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Abstract. The irrational number ® = %5 or ¢p= _1;‘/5 is well known as golden ratio. The binet
forms L, = ®" + (—¢)" and F, = &\/;W define the well known Lucas and Fibonacci numbers.
In the present paper, we generalize the binet forms ®,(x,y) = ﬁg[(xwL y®D)* — (x — yp)"] and

Gn(x,y) =[x+ y®)" + (x — yp)"]. As a result we obtain a pair of two variable polynomial which are
new combinatorial entities. Many convolution identities of L, and F, are getting added to the recent
literature. A generalized convolution identities will be a worthy enrichment of such combinatorial
identities to the current literature.

Keywords. Golden ratio; Binet forms; Combinatorial identities

MSC. 11B33; 30B70; 05A19

Received: January 11, 2018 Accepted: June 3, 2018

Copyright © 2018 R. Rangarajan and Honnegowda C.K.. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

1. Introduction

In combinatorial Number Theory, Binet forms express naturally the following pair of two

variable polynomials (P, (u,v),Q ,(u,v)):

u —-ov"

P,(u,v)=u"+v", Qp(u,v)=

They produce many particular pairs of numbers or polynomials such as Fibonacci and Lucas
numbers [2], Tchebyshev polynomials of first and second kind [6] and so on.
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They satisfy the following pair of difference equations which is also quite interesting from

the point of combinatorial number theory:
Pyi1(u,v) =(u+v)Py(u,v) —u-vP,_1(u,v), (1.1)
Poy(u,v)=2, P1(u,v)=u+v, n=12,3,---

and
Qn+1(u,v) = (w+v)@n(w,v) —u - vQn-1(u,v) (1.2)
Qo(u,v)=0, Q1(u,v)=1, n=1,2,3,---.
As an important special case, one can take u = ® = 1+T‘/5 and v =¢ = _1%‘/3 Then u +v =1,
~uv=1and u—-v=15.
" —(—¢)"

Pp(0,- :Ln:q)n - n} (@, —P)=F, =
(®,~¢) P, Qu@,—¢) o

are the well known Lucas and Fibonacci numbers given by the following pair of beautiful

difference equations:

L,.1=L,+L, 1,Lo=2,L1=1, n=1,2,---, (1.3)
Fpiy=F,+F, 1,Fp=2,F1=1, n=12.... (1.4)
Recently, a two variable generalization of L, and F,,, called two variable Hybrid Lucas
and Fibonacci polynomials are studied in [7 8]. They are also a special case with u = @
and v = @, when x =y =1, u =® and v = —¢. So that we get back Lucas and Fibonacci
numbers. Two variable hybrid Fibonacci and Lucas polynomials are given by
1D (x,9) = 2 1, 9) + y 1D (2, ), (1.5)
slf)H)(x,y) =2, l(lH)(x,y) =x, n=12,---
G,y =x [P0,y +y £ (), (1.6)
éH)(x,y) =0, f{H)(x,y) =1,n=12,---

More recently, the authors with Rangaswamy have stated and proved convolution identities
of f,(LH)(x,y) and lgLH)(x,y) (I9}, 101). The general case P,(u,v) and @,(u,v) has motivated us to
consider one more simple and interesting special case by choosing u = x + y(®) and v = x + y(—¢)

where x, y are two real variables, ® = 1+T‘/5 and ¢ = _1+‘/3

In the present paper, we introduce the following Binet form:
Pp(u,v) = Pp(x + y(P),x + y(=P)) = wp(x,y) = (x+ y(P))" + (x + y(~¢p))" 1.7

and
D))" _ n
Qn(u,v):Qn(x+y(d>),x+y(—</>)):<pn(x,y):(x+y( ) +\(/xg+y( ¢) ) (1.8)
y-
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Let us note that

Yolx,y)=¢"+n", (1.9
n(x,y) = ) (1.10)
Pl )=

E+n=(+y( @)+ (x+y(—p)=2x+y, (1.11)
E-n=(@+y(®)-(x+y(-¢p)=y-V5, (1.12)
& =(x+y(@)-(x+ y(—p) = 22 + xy — 2. (1.13)

Hence (¢, (x,y),w,(x,y)) are solutions of following difference equation.
Pn+1(x,) = (22 +3) Palx,y) — (& + 2y = y)pp-1(, ), (1.14)
¢olx,y) =0, ¢p1(x,y)=1 forn=1,2,3,---
Va1, 9) = (22 +y) Yalx,y) - (&% +xy — y)Pn-1(x,), (1.15)
wolx,y) =2, vi(x,y)=2x+y) forn=1,23,---

When x =0 and y =1, we get back ¢,(0,1)=F,, and v,(0,1) = L,,. The generalized polynomials
¢n(x,y) and v, (x,y) does not include ,(ZH )(x, y) and lﬁlH)(x, y) as special case and also vice-versa.
Like f,(LH )(x, y) and lgLH)(x, y), ¢n(x,y) and y,(x,y) also exhibit many combinatorial identities
([11, 12D.

