y, z; ·)
is non-decreasing and N(x , y, z; ·) is non-increasing for all x , y, z ∈ X .

Let (X , D?) be a D?-metric space. Denote a ∗ b = ab and a♦b = min{1, a + b}
for all a, b ∈ [0, 1] and let MD? and ND? be fuzzy sets on X 3 × (0,∞) defined by:

MD?(x , y, z; t) =
htn

htn +mD?(x , y, z)
, ND?(x , y, z; t) =

D?(x , y, z)
ktn +mD?(x , y, z)



208 Masoumeh Vali

for all h, k, m, n ∈ R+. Then (X , MD? , ND? ,∗,♦) is an intuitionistic fuzzy D?-metric
space.

Definition 2.2. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space, and
let r ∈ (0, 1), t > 0 and x ∈ X . The set BD∗(x , r, t) = {y ∈ X : M(x , y, y; t) >
1 − r, N(x , y, y; t) < r} is called the open ball with center x and radius r with
respect to t.

Definition 2.3. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space, then
a set U ⊂ X is said to an open set if each of its points is the center of some
open ball contained in U . The open set in an intuitionistic fuzzy D?-metric space
(X , M , N ,∗,♦) is denoted by U.

Definition 2.4. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space.
A subset A of X is said to be I FD∗ -bounded if there exists t > 0 and let ε ∈ (0, 1)
such that M(x , y, y; t)> 1− ε and N(x , y, y; t)< ε for all x , y ∈ A.

Definition 2.5. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space.
A sequence (xn) in X is said to be Cauchy if for each ε > 0 and each t > 0,
there exists n0 ∈ N such that M(xn, xm, xm; t)> 1− ε and N(xn, xm, xm; t)< ε for
all n, m≥ n0.

Definition 2.6. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space.
A sequence (xn) in X is said to be convergence to L ∈ X , with respect to the
intuitionistic fuzzy D?-metric space (M , N)D∗ if for every ε > 0 and t > 0, there
exists k0 ∈ N such that M(xk, L, L; t) > 1− ε and N(xk, L, L; t) < ε for all k ≥ k0.

In this case we write (M , N)D∗ − lim xk = L or xk
(M ,N)D∗−→ L as k→∞.

Definition 2.7. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space.
Define τ(M ,N)D∗ = {A ⊂ X : for each x ∈ A, there exists t > 0 and r ∈ (0, 1)
such that BD∗(x , r, t)⊂ A}. Then τ(M ,N)D∗ is a topology on (X , M , N ,∗,♦).
Definition 2.8. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space. Then
it is said to be complete if every Cauchy sequence is convergent with respect to
τ(M ,N)D∗ .

3. Precompactness in Intuitionistic Fuzzy D?-Metric Spaces

In this section, we define and establish some results precompactness in
intuitionistic fuzzy D?-metric space.

Definition 3.1. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space and
A ⊂ X . Then A is precompact if for each r ∈ (0, 1) and t > 0, there exists a finite
subset S of A such that

A⊆
⋃

x∈S

BD∗(x , r, t).
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Lemma 3.1. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space and A⊂ X .
Then A is precompact if and only if for every r ∈ (0, 1) and t > 0, there exists a finite
subset S of A such that

A⊆
⋃

x∈S

BD∗(x , r, t). (3.1)

Proof. Let r ∈ (0, 1) and t > 0 and condition (3.1) holds. By the continuity of ∗,♦,
there exists s ∈ (0, 1) such that (1− s)∗ (1− s)> 1− r and s♦s < r. Now we apply
condition (3.1) for s and t

2
, there exists a subset S′ = {x1, · · · , xn} of X such that

A⊆
⋃

x i∈S′ BD∗(x i , s, t
2
). We assume that BD∗(x j , s, t

2
)
⋂

A 6= ;, otherwise we omit x j

from S′ and so we have A⊆
⋃

x i∈S′−{x j}BD∗(x i , s, t
2
). For every i = 1, · · · , n we select

yi in BD∗(x i , s, t
2
)
⋂

A, therefore M(x i , yi , yi;
t
2
)> 1− s and N(x i , yi , yi;

t
2
)< s and

we put S = {y1, · · · , yn}. Now for every y ∈ A, there exists i ∈ {1, · · · , n} such that
M(x i , y, y; t

