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Group Theoretical Study of Certain Generating Functions
for Modified Jacobi Polynomials

Marawan Baker Elkhazendar

Abstract. The object of the preset paper is to derive some generating functions

with five parameters Lie-group for the modified Jacobi polynomial Péa_"’ﬁ)(x) by
interpreting n, a — n, 8 simultaneously by using the Weisner’s group—theoretic
method.

1. Introduction

The modified Jacobi polynomials Prga_”’ﬁ)(x), defined by

(+a-n), [ -n l+atf; l-x
(a—n,) - - /n ’ [
P (x) = " 2F1[ ltaon: 3 } (1.1
is the solution of following ordinary differential equation:
d2
(1- x2)ﬁpga-”’ﬁ)(x) +[B-a+n—(2+a—p—n)x]
x
d
X d—PrS“_"’ﬁ)(x) +n(l+a+p)PrF(x)=0. (1.2)
X

W. Miller’s (Jr.) Lie theoretic method is utilized of modified Jacobi polynomials
Prsa_”’ﬁ )(x) by making suitable interpretation to the index n in order to obtain new
generating functions.

In 1986 Ghosh obtained some generating functions for Prga_”’ﬁ )(x) with the help
of Weisner’s method by given suitable interpretation to the index n.

The object of the present paper investigation to apply Miller's method to
obtain some generating functions for modified Jacobi polynomial Pé"“”’m(x) by
interpreting the index n, with the help of Weisner’s group theoretic method
(Mcbride 1971).
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Here the following generating functions are derived for Pr(l""”’ﬁ )(x) by finding a
set of infinitesimal operators A;(i = 1,2, 3,4,5) constituting a Lie-algebra:
_ yx —t; 11 _
Pl = | = — —(a+ B+ 1) PP ), (1.3)
y—t £= P! 2

[1- 6y (1 + )] 1+ £y (1 = )PP P [x + £y (1 — x*)]

(_z)k (a—n—k,f—k) k
S+ DS ), a4

M

o~
Il

0

(1—-1¢5(1 —l—x))”“(l—i—tg(l—x)“(l—l— (1—|—yt3(1—x)))n

yitzw,

x pLa-f) [(ytg(l (140N + vty —x?) + Wil(l Lyt —x))]

=

K (—1)k (=1/w, )P
Z( k!) —( 1/)1!4/1) 2k’P(a+ﬁ+1)p(n—p+1)k

o0
k=0 p=0

% Prga—n+p—k,[5+p—k)(x)(tg)k—l?. (1.5)

2. Group theoretic method

Replacing d/dx by d/dx, a by y;—y, B by z%, n by t% and Prg"“"’ﬁ)(x) by

u(x,y,z, t) we get the following partial differential equation

a 2)82u+ (1-x) 2%u (14x) 2%u . 2%u i 2%u
X2 TR T g TN T 9 0x T Y atax T Y atay
2%u du u
+ tz +2x—+t—=0. 2.1)

otdz dx  dt

Thus u(x,y,z,t) = Pé“’“’ﬁ)(x)yafnzﬁ t" is a solution of the differential equation
(2.1).
Lets us defined the infinitesimal operators A; (i = 1,2,3,4,5)

A=AY0/0x+AP8/0y +A%0 )0z + AP0 /ot +A°. 2.2)
As follows
Ay =yd/dy
A, =20/0z
A;=td/ot L (2.3)

A, =(x—1)zt710/0x —20 /3t

As=(1-xz7td/0x — (x+ 1)z tyd /0y — (x —1)td |0z
—(x+1)z71t29/9t — (x+ 1)z~ 't
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which satisfy the following rules:
A PP (x)y 2P 7] = (@ — )P )y eP e
Ay [P (x)y * g £n] = B (x)y gh ¢
Ay [P (x)y 5P t] = PP )y S 2.4)
A[PETP )y P ] = —(@)PL D )y T e

As [Prsa—n,ﬁ)(x) ya—nzﬁ t"] = —(n+ 1)p£i;")/5—1)(x) ya—nzﬁ—ltn+1

3. Lie Algebra
Now we shall find the commutator relations by using commutator notation with
[A,B]u = (AB — BA)u
[A,A] =0; [A,A3]=0; [A3,A] = —Ay [A4As] =2(A1 +Ay)

[A1,A3] =0; [Az’A4:| =0; [A3,A5] = As
[Al,A4] =0; [Az,As] = —As;
[Al:AS] =0;

So we see from the above commutator relations that set of operators {1, A;, i =
1,2,3,4,5} generating a lie Algebra.
Now the partial differential operator L, given by:

L=(1 2)82”+(1 ) i 1+ )62” e 2
T T e A T g e T T ax T P atax
0%u 2%u du du
oty ——ttz——— +2x— + —

Jtdy Jtoz dx at
=0.
Which can be express as:
(X - 1)L =A5A4 - 2A3(A1 +A3) . (3.1)

It can be easy verified that the operator A; (i = 1,2, 3,4, 5) commute with (x — 1)L,
ie.