In the present paper we state and prove certain convolution identities of ¢, (x,y) and vy, (x,y)
which are of recent interest in the literature [4} 5, [7, [8]. In the second section, convolution
identities of ¢, (x, y) and v, (x, y) with a fixed power m of the summing variable, m =0,1,2,3 are
stated and proved. In the last section, Binomial convolution identities of ¢, (x,y) and y,(x,y)

with a fixed power m of summing variable, m =0,1,2,3 are stated and proved.

2. Convolution Identities with a Fixed Power of Expanding Variable

One of the remarkable identities is the following well known Bernoulli’s identity ([1, [9]]):

n
If S,(m)= Z k™.
k=1
In this section, convolution identities of the following polynomials in two variables with a

fixed power m of the summing variable, m = 0,1, are stated and proved and m = 2,3, are stated

without proving.
Theorem 1. The convolution identities at the level m =0 are

(12) Y yr(, DPn-r(x,y) = nyn(x,y) + 2x +y) Pulx, ),
k=1

(1b) Y Pr(a, Vpnp(x,y) =
k=1

ny,(x,y)— (2x+y) ¢nplx,y)
5-y2 ’

(1e) D wi(x,y)Pn-r(x,y) = (n—Dy(a,y),
k=1
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(1d) Y $p(®,) Ynp(®,) = (n+ Diy(x, ).
k=1

Proof.
Y wa o) = X (60 () = sy (S
k=1 k=1 §—1
= nyu(x,y) + 2x + y)Pn(x,y),
n _ n (.’rk_nk)(fn—k_nn—k)_ N N _(én_nn)
;fk(x,y)sbn_k(x,y)—;l(é_n ) e reenel LGB ) ()
_ nYn(x,y) = 2x + y)Pnlx, y)
= n .

The proofs of[(1c) and are similar to that of and except in the final stages where we

need to apply a suitable recurrence relations (1.12) or (1.13) and apply (1.7) or (1.8) according
to the situation. 0

Theorem 2. The convolution identities at the level m = 1 are

2a) ) kyrx,y) ¥np(x,y)

k=1
1 v, (x, 1
= n(n + )21// (x, ) + 557 [n 2x+y) Wpi1(x,y) —2n(x? +xy—y2)wn(x,y)],
(2b) Yk Prlx,y) yn—k(x,y)
k=1

n(n+1) y,(x,y) 1 2 2
= — 2 n 5 -2 - n\A, >
1052 25.y4[n( X+ Y) Yne1(x,y) =20 +xy =y Iyn(a, y)]

(20) )k yr(x,y;t) dp-plx,y30)
k=1
_ n(n+ Dnlx,y) B
B 2 5

1
)2 [n(2x +y) Gnt1(x,y)—[(2n + 2)(x2 + xy— y2)](pn(x,y)] s

2d) Yk Pplx,y;t) Yap(x,y;0)
k=1

_ n(n+ Dy(x,y;t) N
- 2 5

1
ge (72 + ) Pa1(x,y) — 120 +2)x® +xy -y (x, )] .
Proof.
Y Ry, y) wnop(x,y)
k=1
= 2 k@t g
k=1

_[nn+1) ., 1
ol )+(f—77)2

(RE2 +0"2) = (n + DE-E" +7™") +(E - E" + 17"))]
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_nn+1) yylx,y) N
- 2 5

(by repeated deductions using (1.12) and (1.13)).

Yk pp(x,y) pnk(x,y)
k=1

_ ik(fk_nk)(‘fn_k_nn_k)

1
2l G+ ) YnnaE ) =2 n (6 +xy =y (o))

=1 ¢—n ¢—n
~ 1 n(n+ 1) €n+2 nn+2 Tln+1 n
- E-n)? 9 Wn(x’y)_(g_n)g (n§n+2 _(n+1)£n+1 +E
nn+2 €n+2 ‘,a:n+1 6
_(5_77)2 (nnn+2 —(n+ DW + E
1 1 1
_ (6_17)2 n(n2+ )(é-n_’_nn)_(é_n)z (n(én+2+nn+2)_(n+1)(é—.n)(§n+nn)

+(E-mE" +1M)]

- 1042 25_y4[n (2x +y) Wpr1(x,y) —2n(x” +xy — y )y, (x, y)]

(by repeated deductions using (1.12) and (1.13)).

