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1. Introduction

The graph we mean G = (V,E) is a finite, simple, undirected and connected graph with p
vertices and q edges. Terms not defined here are used in the sense of Harary [1].
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A line graph L(G) is the graph whose vertices correspond to the edge of G and two vertices
in L(G) are adjacent if and only if the corresponding edges in G are adjacent. This was introduced
by Harary and Norman [3].

A set D < V(G) of a graph is a dominating set of G, if every vertex in V\D is adjacent
to some vertices in D. The domination number is the minimum cardinality taken over all the
dominating sets in G and is denoted by y(G). This concept was introduced by Ore in [8].

A dominating set D < V(@) is a non-split dominating set, if the induced subgraph (V' \ D)
is connected. This concept was introduced by Kulli and Janakiram in [5].

In [7], a set D < V(L(Q)) is said to be line dominating set of G, if every vertex not in
D is adjacent to some vertices in D. The domination number in line graph is the minimum
cardinality taken over all the dominating sets of L(G), and is denoted by y;(G).

AA set D € V(L(G)) is said to be complement line dominating set of G, if every vertex
not in D is adjacent to some vertices in D. The domination number in complement line graph is
the minimum cardinality taken over all the dominating sets in L(G), and is denoted by Y7(G).

In this paper, we introduced this non-split parameter for complement of line graph. Also we
found the exact value of this parameter for some standard graphs and obtained the bounds in
terms of elements of G.

2. Main Results

Definition 2.1. A dominating set D of a complement line graph L(G) is said to be a non-
split complement line dominating set (NSCLD-set), if the induced subgraph (V(L(G))\ D) is
connected. The minimum cardinality of NSCLD-set is said to be non-split complement line

domination number of G and is denoted by y,—H(G).
Figure 1. G Figure 2. L(G) Figure 3. L(G)

Example 2.1. For the graph L(G) in Figure |3} the vertex set D = {eg,e4} is a y,7-set and hence

Remark 2.1. Throughout this paper, we consider the graphs which has atleast one NSCLD-set.
Theorem 2.2. For the cycle graph C,,

3 ifn=5
'}/m(cn): f
2 ifn=6
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Proof. Let G be a cycle graph C,,, n =5 with V(G) ={v1,v9,...,v,} and E(G) ={e1,eq,...,e,}.
Then V(L(G)) ={e1,e9,...,e,}, n =5.

Case i: n = 5. In this case, the set D ={e1,e9,e4} is a NSCLD-set with minimum cardinality.
Therefore y,—(G) = 3.

Case ii: n = 6. In this case, the set D ={e1,es} is a NSCLD-set with minimum cardinality, since
(V(L(G)\D) is connected. Hence, y@(G) =|D|=2,n=6. O

Example 2.2.

Vi e V4 e C4 e e

Figure 4. C; Figure 5. L(Cg) Figure 6. L(Ce)

For the graph L(Cg) in Figure @, the vertex set D = {e1,es} is a y;-set and hence y,7(Ce) = 2.
Theorem 2.3. For the path graph P,, Ym(Pn) =2,n=5.

Proof. Let G be a path graph P,, n =5 with V(G) ={v1,ve,...,v,} and E(G) ={e1,eq,...,en_1}.
Then V(L(G)) ={eq1,eq,...,en_1}, n =5.

Here the set D = {eg,e3} is a NSCLD-set with minimum cardinality, since (V(L(G))\D) is

connected. Hence, yE(G) =|D|=2,n=5. O
Example 2.3.
:,I e \:2 € ;3 e ‘\/4 €4 ;5 es \A,(, €6 \77 .e] e.z :33 .64 ;5 ;6
Figure 7. Py Figure 8. L(P7)

€4

Figure 9. L(P7)
For the graph L(P7) in Figure @, the vertex set D = {eg,e3} is a y,-set and hence y,—(P7) = 2.
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Theorem 2.4. For the complete bipartite graph K, ,,

2 ifm(or)n=2

Vst Homn) = {3 ifm=8n=3

Proof. Let G be a complete bipartite graph K, ,, m,n =2 with
V(G)={u;,vj/i=1tom,j=1ton} and E(G)={u;v;/i=1tom,j=1to n}.