2
)> 1− s and N(x i , y, y; t

2
)< s. Therefore we have

M(y, yi , yi; t)> M(x i , yi , yi;
t

2
) ∗M(x i , y, y;

t

2
)> (1− s) ∗ (1− s)> 1− r

and

N(y, yi , yi; t)< N(x i , yi , yi;
t

2
)♦N(x i , y, y;

t

2
)< s♦s < r

which implies that A⊆
⋃

x∈S BD∗(x , r, t). The converse is trivial. ¤

Lemma 3.2. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space and A⊂ X .
If A is a precompact set then its closure A is also precompact.

Proof. Let r ∈ (0, 1) and t > 0. Then by the continuity of ∗,♦, there exists s ∈ (0, 1)
such that (1 − s) ∗ (1 − s) > 1 − r and s♦s < r, also there exists a finite subset
S′ = {x1, · · · , xn} of X such that A⊆

⋃
x i∈S′ BD∗

�
x i , s, t

2

�
. But for every y ∈ A there

exists x ∈ A such that M
�

x , y, y; t
2

�
> 1− s and N

�
x , y, y; t

2

�
< s and there exists

1 ≤ i ≤ n, such that M
�

x , x i , x i;
t
2

�
> 1− s and N

�
x , x i , x i;

t
2

�
< s. Therefore we

have

M(y, x i , x i; t)> M
�

x , x i , x i;
t

2

�
∗M
�

x , y, y;
t

2

�
> (1−s)∗(1−s)> 1−r

and

N(y, x i , x i; t)< N
�

x , x i , x i;
t

2

�
♦N
�

x , y, y;
t

2

�
< s♦s < r.

Hence A⊆
⋃

x i∈S BD∗(x i , r, t), i.e. A is precompact set. ¤

Lemma 3.3. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space and A⊂ X .
Then A is a precompact set if and only if every sequence has a Cauchy subsequence.

Proof. Let A be a precompact set. Let (pn) be a sequence in A. For every k ∈ N,
there exists a finite subset Sk of X such that A⊆

⋃
x∈Sk

BD∗
�

x , 1
k
, 1

k

�
. Hence, for k =

1, there exists x1 ∈ S1 and a sequence (p1,n) of (pn) such that p1,n ∈ BD∗(x1, 1, 1) for
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every n ∈ N. Similarly, there exists x2 ∈ S2 and a subsequence (p2,n) of (p1,n) such
that p2,n ∈ BD∗

�
x2, 1

2
, 1

2

�
for every n ∈ N. Continuing this process, we get xk ∈ Sk

and a subsequence (pk,n) of (pk−1,n) such that pk,n ∈ BD∗
�

xk, 1
k
, 1

k

�
for every n ∈ N.

Now we consider the subsequence (pn,n) of (pn). For every r ∈ (0, 1) and t > 0, by
the continuity of ∗,♦, there exists a n0 ∈ N such that

�
1− 1

n0

� ∗ �1− 1
n0

�
> 1− r,

1
n0
♦ 1

n0
< r and 2

n0
< t. Therefore for every l, m≥ n0, we have

M(pl,l , pm,m, pm,m; t)≥ M
�

pl,l , pm,m, pm,m;
2

n0

�

M
�

pl,l , pm,m, pm,m;
2

n0

�
≥ M

�
xn0

, pm,m, pm,m;
1

n0

�
∗M
�

xn0
, pl,l , pl,l ;

1

n0

�

>

�
1− 1

n0

�
∗
�

1− 1

n0

�

> 1− r

and

N(pl,l , pm,m, pm,m; t)≤ N
�

pl,l , pm,m, pm,m;
2

n0

�

N
�

pl,l , pm,m, pm,m;
2

n0

�
≤ N

�
xn0

, pm,m, pm,m;
1

n0

�
♦M
�

xn0
, pl,l , pl,l ;

1

n0

�

<
1

n0
♦

1

n0

< r.