[(x—1)L,A;]=0. (3.2)
The extended form of the group generated by A; (i = 1,2,3,4,5) are given by

e“Mu(x,y,z,t) =u(x,ey,z,t),

e u(x,y,z,t) =u(x,y,e%sz,t),

e®Mu(x,y,z,t) =u(x,y,z,est),

WA tX—a4Z
e 4U(X:y,Z; t)zu —,y,Z,t_Cl4Z 5
t—a4Z
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z—t(1+ x)(as))u [xz +t(1—xHas yz—yt(1+x)as

ey (x, .7, £) = (
V4

Z P4
tz — t2(14+x)a
z+t(1 — x)as, #} s
b4
where a; (i =1,2,3,4,5) are constants.
Thus we have

z—t(1+x)a
easAsea4A4ea3A3eazAzea1A1 u(x’ ¥,2, t) — (#) u(g} n-p, 9) (3.3)
b4

Where
(tz — t2(1+ x)ag)(xz + t(1 — x*)as) — (asz(z + t(1 — x)as)
&= t22 — t2(1 4+ x)as — a,z(z + t(1 — x)as)
. (z—t(1+x)(as—n)
n=e" ”y( )

Z

>

p=e% (z +t(1- x)as),
0 = ot (z —t(1 +x)a5) [t ~ az%(z+t(1— x)as] .

Z 2z —t(1+4x)ag

It may be interest to remark that, by virtue of the commutator relation given above

exp(asAs + a4A; + asAs + aA, + a144)

# exp(asAs) exp(a,A,) exp(asAs) exp(arAy) exp(a4;). 3.4

The relation (3.3) is obtained by using the operator mentioned in the right
side of (3.4). Thus the order of A; (i = 1,2,3,4,5) can be change at case without
uttering the effect in the left member of (3.4), while that can not be change in the
right member of (3.4). So if we change the order of the operator mentioned in the
right side of (3.4) the relation (3.3) will be changed

4. Generating Functions

From the (2,1), u(x, y,z,t) = Pé“‘”’ﬂ)(x)ya_"zﬁ t" is a solution of the systems.

Lu=0 Lu=0
A —a—nu=0; (Ay,—pBlu=0;

Lu=0 Lu=0
(As —n)u=0; (Aj+A, +A;— B —a)u=0;

From (3.2) we easily get
S((x — DL)PL P (x)y* 2P " = ((x — 1L)SP P (x)y* "zFt" = 0,
where

S = ea5A5ea4A4ea3A3ea2AzealAl .
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There fore the transformations S [P,S“’”’ﬂ)(x) y* "z t"] is annulled by L.
By putting a; = a, = a; =0 in (3.3) we get

ea5A5 ea4A4 [Prga—n,ﬁ)(x)ya—nzﬁ tn]

aen (2 — t(1+x)as
:y —_—_—

az(z+t(1—x)ag ]
z

1+a
_ Bl
) (z+t(1—x)as) [t st 0
(tz — t2(1 + x)as)(xz + t(1 — x?as) — a,2%(z + t(1 — x)as)

t22 — £22(1 + x)as — a,z2(z + t(1 — x)as)

x pla=mf)
(4.1

If we change the order of e%%se%+ we shall get the relation different from (4.1).
But

etshsete [P (x)y 1P t"]

oo n+k
S5 (a“) (a+B+1),(~1F @ P (n—p+ 1),

!
prree k!

Prsap:l_*k‘l’ k,B+p— k)( )ya—n+p—sz5+p—ktn—p+k. (42)

Equating the result (4.1) and (4.2) we get

2z —t(1+ x)as
a—n
yon (R

1+a
B s, a42(z + t(1 — x)as
) (= + ¢(1 = x)as) [t 2z —t(1+ x)as
—t2(1+ x)ag)(xz + t(1 — xH)as) — auz%(z + t(1 — x)as)

tz2 — t22(1 4 x)as — a,z2(z + t(1 — x)as)

00 n+k k
=3 (a“) (a+B+1),(~1F @ P (n—p+ 1),

k=0 p=0

. pla=np) (2

P’Eap:jk‘P k,B+p— k)(x)ya—n+p—kzﬁ+p—ktn—p+k . (43)
Now we shall consider the following cases:
Case 1: Letting a5 =0, a4 = 1 and writing t; = "f in (4.3) we get

yx 1 a-n
pla=np) [y—t} —Z o zp(a + B+ 1P PP ()P, (44
-4

Which is (1.3).

Case 2: Let a5 = 1, a4 = Oand writing t, = * in (4.3) we get

[1—toy(1+ )17 1+ £,y (1 — )P PP [x + £,y (1 — x?)]

= Z c2 ) (n+ PSP (e)0). (4.5)

Which is (1.4).
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Case 3: Finally substituting a; =1, a4 = V_V—l and writing yLZ = t5 in (4.3). We get
1

[1—t3(1 4+ 1+ 651 —x)]° [14— 1w (1+yt3(1—x))]n
1

3

x Py [(yrg(l —y (1400 + yts(1—x*) + Wi(l +yt:(1 —x))]
1

oo n—k k
ZZ( B ”Wl) 2@+ B+ 1), (n—p+ 1),
— !

p=
X [PLm kI ) ()7 4.6)
Which is (1.5).
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