Then V(L(G)) ={u;vj/i=1tom,j=1ton}, m,n=2.

Case i: m (or) n = 2. In this case, the set D = {uqv1,ugv1} is the NSCLD-set with minimum
cardinality.

Therefore y,—(G) = 2.

Case ii: m,n = 3. In this case, the set D ={u1v1,u1v2,ugv1} is the NSCLD-set with minimum
cardinality, since (V(L(G))\D) is connected. Hence, YW(G) =|D|=3, m,n=3. O

Example 2.4.

usva

uvs

usvi

Figure 10. K33 Figure 11. L(K33) Figure 12. L(K33)

For the graph L(K3 3) in Figure the vertex set D ={uqvy,uive,ugvi} is a Y s-set and hence
Yo Ks,3)=3.

Theorem 2.5. For the wheel graph W,,

4 ifn=4
2 ifn=6

Proof. Let G be a wheel graph W,,, n =4 with V(G) ={u,v1,vs,...,v,} and E(G) ={e1,eq,...,e2,}.
Then V(L(G)) ={eq,eq9,...,eo,}, n=4.

Case i: n = 4. In this case, the set D = {e1,e3,e5,eg} is the NSCLD-set with minimum cardinality.
Therefore y—(G) = 4.
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Case ii: n =5. In this case, the set D ={e1,e9,e3} is the NSCLD-set with minimum cardinality.
Therefore y,—(G) =5.

ns

Case iii: n = 6. In this case, the set D ={e1,e7} is the NSCLD-set with minimum cardinality,

since (V(L(G))\D) is connected. Hence, YW(G) =|D|=2,n=6. O
Example 2.5.
Vi S5 V4 er
€6 es - & e7
e u €4
€7 Y e “ €3 o €6
Figure 13. Wy Figure 14. L(W,) Figure 15. L(W,)

For the graph L(Wy) in Figure the vertex set D = {e1,es3,e5,e6} is a y,—-set and hence
YW(WU =4.

Theorem 2.6. For the bistar tree By, 5, V;7(Bnn) =3, n=2.

Proof. Let G be a bistar tree B, ,, n = 2 with V(G) = {v1,v2,...,v2,42} and E(G) =
{e1,es,...,ean+1}. Then V(L(G)) = {ey,es,...,e2n41}, n = 2. Here the set D = {e1,en41,€n42}
is a NSCLD-set with minimum cardinality, since (V(L(G)\D) is connected. Which gives,
V7@ =1D|=3,n=2. O

Example 2.6.

(]

€1
€ & ) N €
9 €6
€5

Vi ]
€l s
€6
e3 ’ €

€2 €4 €6
v, & V7

e3 Va4 Vs e7

o
€4

V3 \4 €4 (]

Figure 16. B33 Figure 17. L(B33) Figure 18. L(B33)

For the graph L(B33) in Figure the vertex set D = {ej,eq,e5} is a y,-set and hence
Yo7(Bs,3)=3.
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Theorem 2.7. For the crown graph C;,

3 ifn=3
——(CH =
ViatCn) {2 if n=4
Proof. Let G be a crown graph C;}, n =3 with V(G) = {v1,v9,...,v2,} and E(G) = {e1,eq,...,ea,}.
Then V(L(G)) ={e1,e9,...,ea,}, n =3.

Case i: n = 3. In this case, the set D ={e9,e4,eg} is a NSCLD-set with minimum cardinality.
Therefore y,—(G) = 3.

ns

Case ii: n = 4. In this case, the set D ={e1,e,+1} is a NSCLD-set with minimum cardinality,

since (V(L(G))\D) is connected. Hence, YW(G) =|D|=2,n=4. O
Example 2.7.
A
e el €10
Vio €2
€9 e [
Vio e €7
V4 €s €6
Figure 19. C; Figure 20. L(C}) Figure 21. L(C})

For the graph L(C}) in Figure the vertex set D = {e1,e¢} is a y,7-set and hence YW(C;;) =2.
Theorem 2.8. For the comb iree P},

3 ifn=3

— | + —
Ynsl(Pn) {2 ifn=4

Proof. Let G be a comb tree P;, n =3 with V(G) = {v1,vs,...,v2,} and E(G) ={eq,eq,...,e2,-1}.