Hence (pn,n) is a Cauchy sequence in (X , M , N ,∗,♦).
Conversely, suppose that A is not a precompact set. Then there exists r ∈ (0, 1)

and t > 0 such that for every finite subset S of X , A is not a subset of A ⊆⋃
x∈S BD∗(x , r, t). Fix p1 ∈ A. Since A is not a subset of A ⊆

⋃
x∈{p1}BD∗(x , r, t),

there exists p2 ∈ A such that M(p1, p2, p2; t) ≤ 1 − r and N(p1, p2, p2; t) ≥ r.
Since A is not a subset of A ⊆

⋃
x∈{p1,p2}BD∗(x , r, t), there exists p3 ∈ A such

that M(p1, p3, p3; t) ≤ 1− r and N(p1, p3, p3; t) ≥ r. Continuing this process, we
construct a sequence (pn) of distinct points in A such that M(Pi , Pj , Pj; t)≤ 1−r and
N(Pi , Pj , Pj; t)≥ r for every i 6= j. Therefore (pn) has not Cauchy subsequence. ¤

Lemma 3.4. Let (xn) be a Cauchy sequence in an intuitionistic fuzzy D?-metric space
(X , M , N ,∗,♦) having a cluster point x ∈ X . Then (xn) is convergent to x.

Proof. Since (xn) is a Cauchy sequence in (X , M , N ,∗,♦) having a cluster point
x ∈ X . Then, there is a subsequence (xnk

) of (xn) that converges to x with respect
to τ(M ,N)D∗ . Thus, given r ∈ (0, 1) and t > 0, there is a l ∈ N such that for each
k ≥ l, M

�
x , xnk

, xnk
; t

2

�
> 1 − s and N(x , xnk

, xnk
; t

2
) < s, where s ∈ (0, 1) and

satisfies (1−s)∗(1−s)> 1−r and s♦s < r. On the other hand, there is nt > nl such
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that for each n, m≥ nt , we have M
�

xm, xn, xn; t
2

�
> 1−s and N

�
xm, xn, xn; t

2

�
< s.

Therefore for each n, nk ≥ nt , we have

M(x , xn, xn; t)≥ M
�

xnk
, xn, xn;

t

2

�
∗M
�

x , xnk
, xnk

;
t

2

�

> (1− s) ∗ (1− s)

> 1− r

and

N(x , xn, xn; t)≤ M
�

xnk
, xn, xn;

t

2

�
♦M
�

x , xnk
, xnk

;
t

2

�

< (1− s)♦(1− s)

< r.

We conclude that the Cauchy sequence converges to x . ¤

4. Intuitionistic Fuzzy D?-Metrizability.

In this section, we define and study intuitionistic fuzzy D?-metrizability.

Lemma 4.1. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space. Then
(X ,τ(M ,N)D∗ ) is a metrizable topological space.

Proof. For each n ∈ N, let

Un =
�
(x , y, y) ∈ X×X×X : M

�
x , y, y,

1

n

�
> 1−1

n
, N
�

x , y, y,
1

n

�
<

1

n

�
.

We shall prove that (Un : n ∈ N) is a base for a uniformity U on X whose
induced topology coincides with τ(M ,N)D∗ . We first note that for each n ∈ N,
{(x , x , x) : x ∈ X } ⊆ Un, Un+1 ⊆ Un and Un = U−1

n under the operation ◦ defined
as

U1 ◦ U2 = (U1 − U2)∪ (U2 − U1).

On the other hand, for each n ∈ N, there is by the continuity of ∗, ♦, a m ∈ N such
that m> 2n, (1− 1

m
)∗(1− 1

m
)> 1− 1

n
and 1

m
♦ 1

m
< 1

n
. Then, Um◦Um ⊆ Un. Indeed, let

(x , y, w) ∈ Um, (w, y, y) ∈ Um. Since M(x , y, z, ·) is non-decreasing and N(x , y, z, ·)
is non-increasing for all x , y, z ∈ X , respectively, M(x , y, y, 1

n
) ≥ M(x , y, y, 2

m
) and

N(x , y, y, 1
n
)≤ N(x , y, y, 2

m
). So

M
�

x , y, y,
1

n

�
≥ M

�
x , y, w,

1

m

�
∗M
�

w, y, y,
1

m

�

>

�
1− 1

m

�
∗
�

1− 1

m

�

> 1− 1

n
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and

N(x , y, y,
1

n
)≤ N

�
x , y, w,

1

m

�
♦N
�

w, y, y,
1

m

�

<
1

m
♦

1

m

<
1

n
.

