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On the Product of Self-Adjoint Sturm-Liouville
Differential Operators in Direct Sum Spaces

Sobhy El-Sayed Ibrahim

Abstract. In this paper, the second-order symmetric Sturm-Liouville differential
expressions 71, To,..., T, with real coefficients on any finite number of intervals
are studied in the setting of the direct sum of the Lﬁ,—spaces of functions defined
on each of the separate intervals. It is shown that the characterization of singular
self-adjoint boundary conditions involves the sesquilinear form associated with
the product of Sturm-Liouville differential expressions and elements of the
maximal domain of the product operators, it is an exact parallel of that in the
regular case. This characterization is an extension of those obtained in [6], [7],
[8], [9], [12], [14] and [15].

1. Introduction

In [7] Everitt and Zettl studied the boundary value problem for Sturm-Liouville
differential expressions
T.[yl= _(pry/)/ +q,y on I, =(a,,b,), —oc0<a,<b,<o0;r=1,2,
(1.1
with real-valued Lebesgue measurable functions p,, q,, w, from I, into R satisfying
the following basic conditions:

Py LW, € Lige(I,), w, >0, ae., r=1,2, (1.2)

on two intervals in the setting of the direct sum of the L2-spaces of functions
defined on each of the separate intervals, and in [9] S.E. Ibrahim extended
this problem for any finite number of intervals. In the one interval case, the
characterization of the singular self-adjoint boundary conditions for Sturm-
Liouville problems is identical to that in the regular case provided that y and
py’ are replaced by certain Wronskians involving y and two linearly independent
solutions of T[y] = 0 has been proved by Krall and Zettl in [12].
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The relationship between the deficiency index of a symmetric differential
expression (1.1) and its powers 72, 72, ... has recently been studied by Chaudhuri
and Everitt [1] and the relationship between the number of linearly independent
L2(0,00) solutions of the equations 7;[y] = 0 and of the product equations
(T1T4...7T,)y = 0 has been investigated by Everitt [6]. These results are extension
of those recently obtained in [5, 16, 17, 18] for the special case T; = 7 for
j=1,...,n,and 7 is a real second-order symmetric differential expression.

Our objective in this paper is to show in the direct sum of the vav-spaces
of functions defined on each of the separate intervals that, the characterization
of singular self-adjoint boundary conditions is identical to that in the regular
case provided that y and its quasi-derivatives are replaced by sesquilinear
forms associated with the product of Sturm-Liouville differential expressions,
involving y and elements of the maximal domain of the product operators. This
characterization is an extension of those by Everitt and Zettl [6] and [7, 8, 9,
12, 13, 14, 15] to the case of product Sturm-Liouville differential expressions
Tq,Tg,..-, Ty ON any finite number of intervals I, = (a,, b,), r =1,2,...,N. Here
the interior singularities occur only at the ends of the intervals. The operators
involved are closed symmetric with Property (C) given below and direct sum of

n
product operators [ | [T,(7), r=1,2,...,N,
j=1

n N n
1) =] [ =@ ([ im0,
j=1 r=1 \j=1
In the regular case, these conditions can be interpreted as linear combinations
of the values of the unknown function y and its quasi-derivatives at the end-points
a.,and b,,r=1,2,...,N.
In the singular case, these conditions are given in terms of sesquilinear
forms involving y and linearly independent solutions of the product equation
(t174...7T,)y = 0 which given by Everitt and Zettl in [6].

2. Preliminaries

We begin with a brief summary of adjoint pairs of operators and products
operators, a full treatment may be found in [2, Chapter III], [5], [6], [7], [9],
[10] and [11].

The domain and range of a linear operator T acting in a Hilbert space H will
be denoted by D(T) and R(T) respectively and N(T) will denote its null space.
The nullity of T, written nul(T), is the dimension of N(T) and the deficiency of
T, written def(T), is the co-dimension of R(T) in H; thus if T is densely defined
and R(T) is closed, then def(T) =nul(T*). The Fredholm domain of T is (in the
notation of [2]) the open subset A;(T) of C consisting of those values A € C which
are such that (T — AI) is a Fredholm operator, where I is the identity operator on
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H. Thus, A € A4(T) if and only if (T — AI) has closed range and finite nullity and
deficiency.

