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Fekete-Szego Problem for a-Quasi Convex Functions of Order f

C. Selvaraj and R. Geetha

Abstract. For f € szﬁ’ sharp bounds are obtained for the Fekete-Szego

functional |a3 — ,ua%l, where u is real.

1. Introduction

Let S denote the class of normalized analytic functions of the form
o8]
f(z)=z+2anz” (1.1
n=2

where z € D = {z : |z|] < 1}. We denote by C the subclass of S consisting
of functions which are convex in D. A classical result of Fekete and Szego [4]
determines the maximum value of |a; — ua%l as a function of the real parameter u,
for functions belonging to S.

Also every quasi-convex function is close-to-convex and hence univalent in D.
Many authors [1, 2, 3, 5, 7] have got the estimate for the functional |a; — uagl for
different classes. In this paper, we give an estimate for the functional |a; — ,uagl for

the class Q‘;ﬁ.

Special Cases

(1) When 8 = 0 we get the results of [1].

(2) When a =0, 3 =0, then f € K, an close-to-convex functions and we have a
result given in [6].

(3) Whena =1, f =0, then f € Q, the class of quasi-convex functions introduced
by Noor [9].

Definition 1.1. Let f be given by (1.1) and0<a <1,0<f < 1. Then f € Qfxﬁ

(09
if and only if there exists g € C such that for z € D, g(z) =z + Y. b,z" satisfying
n=2
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(1.2)

the condition.
f'(z) | azf'(z)) }
Rei(1—a) + >f.
{ §'(2) §'(z)
Here C denotes the class of convex functions that is g € C if and only if g is analytic
in D and

Re{1+zg (z)}>0, z€D. (1.3)

§'(z)
We note that by using a lemma due to Miller and Mocanu [8] it can easily be
shown that Q¢ s C Q°, the class of quasi-convex functions for 0 < a < 1 and hence
feq; p Means f is univalent.

We now state some preliminary lemmas that are required for proving our
results.

2. Preliminary Results

Lemma 2.1 ([10]). Let h be analytic in D with Re h(z) > 0 and be given by
h(z) =1+ ¢,z +cy2? +--- for 2 € D. Then

Lemma 2.2 ([6]). Let g € C with g(2) = 2 + byz? + byz® + ---. Then for u real
by — ub?| < max{%, lu— 1|}.
Lemma 2.3. Let f € sz,ﬁ and be given by (1.1). Then
@ (a+Dlayl —=p =<2
(i) 2a+1)lag|—p <3.
Proof. Since g € C, it follows from (1.3)
g'()+28"(2) = g'(2)p(2) 2D

for z € D with Re p(z) > 0 given by p(2) =1+ pyz +pz® +... .
Equating the coefficients we get

2b, =p;, (2.2)

6b; = p, +2b,p; . (2.3)
It follows from (1.2) that

(1-a)f' @) +alzf'(z)) — Bg'(z) = g'(2)h(2) 2.4

where h(z) = 1+ ¢,z + c,2% + -+ - with Re h(z) > 0.
Equating coefficients we get

2(a+1)a, —2Bby=2by+¢; (2.5)
and

3(2a+1)a; — 3b3ff =cy +2byc; +3b5 . (2.6)
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On using classical inequalities |p;]| < 2, Ips] < 2, el £ 2, |ey] <2, |by] £ 1,
|by| < 1, the required result follows from (2.5) and (2.6). O
3. Main Results

Theorem 3.1. Let f be given by (1.1) and belong to the class Qfxﬁ. Then for
0<a<1l,0Zf8<1,

3(2a+ D(a+ 1)*(1 + B)las — pad

(a+ 1723+ 2B - 32a+ DA+ B)2+ Py < 0D
oo = 3(2a+1)(1+p)
2 _ 2
(5+3ﬁ)(1+ﬁ)(1+a)2—3(2a+1)(1+[5)3u+(1+ﬁ)[2(1+a) 3(2a+ Du(l +B)] 7
3(2a+1u
< _ ek et
32a+1)(1+p) 3(2a+ 1)(1+ f)

2 2(a+1)? (@a+1)?
u+mu+a)@+ﬁl3@a+UU+ﬁ)SMS@a+nO+m
320+ 11+ )2+ B~ (at 122+ 85 +9), u>

8 CBE Gar DA+ p)

All the inequalities are sharp.