Therefore (x , y, y) ∈ Un. Thus {Un : n ∈ N} is a base for a uniformity U on X .
Since for each x ∈ X and each n ∈ N,

Un(x) =
�

y ∈ X : M
�

x , y, y,
1

n

�
> 1− 1

n
, N
�

x , y, y,
1

n

�
<

1

n

�

= BD∗

�
x ,

1

n
,
1

n

�
,

we deduced that the topology induced by U coincides with τ(M ,N)D∗ . Then
(X ,τ(M ,N)D∗ ) is a metrizable topological space. ¤

Note that, in every metrizable space every sequentially compact set is compact.

Corollary 4.2. A subset A of an intuitionistic fuzzy D?-metric space (X , M , N ,∗,♦) is
compact if and only if it is precompact and complete.

Lemma 4.3. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space and let
λ,η ∈ (0, 1) such that λ+η ≤ 1. Then there exists an intuitionistic fuzzy D?-metric
(m, n)D∗ on X such that m(x , y, z, t) ≥ λ and n(x , y, z, t) ≤ η for each x , y, z ∈ X
and t > 0 and (m, n)D∗ and (M , N)D∗ induce the same topology on X .

Proof. We define m(x , y, z, t) = max{λ, M(x , y, z, t)} and n(x , y, z, t) =
min{η, N(x , y, z, t)}. We claim that (m, n)D∗ is an intuitionistic fuzzy D?-metric
on X . The properties of (a), (b), (c), (d), ( f ), (g), (h), (i), (k) are immediate from
the definition. For the inequalities (e) and ( j), suppose that x , y, z, w ∈ X and
t, s > 0. Then m(x , y, z, t + s)≥ λ and so m(x , y, z, t + s)≥ λ ∗ 1.

Since 0 < m(x , y, w, t) and m(w, z, z, s) < 1. Now if either of m(x , y, w, t) = λ
or m(w, z, z, s) = λ. Then m(x , y, z, t + s) ≥ m(x , y, w, t) ∗ m(w, z, z, s). The
only remaining case is when m(x , y, w, t) = M(x , y, w, t) > λ and m(w, z, z, s) =
M(w, z, z, s)> λ. But M(x , y, z, t+s)≥ M(x , y, w, t)∗M(w, z, z, s) and m(x , y, z, t+
s) ≥ M(x , y, z, t + s) and so m(x , y, z, t + s) ≥ m(x , y, w, t) ∗ m(w, z, z, s). Also,
then n(x , y, z, t + s) ≤ η and so n(x , y, z, t + s) ≤ n(x , y, w, t)♦n(w, z, z, s)
when either n(x , y, w, t) = η or n(w, z, z, s) = η. The only remaining case
is when n(x , y, w, t) = N(x , y, w, t) < η and n(w, z, z, s) = N(w, z, z, s) <
η. But N(x , y, z, t + s) ≤ N(x , y, w, t)♦N(w, z, z, s) and so n(x , y, z, t + s) ≤
n(x , y, w, t)♦n(w, z, z, s). Thus (m, n)D∗ is an intuitionistic fuzzy D?-metric on X . It
only remains to show that the topology induced by (m, n)D∗ is same as that induced
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by (M , N)D∗ . But we have M(xn, x , z, t)→ 1 and N(xn, x , z, t)→ 0 as n→∞ for
all z ∈ X and t > 0 if and only if {λ, M(x , y, z, t)} → 1 and {η, N(x , y, z, t)} → 0,
and we are done. ¤

The intuitionistic fuzzy D?-metric (m, n)D∗ in above lemma is said to D?-
bounded by (λ,η).

Definition 4.1. Let (X , M , N ,∗,♦) be an intuitionistic fuzzy D?-metric space, x ∈ X
and ; 6= A⊆ X . We define

D(x , A, t) = sup{M(x , y, y, t) : y ∈ A} (t > 0)

and

C(x , A, t) = inf{N(x , y, y, t) : y ∈ A} (t > 0).