Then V(L(G)) ={e1,e9,...,e9,-1}, n = 3.

Case i: n = 3. In this case, the set D ={eg,e3,e4} is a NSCLD-set with minimum cardinality.
Therefore y—(G) = 3.

Case ii: n = 4. In this case, the set D ={e1,es} is a NSCLD-set with minimum cardinality, since
(V(L(G)\D) is connected. Hence, ym(G) =|D|=2,n=4. O
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Example 2.8.
€7
€l e
N } m‘
Vi V2 V3 V4 €2 €6
»
€3 €5 €7
[ €3 €6
€3¢ 9 5
€2 €4 €6

[ 3 3 L)
Vs V6 v7 Vs €4 s €4

Figure 22. P} Figure 24. L(P})

Figure 23. L(P;)

For the graph L(P}) in Figure the vertex set D = {eq,eg} is a y,-set and hence YE(PI) =2.
Theorem 2.9. For the helm graph W/,

3 ifn=2,3

— | +:
Vst (W) {2 ifn=4

Proof. G be a helm graph W, n = 2 with V(G) = {u,u1,us,...,u,,v1,09,...,U,} and E(G) =
{e1,e9,...,e3n41}- Then V(L(G)) = {e1,e9,...,e3n41}, n = 2.

Case i: n =2,3. In this case, the set D ={e4,e5,eg} is a NSCLD-set with minimum cardinality.
Therefore y,—(G) = 3.

Case ii: n = 4. In this case, the set D ={e1,e,_1} is a NSCLD-set with minimum cardinality,
since (V(L(G))\D) is connected. Hence, )fm(G) =|D|=2,n=4. O

Example 2.9.

.u1

€1

€4
€8

u
€9

€1 e
AV 4
\%) . V3
€s
€2 €3
es
u u3

Figure 25. W

e
Vi
€7 3

X

€6

Figure 26. L(W;)

€9

€8

Figure 27. L(W;)

For the graph L(W?:r ) in Figure the vertex set D = {e4,e5,e¢} is a y,-set and hence

Y7 (W5)=3.
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Theorem 2.10. For the graph K, v, 7(K;)=3, n>3.

Proof. Let G be a K, graph, n =3 with V(G) = {v1,v,...,v2,} and E(G) = {e1,e9,...,€ nns1}-
- 2
Then V(L(G)) ={e1,e9,...,ern+n}, n = 3.
2

Case i: n = 3. In this case, the set D ={eg,e4,e5} is a NSCLD-set with minimum cardinality.
Therefore y,—(G) = 3.

Case ii: n = 4. In this case, the set D ={e1,eg,e9} is a NSCLD-set with minimum cardinality,
since (V(L(G))\D) is connected. Hence, YW(G) =|D|=3.

Case iii: n = 5. In this case, the set D ={e1,e9,e3} is a NSCLD-set with minimum cardinality,

since (V(L(G))\Dangle is connected. Hence, yn—sl(G) =|D|=3, n=5. O
Example 2.10.
el €2 €9 Cz% ey
i i
v va & es € 7&% S €3
€4 e7 ea\M/ e7
Figure 28. K Figure 29. L(K}) Figure 30. L(K})

For the graph L(KI) in Figure the vertex set D = {eq1,e9,e9} is a Y,s-set and hence
Y (K;)=38.

Theorem 2.11. For the book graph B, v, (B,) =2, n = 2.

Proof. Let G be a book graph B,, n = 2 with V(G) = {u,v,v1,v9,...,09,} and E(G) =
{e,eq,e9,...,e3,}. Then V(L(G)) = {e,e1,e9,...,e3,}, n = 2. Here the set D = {e1,e9,} is the
NSCLD-set with minimum cardinality, since (V(L(G))\D) is connected. Hence, YW(G) =|D|=2,

n=2. O

Journal of Informatics and Mathematical Sciences, Vol. 9, No. 3, pp. [657 , 2017
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Example 2.11.
- = V2
€3
€s
e €4 €6
€7 Va
Figure 31. B; Figure 32. L(Bs) Figure 33. L(B3)

For the graph L(B3) in Figure the vertex set D = {e1,eg} is a Yya-set and hence yn—sl(Bg) =2.