The proofs of[(2c) and are similar to that of and except in the final stages where we

need to apply a suitable recurrence relations (1.12) or (1.13) and apply (1.7) or (1.8) according
to the situation. 0

Theorem 3. The convolution identities at the level m =2 are

(3a) Y E® yr(x,y) Ynp(x,y)
k=1

_ n(n+1)2n+ Dy,(x,y) N 1
Bl 6 5-y2
+[(2n +2)(2x> + 8x%y —xy? — y3)]</>n(x,y)] ,

(3b) Y k% ¢r(x,y) dp-rlx,y)
k=1

[[5n%y® — 4n(x® + xy — y*) g s1(x, y)

_ n(n+1)2n+ Dy,(x,y) B 1
B 30 y2 25-y
+[(2n +2)(2x° + 322y — xy% — ¥ (x, )],

(3c) Y % wir(x,y) bnor(x,y)
k=1

4 [[5n2y2 —4n(x? +xy —yz)]¢n+1(x,y)

_nn+1D)@2n+1Dnlx,y) 1
- 6 25y
+[2n(2x3 + 3x%y — xy? — )y (x,y)]

Bd) Y & gr(x,) Yoor(x,y)
k=1

L1577y —4n(x® + xy — y*) W 41(x, 9)

Journal of Informatics and Mathematical Sciences, Vol. 10, No. 1 & 2, pp. [227 , 2018



232 Binet Forms Involving Golden Ratio and Two Variables. .. : R. Rangarajan and Honnegowda C.K.

_ n(n+1)2n+ Dp(x,y) N 1
B 6 25-y
+[2n(2x3 + 3x2y - xy2 - y?’)]wn(x,y)] .

L [57%y? —4n(a® + xy — y)yn11(x, y)

Theorem 4. The convolution identities at the level m = 3 are

(4a) Yk wi(e, »)wn-r(x,y)
k=1

_ nE(n+1)Pyn(x,y) 1
B 4 25-y
+[-n3bss + (Tn3 +12n%)bgs + (—n® - 3n2 - 3n)bssly,(x,y)],

(4b) Y E? pp(x, y)bnr(x,5)
k=1

1 [[n3b31 +(—=2n3 +6n)bsalyn1(x, y)

_ PP+ DPyaxy) 1
20.y2 125-y

+[-n3b33 +(Tn3 +12n%)bgs + (—n® - 3n2 - 3n)bssly,(x,y)],

5 [[n3531 +(—=2n3 +6n)bsolyp1(x, y)

(4c) Y B wip(x,y)bnr(x, )
k=1

_ PP+ 1)PPalx,y) 1

B 4 25y
+[—n3b33 +(Tn®+12n2% - 4)bss + (-n®-3n%2-3n- Z)bge]gbn(x,y)] ,

4d) Y E® dpla, y)ynp(x,y)
k=1

_ ni(n+12¢(x,y) 1

B 4 25y
+[-n3b33 +(Tn® + 12n% — )35 + (—n® - 3n® — 3n — 2)(b3glPn(x, y)] .

1 [[n3531 +(—=2n3 +6n)b3alPns1(x,y)

1 [[n3531 +(—2n3 +6n)b3alPns1(x,y)

Here b3y = (4x3+6x2y+8xy2+3y3), bsg = 2x+y)x2+xy—y?), bag = (3x*+6x3y+2x2y2 —xy3—2y%),

bas = (22 +xy — y%)?, bgs = (2x + ¥)2(x% + xy — ¥%)? and bze = (2x + y)?(x% + xy — y?).

Proof. The proofs of Theorems [3|and [4] are similar to that of Theorems [I] and [2] except in the
final stages where we need to apply a suitable recurrence relations and apply according to the
situation. The same procedure of employing generalized Bernoulli identity can be applied to

compute convolution identities at any level. O

3. Binomial Convolution Identities

The following Bernoulli type identity for

B,(m,x)= Z (n) E™ ik
izo\k
([1}, [xOl) will be applied:
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In this section, Binomial convolution identities of the following polynomials in two variables
with a fixed power m of the summing variable, m = 0,1, are stated and proved and m = 2,3, are

stated without proving.

Theorem 5. The Binomial convolution identities at the level m =0 are

Ga) Y |7 |ne,) waoa(a,9) = 2wl )+ 22+ )"
k=0

n

2n n ) _2 2 n
65 Y| or9) durte) = = (x,7)— 2(2x +)
k=0

5.y2

2

S

Yr(x,y) Pn-r(x,y) =2"P,(x,y),

B

(5¢) Y,
#=0

(5d) Z(Pk(x,y) Vn-k(x,5) = 2" pp(x, ),
k=0

Proof. By using equations (1.7) to (1.11) will take us through the derivation step by step for all

four identities.