Note that D(x , A, t) and C(x , A, t) are a degree of closeness and a degree of
non-closeness of x to A at t, respectively.

Definition 4.2. A topological space is called a topologically complete intuitionistic
fuzzy D?-metric space if there exists a complete intuitionistic fuzzy D?-metric
inducing the given topology on it.

Example 4.3. Let X = (0, 1]. The intuitionistic fuzzy D?-metric space
(X , M , N , min, max), where M(x , y, z, t) = t

t+D∗(x ,y,z)
and N(x , y, z, t) = D∗(x ,y,z)

t+D∗(x ,y,z)
;

where D∗(x , y, z) = min{| x − y |, | y − z |, | z − x |} is not complete, because the
Cauchy sequence { 1

n
} in this space is not convergent. Now consider the 5-tuple

(X , m, n, min, max), where m(x , y, z, t) = t
t+D∗(x ,y,z)+D∗( 1

x
, 1

y
, 1

z
)

and n(x , y, z, t) =

D∗(x ,y,z)+D∗( 1
x

, 1
y

, 1
z
)

t+D∗(x ,y,z)+D∗( 1
x

, 1
y

, 1
z
)
. It is straightforward to show that (X , m, n, min, max) is an

intuitionistic fuzzy D?-metric space which is complete. Since xn tends to x with
respect to intuitionistic fuzzy D?-metric space (M , N)D∗ , if and only if | xn− x |→ 0,
if and only if xn tends to x with respect to intuitionistic fuzzy D?-metric space
(m, n)D∗ , hence (M , N)D∗ and (m, n)D∗ are equivalent intuitionistic fuzzy D?-metric
spaces. Therefore the intuitionistic fuzzy D?-metric space (X , m, n, min, max) is
topologically complete intuitionistic fuzzy D?-metrizable.

Lemma 4.4. Intuitionistic fuzzy D?-metrizability is preserved under countable
Cartesian product.

Proof. Without loss of generality we may assume that the index set is N. Let
((Xn, mn, nn,∗,♦) : n ∈ N) be a collection of intuitionistic fuzzy D?-metrizable
spaces. Let τn be the topology induced by (mn, nn)D∗ on (Xn, mn, nn,∗,♦) for
n ∈ N and let (X ,τ) be the cartesian product of ((Xn,τn) : n ∈ N) with product
topology. We have to prove there is an intuitionistic fuzzy D?-metric (m, n)D∗ on X
which induces the topology τ. By Lemma(4.1), we may suppose that (m, n)D∗ is
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D∗-bounded by (1 − ε(n),ε[n]) where ε(n) =
︷ ︸︸ ︷
ε ∗ ε ∗ · · · ∗ ε

n
, ε[n] =

︷ ︸︸ ︷
ε♦ε♦ · · ·♦ε

n

and ε ∈ (0, 1) (see[2]), i.e. mn(xn, yn, yn, t) = max{1 − ε(n), Mn(xn, yn, yn, t)}
and nn(xn, yn, yn, t) = min{ε[n], Nn(xn, yn, yn, t)}. Points of X =

∏
n∈N Xn are

denoted as sequences as x = (xn) with xn ∈ Xn for n ∈ N. Define m(x , y, y, t) =∏∞
n=1mn(xn, yn, yn, t) and n(x , y, y, t) =

∐∞
n=1nn(xn, yn, yn, t), for each x , y ∈ X

and t > 0 where
∏

m
n=1an = a1 ∗ a2 ∗ · · · ∗ am,

∐
m
n=1an = a1♦a2♦ · · ·♦am. First

note that (m, n)D∗ is well defined since a j =
∏ j

n=1(1 − ε(n)) is decreasing and
D?-bounded then converges to α ∈ (0, 1) also bi =

∐
i
n=1ε

[n] is increasing and
D?-bounded then converges to β ∈ (0, 1).