Proof. From (2.2), (2.3), (2.5) and (2.6) it is easily established that
3(2a+1)(1 + B)(az — pa3)

(2a+1)
5(14‘/5){3[173(14‘/5)—m(l‘i‘ﬁ)zub%}
2(a+1-32a+Du 1Y),
e (e a)d]
3(2a + Du(1 + B)
NRECES VS Y o

First consider
(a+1)2 2(a+1)2
SUS —/—————.
32a+1)(1+p) 32a+1)(1+p)
Equation (3.1) gives

3(2a +1)(1 + B)laz — paj|

(2a+1)
< (1+/5){3 bs(1+B) — m(l‘f'ﬁ)z“b;
2 2(a+1)%-3R2a+1
a3 [ . 4)(a+§)'f w]'“'z
2(a+1)?-32a+Du(1+p)
" [ 2a+17 }'C”}

= ¢(x)’ with x = |Cl|
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where we have used Lemma 2.1 and the inequality |p;| < 2. Elementary calculation
shows that the function ¢ attains its maximum value at
) 2(a+1)2-32a+Du(l+H)
Xn =
0 32a+1u

and hence
3(2a+ 1)(a+ 1)*(1+ B)las — uaz| < ¢(xo),
ie.,
3(2a+ 1)(a+ 1)*(1 + B)las — pa|
<(54+38)(1+B)a+1)*—312a+1)(1+p)u

M 2 _ 2 .
320+ i [2(a+1)* - 3(2a+ Du(1+ B)]* (using Lemma 2.2).
(a+1)2

Next, since |xq| < 2(1 + 8) we have u >
%ol < 2(1+5) =32+ Da+p)

and hence completing

the proof for the case
(a+1)? 2(a+1)?
T Su= .
32a+ 1)1 +p) 32a+1)(1+pB)

2(a+1)2-32a+Du(l1+H)
LG =2,p=2,py=2,by=1
32a+ Dy ] Ca P1 P2 2
and b; =1 in (3.1) shows that the result is sharp.
(a+1)?

Secondly, consider the case u < . Write
¥ b=30ar D+ 8)

(a+1)%a3 (a+1) 2
C32a+1)(1+h8) [3(2a+ D(1+p) _M} @

Letting ¢; = 2

2 _
az —ua, =ds

it follows that

2+
Since |a,| < P
a+1
32a+1)(a+1)*(1+ B)las — uagl

(a+1)%d;
32a+ D1+ B)

<32a+1(a+1)*(1+p)|a; —

(a+1)?
[3(2(1 Tna+p H

<1+ a)?(3+26)*—3R2a+1)(1+B)2+B)u.

(a+1)?

32a+1)(1+p)
Equality is attained by choosing ¢; = ¢, = p; =py, =2, by = by =11in (3.1).

Next assume that
2(a+1)? < (a+1)
32a+1)(1+p) ~ = (a+1)(A+p)

} la,|?3(2a + 1)(a +1)%(1+ B)

Here we have used the result that is proved for u =
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(a+1)?

m. It follows from (2.1), (2.2), (2.3)

First we consider the case u =

and (3.1) that
3(2a+1)(1+ B)(1 + a)?lag — paz
(a+1)?
4

<A+/A+a)y’B+p) - [leal = (1 + B)Ipa 11

= ¢(|51|, |p1|)’ say

we can show that ¢ attains maximum value when |c;| = (1 + 8)|p;| and so

32a+ D1+ )1+ a)lag —pail < (1+ )1+ a)*(3+p) .

Next write
, 3Qa+1)(1+pu—2(a+1) (a+1)%a3
43 Ha = (a+1) [a3 T 2a+D( +/3)]
+3[(a+1)2—(2a+1)(1+[3),u} [a _ 2(a+1)%a3 ]
(a+1)2 3 3(2a+1)(14+p)

and the result follows at once by using results already established for
2 (a+1)? (a+1)?

S =————_Th It is sharp f =c¢ =
w 3(201_'_1)(1+/5)an u Qe+ 1)1+ F) e result is sharp for p; = ¢;

0,py=c,=2,by,=0and by = 1 in (3.1). Finally consider u > w.
3 2a+1)(1+p8)
Write
5 (a+1)? , (a+1)2 5
GHG TG T a2t ((2a+1)(1+[5) _“)az
and thus

3(2a+1)(a+ 1)*(1+ B)lag — pazl
(et 1)? 5
(2a+1)(1+ ﬁ)a2

(a+1)? )
C(2a+ 1)1+ /5)] 2|

<3R2a+1D(1+B)2+B)u—(a+1)*(2B2+8B+9),

(a+1)?

Qa+1)(1+p) a+1
used. By choosing ¢; = p; = 2i, ¢, = p, = —2, b, =i, by = —1 in (3.1) equality is

obtained. O

<3Q2a+1)(1+a)’(1+p)|a;

+3Q2a+1)(1+a)*(1+8) [u

has been

where results for u = and the inequality |a,| <
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