A closed operator A in a Hilbert space H has Property (C), if it has closed range
and A = 0 is not an eigenvalue; i.e., there is some positive number r such that
l|Ax|| = r||x]|| for all x € D(A).

Note that, Property (C) is equivalent to A = O being a regular type point of A.
This in turn is equivalent to the existence of A~ as a bounded operator on the
range of A (which need not be all of H).

Given two operators A and B, both acting in a Hilbert space H, we wish to
consider the product operator AB. This is defined as follows:

D(AB) = {x € D(B) | Bx € D(A)} and (AB)x =A(Bx) for all x € D(AB).

It may happen in general that D(AB) contains only the null element of H. However,
in the case of many differential operators the domains of the product will be dense
in H.

The next result gives conditions under which the deficiency of a product is the
sum of the deficiencies of the factors.

Lemma 2.1 (cf. [6, Theorem A] and [17]). Let A and B be closed operators with
dense domains in a Hilbert space H. Suppose that A = 0 is a regular type point for
both operators and defA and defB are finite. Then AB is a closed operator with dense
domain, has A = 0 as a regular type point and

defAB = defA+ defB.

Evidently Lemma 2.1 extends to the product of any finite number of operators
ALA,,.. A,

Let the interval I, r = 1,2,...,N have end-points a,, b, (—oo < a, < b, < 00),
and let w, : I, — R be a non-negative weight function with w, € Llloc(Ir)
and w,.(x) > 0 (for almost all x € I,.). Then H, = Lfv (I,) denotes the Hilbert
function space of equivalence classes of Lebesgue measurable functions such that

f (welf |2 < oo; the inner-product is defined by:

(f.8) = f w,()f (g(x)dx  (f,ge L2 (1)), r=1,2,...,N. (2.1)
I

We shall consider the Sturm-Liouville differential equation of the form:
T [u]l =-(p,u'Y +qu =Aw,uonl,, r=1,2,...,N 2.2)

where the real-valued Lebesque measurable functions p,, q, and w, from I, into
R satisfying the conditions (1.2) which are taken to hold throughout this paper.
Under this assumptions, 7, is interpreted as a quasi-differential expressions, u
being a solution of (2.2) if u and p,u’ are in AC,,.(a,, b,), the space of functions
which are absolutely continuous on compact subsets of (a,,b,), and (2.1) is
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satisfied almost everywhere on (a,,b,). Also, p,u’ = ul! is called the quasi-
derivative of u.

The equation (2.2) is said to be regular at the left end-point a, € R, if for all
X €(a,,b,),

a,€R; ptq.,w.€La,X), r=12,...,N.

Otherwise (2.2) is said to be singular at a,. If (2.2) is regular at both end-points
a, and b,, then it is said to be regular; in this case we have,

a,,b, €R; pr_l,qr,wr e€L'(a,,b,), r=1,2,...,N.

We shall be concerned with the second-order symmetric differential expressions
(t, = 7)) on I, and when both end-points a, and b, may be either regular or
singular end-points of (2.2). Note that, in view of (1.2), an end-point of I, is
regular for (2.2), if and only if it is regular for the equation,

T:“[v]zzwrv (AeC)on I, r=1,2,...,N, 2.3)
where T:’ is the formal, or Lagrangian adjoint of 7, given by:
ttvl=—(p,v) + ¢v on I, r=1,2,...,N. 2.9
The maximal domain D(t,) is defined by,
D(t,):={f : f,p,f €ACy(I,) and w 't [fl€l?(a,,b,), r=1,...,N},
is a subspace of Lfvr (a,,b,). The maximal operator T(7,) is defined by,
T(t )u:= Wr_lTr [u] (ueD(r,), r=1,2,...,N.