Y7 k@) vnonw =3 7] (& +0t) (7 47
k=0 k k=0 k

3]

= [2” " +n")+n" (1+é)n+€”
n S

=2" y,(x,y)+22x+y)",

n n fk— k gn—k_
(5b) Z(Z)cpk(x,y)(pn_k(x,y) :kZO(Z)( — |

)
|

= 5 |2 E"+n)+n" |1+ ++&" 1+
(&=m n S
3 2" yp(x,y) —2(2x + y)*
= 532 ,
The proofs of [(5¢) and are similar to that of and except in the final steps where we
need to apply (1.7) or (1.8) according to the situation. O

Theorem 6. The Binomial convolution identities at the level m =1 are

(6a) ). Z B,y War(x,y) =n 2" Ty, (e, ) + n2x + )",
£=0
n (n n 2"y, y)—n (2x+y)"
(6b) k;o . k ¢r(x,y) Pp_p(x,y) = 552 ’
(6c) ) Z Eyi(x,y) $nr(,3) =1 2" o, y) - n2x+ )",
£=0
6d) Y | [k oue,3) Yiua(e,) =n 2" o,y + nx+ )"
£=0
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Proof. By using equations (1.7) to (1.11) will take us through the derivation step by step for all

four identities.
= [ = [ B k) (en—k , . n—k
> (e vy wnos@n= Y 7| (€ +0t) (e ke
p=o\k p=o\k

=[n 2" M+ +nE+ )" E+n)]
=n 2" Ly, (x,y) +n2x +y)",

no(n n (n fk _ nk ) En—k _ nn—k)
b k n_p(x,y) = k
D) kzo(k) Pr e, Pn1(x,) kzo(k) (f_n —

G _1,,)2 (2"t (& + ™M)+ nEE+)" @+
n 2" Yy, (x,y)—n (2x + y)
= 5y .
The proofs of[(6¢c) and [(6d)| are similar to that of and [(6b)] except in the final stages where we
need to apply a suitable recurrence relations or and apply or according
to the situation. O

Theorem 7. The Binomial convolution identities at the level m =2 are
" (n
(7a) Y|, |k vrx,y) ¥o p(x,y)
k=0 k
=2""2n(3n — Dy p(x,y) + n(n — 1D2x + y)" " 2(2x2% + 3y + 2xy) +n 2x +y)",

(7o) ) 1R du(x, ) br-p(x,9)
=o\k

= 5—22 [2"2n(8n — Dy, (x,y) — [n(n — 1)(2x + y)" " 2(2x% + 3y + 2xy) + n (2x + y)"1],
(7¢) kio Z B2 Wr(x,y) Pp_r(x,y) = 2" 2n(8n — Dpn(x,y) — n? 2x+y)" 1,
(7d) kio Z E? pr(x,y) Y p(x,9) = 2" 2n(8n — Dy, 3) + n® Quc+ )"
Theore_em 8. The Binomial convolution identities at the level m =3 are
(8a) kio Z B yi(x,) Ynop(x, )

= [2n_3n2(n +3) W, y) + [(n3 — 302 + 2n)(2x + )" 3222 + 322y + 9xy? + 4y°)

+3(n% - n)(2x + )" 2(2x% + 2xy + 3y%) + n(2x + y)"1],

8b) Y |71 pr,3) pnilx,9)
k=0 k

1
=t [2773n2(n + ) wa(x, y) + [(n® - 3n® + 2n)(2x + y)"3(2x% + 3x%y + 9xy” + 4y°)
-y

+3(n% - n)(2x + )" 2(2x% + 2xy + 3y%) + n(2x + y)"1],
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(8c) ). (Z)k3 Vi (x,y) Pn-p(x,y)
k=0
=2"3n2(n+3)p,(x, y)-[(n® —3n2 +2n)2x+ )" 3(x® +xy+4y*)+(3n% - 2n)2x+y)" 11,
8d) ). (Z)k3 Pr(x,y) Yn-r(x,y)
k=0
= 2" 302 (n+3)p, (x, V) +[(n3 —3n2 +2n)2x + y)" 33 +xy +4y%) +(3n2 - 2n)(2x + y)* 1.

Proof. The proofs of Theorems [7] and [8 are similar to that of Theorems [5 and [] except in the
final stages where we need to apply a suitable recurrence relations applied according to the
situation. The same procedure of employing generalized binomial summation can be applied to

compute convolution identities at any level. O

4. Conclusion

The convolution identities with the power of expanding variable and binomial convolution
identities with the power of expanding variable are two important types of convolution identities.
They are very useful to analyze discrete dynamical systems. Computing such convolution
identities with the higher power of expanding variable by applying the Bernoulli’s identity at

any level is a challenging task for computer engineers.
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