Theorem 2.12. For the friendship graph cm,

3 ifm=23
(m)y _ >
Vast(Cs )_{2 ifm=4

Proof. Let G be a friendship graph Cém), m = 2 with V(@) = {u,v1,ve,...,v3,} and E(G) =
{e1,e9,...,e3m}. Then V(L(G)) ={e1,e9,...,esm}, m=2.

Case i: m =2,3. In this case, the set D ={eq,e9,e3;,,} is a NSCLD-set with minimum cardinality.
Therefore y,—(G) = 3.

ns

Case ii: n = 4. In this case, the set D ={e1,e4} is a NSCLD-set with minimum cardinality, since

(V(L(G))\D) is connected. Hence, YE(G) =|D|=2,m=4. O
Example 2.12.
€4 &
€5 €6
Figure 34. C3 Figure 35. L(C3) Figure 36. L(C3)

For the graph L(Cg) in Figure the vertex set D = {e1,eg,e9} is a y,-set and hence
3
Y77(C35)=3.

Journal of Informatics and Mathematical Sciences, Vol. 9, No. 3, pp. [657H570} 2017
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Theorem 2.13. For the triangular snake graph mCs,

4 ifm=2

— (mC=<) =
VasztmCa) {2 ifm=3

Proof. Let G be a triangular snake graph mCs, m = 2 with V(G) = {vy,vs,...,vom+1} and
EG)={eq,eq,...,e3n}. Then V(L(G))={e1,e9,...,e3m}, m =2.

Case i: m = 2. In this case, the set D ={eg,e3,e5,eg} is a NSCLD-set with minimum cardinality.
Therefore y,—(G) = 4.

Case ii: m = 3. In this case, the set D ={e,e3,} is a NSCLD-set with minimum cardinality,
since (V(L(G))\D) is connected. Hence, YE(G) =|D|=2,m=3. O

Example 2.13.

eg €s

V4 €7 Vs es Ve 9 V7 es es

Figure 37. 3C3 Figure 38. L(3C3) Figure 39. L(3C3)

For the graph L(3C3) in Figure the vertex set D = {ej,eg} is a y,-set and hence
Y7:18C3) =2.

Theorem 2.14. For the dragon graph C,,@P,, m =3, n =1,

3 ifm+n=5

—(C,,@P,,) =
Y”Sl( m@Pn) {2 otherwise

Proof. Let G be a dragon graph C,,@P,, m =3, n =1 with V(G) = {v1,ve,...,Um+n} and
E(G)={e1,e2,...,em+n}. Then V(L(G)) ={e1,e2,...,em+n}

Case i: m +n = 5. In this case, the set D ={e,,_9,em,em+1} 1s a NSCLD-set with minimum
cardinality. Therefore y_—(G) = 3.

Case ii: m = 3, n = 3. In this case, the set D ={e;;1n-1,em+nt 18 @ NSCLD-set with minimum
cardinality. Therefore y_—(G) = 2.

Case iii: m > 3, n = 3. In this case, the set D ={e,;,_2,e,,-1} is a NSCLD-set with minimum
cardinality, since (V(L(G))\D) is connected. Hence, YW(G) =|D|=2. O

Journal of Informatics and Mathematical Sciences, Vol. 9, No. 3, pp. [657 , 2017
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Example 2.14.

€1

Figure 40. Cs@P4 Figure 41. L(C3@P,) Figure 42. L(C3@Py)

For the graph L(C3@P,4) in Figure the vertex set D = {eg,e7} is a y,-set and hence
)/n—SZ(C'3@P4) =2.

Theorem 2.15. For the quadrilateral snake graph mCy, }fm(mCLL) =2, m=2.

Proof. Let G be a quadrilateral snake graph mCy4, m = 2 with V(G) = {v1,ve,...,U3m+1} and
E(G) ={eq,e9,...,e4m}. Then V(L(G)) = {e1,e9,...,eam}, m = 2. Here the set D = {eq1,e9} is a
NSCLD-set with minimum cardinality, since (V(L(G))\D) is connected. Hence, YW(G) =|D|=2,
m=2. O

Example 2.15.