It is well known that D(t,) is dense in vav(ar, b,)see [2],[9], [11], [12] and [19].
In the regular problem the minimal operator T,(t,) is the restriction of
w7, [u] to the subspace:

D,(t,):={u:ueD(r,),ut U@ )=ul"Y(b)=0,s=1,2}. (2.5)

The subspace D,(7,) is dense and closed in LVZV (a,, b,); see [2], [15] and [19].
In the singular problem we first introduce the operator T.(7,); T.(7,) being the
restriction of w, 17,[-] to the subspace:

D/(t,):={u:ueD(r,),suppuc (a,,b,),r=1,2,...,N}. (2.6)

This operator is densely-defined and closable in Lfv(ar, b,); and we defined the
minimal operator T,(7,), to be its closure (see [2], [15] and [19, Section 5]). We
denote the domain of T,(t,) by D,(7,). It can be shown that:

ueD,(t,) = u[s_”(ar):O, (s=1,2;r=1,2,...,N),

when whenever we assume a, to be regular end-point and b, to be singular end-
point.



On the Product of Self-Adjoint Sturm-Liouville Differential Operators in Direct Sum Spaces 97

For f,g € D(7,) and a, 8 € I, Green’s formula is given by:

B
f {r.[f]g — fr.[gltdx =[f,g]l.(B) - [f, gl (a), 2.7)
where

[f.e1,():=fg = fg, f,geD(z,), r=1,2,..,N. (2.8)
For f,g € D(7,), the limits lim+[f,g]r(a) and ﬁlinbli[f,g]r([a’) exist and are

finite. These are denoted by [f, g],(a,) and [f, g],(b,), respectively.
For f,g € ACy.(a,, b,), let

w.(f,g)=fpg' —gpf’. 2.9)
Choose two solutions 8 and ¢ of 7,[u] = 0 satisfying,

W.(0,$)(x)=1 forallxel,, r=1,2,...,N. (2.10)
Clearly such 8 and ¢ exist, i.e., they can be determined by the initial conditions:

0(c)=1, (p,0)(c)=1, ¢(c)=0, (p,¢’)(c)=1forall cinI,.

Note that, the sesquilinear form [f, g], in (2.8) can be written as:

(f.g],=fp.g —2gp.f’

=(&p.g) ((1) _01) ( pf f,) : (2.11)

From (2.9) and (2.10), we get

0o -1\_ (o -1\( 6 ¢ (0o -1\(6 p6\(0 -1
1 0) \1 o)\p0 p¢’)J\1 0J\¢ p¢’J\1 0)°
and hence the sesquilinear form in (2.8) can also be written as:

[ﬂdﬁﬂm@ﬁlm@@DG Bﬂ($5ﬁ0

= Wr(?’ ¢)Wr(fa 9) - W)‘(g’ Q)Wr(f’ 4))

:m{mmm W, (f, 9)

W.(3,6) m@w)’:L””M (2.12)

see [9] and [12].

Lemma 2.2. If for some A, € C, there are two linearly independent solutions of
7.[u] = A,w.uin L2(a,,b,). Then all solutions of T,[u] = Aw,u are in L?(a,, b,)
for all A € C; see [2, Chapter 3] for more details.

Theorem 2.3 (cf. [2, Theorem 3.10.1]). Let f € L\ (a,,b,) and suppose that the
conditions (1.2) are satisfied. Then given any complex numbers c,, and c., and any
x, € (a,,b,) there exist a unique solution of t7,.[¢] = f in (a,, b,) which satisfies

¢.(x,) = Cr0s ¢£1](xo) =c¢, r=1,...,N.
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A simple consequence of Theorem 2.3 is that the solution of (2.1) form a 2-
dimensional vector space over C. If (a,,a;) and (f3,, 8;) are linearly independent
vectors in C? then the solutions ¢,.;(+,A), ¢,.5(-,A) of the equation (2.2) which
satisfy ¢,.1(xg»A) = Qpo, G170, A) = 0y, B12(x0 A) = Broy $L5 (x5, 2) = By
for some x, € (a,,b,), r =1,2,...,N form a basis for the space of solutions of the
equation (2.2).