Also (m, n)D∗ is an intuitionistic fuzzy D?-metric on X because each (mn, nn)D∗ is
an intuitionistic fuzzy D?-metric. LetU be the topology induced by an intuitionistic
fuzzy D?-metric (mn, nn)D∗ . We claim that U coincides with τ. If G ∈ U and
x = (xn) ∈ G, then there exists r ∈ (0, 1) and t > 0 such that BD∗(x , r, t) ⊂ G. For
each r ∈ (0, 1), we can find a sequence (δn) in (0, 1) and a positive integer n0 such
that ∏

n0
n=1(1−δn) ∗

∏
∞
n=n0+1(1− ε(n))> 1− r

and ∐
n0
n=1δn♦

∐
∞
n=n0+1ε

[n] < r .

For each n = 1, 2, · · · , n0, let Vn = BD∗(xn,δn, t), where the ball is with respect to
intuitionistic fuzzy D?-metric (mn, nn)D∗ . Let Vn = Xn for n> n0. Put V =

∏
n∈N Vn,

then x ∈ V and V is an open set in the product topology τ on X denoted by V.
Furthermore V⊂ BD∗(x , r, t), since for each y ∈ V

m(x , y, y, t) =
∏

∞
n=1mn(xn, yn, yn, t)

=
∏

n0
n=1mn(xn, yn, yn, t) ∗

∏
∞
n=n0+1mn(xn, yn, yn, t)

≥
∏

n0
n=1(1−δn) ∗

∏
∞
n=n0+1(1− ε(n))> 1− r

n(x , y, y, t) =
∐

∞
n=1nn(xn, yn, yn, t)

=
∐

n0
n=1nn(xn, yn, yn, t)♦

∐
∞
n=n0+1nn(xn, yn, yn, t)

≤
∐

n0
n=1δn♦

∐
∞
n=n0+1ε

[n] < r.

Hence V⊂ BD∗(x , r, t)⊂ G. Therefore G is open in the product topology.
Conversely, suppose G is open in the product topology and let x = (xn) ∈ G.

Choose a standard basic open set V such that x ∈ V and V⊂G. Let V=
∏

n∈NVn,
where each Vn is open in Xn and Vn = Xn for all n > n0. For n = 1, 2, · · · , n0, let
1− rn = Dn(xn, Xn −Vn, t) and qn = Cn(xn, Xn −Vn, t), if Xn 6= Vn, and rn = ε(n)

and qn = ε[n], otherwise. Let r = min{r1, r2, · · · , r0}, q = min{q1, q2, · · · , q0} and
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p = min{r, q}. We claim that BD∗(x , p, t) ⊂ V. If y = (yn) ∈ BD∗(x , p, t), then
m(x , y, y, t) =

∏∞
n=1mn(xn, yn, yn, t) > 1 − p and so mn(xn, yn, yn) > 1 − p ≥

1 − r ≥ 1 − rn and n(x , y, y, t) =
∐∞

n=1nn(xn, yn, yn, t) < p ≤ q ≤ qn for each
n = 1, 2, · · · , n0. Then yn ∈ Vn, for n = 1, 2, · · · , n0. Also for n > n0, yn ∈ Vn = Xn.
Hence y ∈ V and so BD∗(x , p, t) ⊂ V ⊂ G. Therefore G is open with respect to
intuitionistic fuzzy D?-metric topology and τ⊂U . Hence τ and U coincide. ¤

Theorem 4.5. An open subspace of a complete intuitionistic fuzzy D?-metrizable
space is a topologically complete intuitionistic fuzzy D?-metrizable space.

Proof. Let (X , M , N ,∗,♦) be a complete intuitionistic fuzzy D?-metric space and G
an open subspace of X . If the restriction of (M , N)D∗ to G is not complete we can
replace (M , N)D∗ on G by other intuitionistic fuzzy D?-metric as follows. Define
f : G× (0,∞)→ R+ by f (x , t) = 1

1−D(x ,X−G,t)
( f is undefined if X −G is empty,

but then there is nothing to prove.) Fix an arbitrary s > 0 and for x , y ∈G and X ,
define

m(x , y, z, t) =

¨
M(x , y, z, t) ∗M( f (x , s), f (y, s), f (z, s), t) for z ∈G
M(x , y, z, t) for z ∈ X −G.