€0 en Vo e Vio

Figure 43. 3C4 Figure 44. L(3Cy) Figure 45. L(3Cy)

For the graph L(3C4) in Figure the vertex set D = {ej,eg} is a y,-set and hence
Y7s78C4) =2.

Theorem 2.16. For the graph K

m,n’>
0 ifm=n=1
)/W(K;w): 3 ifm+n=3
2 otherwise
Proof. Let G be a K,*,'ln graph, m,n =1 with V(G) ={u1,us9,...,u9m,01,09,...,V9,} and E(G) =

{e1,e2,...,emin,u;v;/i=1tom,j=1ton}. Then V(L(G)) ={e1,ez,...,emsn,u;v;/i=1tom,j=
1 to n}.

Journal of Informatics and Mathematical Sciences, Vol. 9, No. 3, pp. [657H570} 2017
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Case i: m = n = 1. In this case, the NSCLD does not exist.
Case ii: m +n = 3. In this case, the set D ={eg,u;v;/i =1,2;;j=1,2} is a NSCLD-set of G with

minimum cardinality. Therefore y,— = 3.

Case iii: m = 1,n = 3. In this case, the set D = {e9,u1v1} is a NSCLD-set of G with minimum
cardinality. Therefore y,(G) = 2.

Case iv: m =2 and n = 2. In this case, the set D ={e;,1n_1,em+nt 1s a NSCLD-set of G with
minimum cardinality, since (V(L(G))\D) is disconnected. Hence, y@(G) =|D|=2.

Case v: m = 3,n = 1. In this case, the set D = {e,uqv1} is a NSCLD-set of G with minimum
cardinality, since (V(L(G))\D) is disconnected. Hence, YW(G) =|D|=2.

Case vi: m > 3 and n > 3. In this case, the set D ={e;,1n-1,em+nt 1s a NSCLD-set of G with

minimum cardinality, since (V(L(G))\D) is disconnected. Hence, y-—(G) = |D| = 2. O

nsl

Example 2.16.

ui

2
M 1 .
20 uv

€2 uvi

uivi

ou vz

€4 w1 e wvi

Figure 46. K, Figure 47. L(X3,) Figure 48. L(X;,)

For the graph L(K;,) in Figure the vertex set D = {es,eq} is a y,7-set and hence
YW(KQ, ) =2.

3. Bounds
Theorem 3.1. For any graph G, y1(G) <y, 7(G).

nsl

Proof. Since every non-split complement line dominating set is necessarily a complement line
dominating set, and hence we have y;(G) <y, (G).

The following result is obvious from the bounds of standard simple graphs.
Theorem 3.2. For any graph G, 2 =<y, 4(G)<4.

Theorem 3.3. For any graph G, y{(G) =y, (Q), if 5(L(G)) = 4.

nsl

Journal of Informatics and Mathematical Sciences, Vol. 9, No. 3, pp. [657 , 2017
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Proof. For the graph L(G) with minimum degree=> 4, every non-split complement line
dominating set is a line dominating set, hence

'}’Z(G)S}/m. 3.1)
Also, every complement line dominating set is a non-split complement line dominating set, and
hence

The result is followed from (3.1) and (3.2).
Theorem 3.4. For any graph G, v, (G) < q - AIL(G)) + 1.

Proof. Let V be a vertex set of L(G) with maximum degree =2 implies there exist two vertices
v1 and ve adjacent to v.

Consider the vertex set D = {V\N(v)} U{v1,v9e}, clearly v and the vertices N(v) are dominated
by v1 and ve. So, D is a vertex set of L(G). Also, VAD = N(v)\{v1,v2} which is connected.

Therefore,

¥-:G) < ID| = g — (ATG) + 1) +2
= q-ALG)+ 1. -

4. Conclusion

In this paper, we found the non-split complement line domination number for the standard
graphs Cycle, Path, Complete bipartite graph, Wheel graph, Banana graph, Crown graph, Comb
tree, Helm graph, K} graph, K ;Ln graph, Book graph, Friendship graph, Triangular snake
graph, Dragon graph and Quadrilateral snake graph. Also we studied the relationship with
other domination parameters.
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