and

n(x , y, z, t) = N(x , y, z, t)

for each t > 0. We claim that (m, n)D∗ is an intuitionistic fuzzy D?-metric on G.
The properties of (a), (b), (c), (d), (f), (g), (h), (i), (j) and (k) are immediate from
the definition. For inequality (e), suppose that w, x , y, z ∈G and t, s, u> 0, then

m(w, y, z, t) ∗m(w, x , x , u)

= (M(w, y, z, t) ∗M( f (w, s), f (y, s), f (z, s), t) ∗ (M(w, x , x , u)

∗M( f (w, s), f (x , s), f (x , s), u))

= (M(w, y, z, t) ∗M(w, x , x , u)) ∗ (M( f (w, s), f (y, s), f (z, s), t)

∗M( f (w, s), f (x , s), f (x , s), u))

≤ M(x , y, z, t + u) ∗M( f (x , s), f (y, s), f (z, s), t + u)

= m(x , y, z, t + u) for z ∈G
Similarly

m(w, y, z, t) ∗m(w, x , x , u)≤ m(x , y, z, t + u) for z ∈ X −G.

Now we show that (m, n)D∗ and (M , N)D∗ are equivalent intuitionistic fuzzy
D?-metric on G. We do this by showing that m(xn, x , x , t) → 1 if and only if
M(xn, x , x , t)→ 1 and n(xn, x , x , t)→ 0 if and only if N(xn, x , x , t)→ 0 of course
the second part is trivial. Since m(x , y, y, t) ≤ M(x , y, y, t) for all x , y ∈ G and
t > 0, M(xn, x , x , t)→ 1 whenever m(xn, x , x , t)→ 1. To prove the converse, let
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M(xn, x , x , t) → 1, we know from Proposition of [19], M is continuous function
on X × X × X × (0,∞), then since

lim
n

D(xn, X −G, s) = lim
n
(sup{M(xn, y, y, s) : y ∈G})

≥ lim
n

M(xn, y, y, s)

= M(x , y, y, s),

we have limn D(xn, X −G, s) ≥ limn D(x , X −G, s). On the other hand, there exist
a y0 ∈ X −G and n0 ∈ N such that for every n≥ n0 we have

D(xn, X −G, s) ∗
�

1− 1

n

�
≤ M(xn, y0, y0, s).

Then limn D(xn, X − G, s) ≤ M(x , y0, y0, s) ≤ sup{M(x , y, y, s) : y ∈ X −
G} = D(x , X − G, s). Therefore limn D(xn, X − G, s) = limn D(x , X − G, s). This
implies M( f (xn, s), f (x , s), f (x , s), t) → 1. Hence m(xn, x , x , t) → 1. Therefore
(m, n)D∗ and (M , N)D∗ are equivalent. Next we show that (m, n)D∗ is a complete
intuitionistic fuzzy D?-metric. Suppose that (xn) is a Cauchy sequence in G with
respect to (m, n)D∗ . Since, for each m, n ∈ N and t > 0, m(xm, xn, xn, t) ≤
M(xm, xn, xn, t) and n(x , y, y, t) = N(x , y, y, t), the sequence (xn) is also a Cauchy
sequence with respect to (M , N)D∗ . By the completeness of (X , M , N ,∗,♦), (xn)
converges to point p in X . We claim that p ∈ G. Assume otherwise, then for each
n ∈ N, if p ∈ X −G and M(xn, p, p, t)≤ D(xn, X −G, t), then

1−M(xn, p, p, t)≥ 1− D(xn, X −G, t)> 0.

Therefore
1

1− D(xn, X −G, t)
≥ 1

1−M(xn, p, p, t)
,

that is

f (xn, t)≥ 1

1−M(xn, p, p, t)
,

for each t > 0. Therefore as n → ∞, for every t > 0 we get f (xn, t) → ∞. In
particular, f (xn, s) → ∞. On the other hand, M( f (xn, s), f (xm, s), f (xm, s), t) ≥
m(xn, xm, xm, t) for every m, n ∈ N, that is ( f (xn, s)) is an F − D∗- bounded
sequence ([9]). This contradiction shows that p ∈ G. Hence (xn) converges to
p with respect to (m, n)D∗ and thus (G, m, n,∗,♦) is a complete intuitionistic fuzzy
D?-metric space. ¤
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