Note that, an important distinction between a regular end-point and a singular
end-point is the fact that at a regular end-point x,, all initial value problems
¢, (x5, A) = Cp5 q&rm(xo,)t) = €;1,Cr,Cr1 € C have a unique solutions. This is
not true when x, is singular end-point (see [2], [10] and [13]).

Assume that a, and b, are singular end-points. For any a, and f3, in the open
interval (a,,b,) and any A € C, the conditions (1.2) imply that any solution ¢,
of the equation (2.2) is in Lir(ar,ﬁr); (see [10], [12] and [20]). However, it is
possible that such a ¢, does not belong to L2 (a,,b,). If ¢, is in L2 (a,, ,) for
some f3, € (a,, b,), then this is true for all 3, in’(a,, b,). Ifall solutions of (2.2) are
in Li, (a,,p,) for some B, in (a,,b,), then we say that 7,.[-] is in the limit-circle
case at a,, or simply that a, is LC. Otherwise, 7,[-] is in the limit-point case at a,
or a, is LP. Similarly, b, is LC means that all solutions of (2.2) are in vav (a,, b,),
a, < a, <b,, r=1,2,...,N. This classification is independent of A in (2.2);
(see [9], [12], [13] and [15]). Otherwise b, is LP. The limit-point, limit-circle
terminology are used for historical reasons.

The classification of the self-adjoint extensions of T,(7,) depends, in an
essential way, on the deficiency index of T,(7,.). We briefly recall the definition
of this notion for abstract symmetric operators in a separable Hilbert space.

A linear operator A, from a Hilbert space H, into H, is said to be symmetric
if its domain D(A,) is dense in H, and (A,f,g) = (f,A,g) for all f,g € D(A,),
r =1,2,...,N. Any such operator has associated with it a pair (dj’d;): where
each of dF, d~ is a non-negative or +oo. The extended integers are called the
deficiency indices of A, and we have the following:

For A € C, the set of complex numbers, let R, denote the range of T,(t,) — Al,
N, = Rir and let

N*=N;,, N =N,,, i=+/-1,r=1,..,N; (2.13)

d* = dimension of N* and d~ = dimension of N_. The spaces N, N~ are called
the deficiency spaces of T,(t,) and d, d~ are called the deficiency indices of
T,(7,). These are related to the equation (2.2) as follows:

Ny =1f €DIT)(z )] [T, (z)1f = [T(z)If =w; 't [f1=Af,r=1,...,N}.
Thus, Nr+ , N~ consist of the solutions of the equation (2.2) which lie in the
space H, = L2 (I,) for A = +i and A = —i, respectively. Hence d, d~ are the
number of linearly independent solutions of the equation (2.2) which are in the
space H, for A = +i and A = —i, respectively. It is clear for a symmetric differential
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operator T,(7,) that:
0<df=d <2, r=12,...,N. (2.14)

We denote the common value by d, and call d, the deficiency index of 7, on I,.
From the above discussion we see that there are only three possibilities for d, as:
d =0,1,2,r=1,2,...,N.

Note that, in the literature the maximal and minimal deficiency cases are often
referred to as the limit-circle and limit-point cases. Strictly these latter terms are
only suitable for the now classical second order differential expressions; in this
case the terminology was originally introduced by Hermann Weyl. The term limit-
point does give an acceptable description of the minimal deficiency case for real,
and hence even-order, symmetric expressions.

Now, we recall the following results:

For any A € C\ R and for a symmetric differential operator T,(7,), we have
from the general theory that,

D(t,)=D,(t)+N'+N", r=1,2,...,N, (2.15)

where D,(7,), N* and N~ are linearly independent subspaces and the sum is direct
(which we indicate with the symbol +); see [2], [7], [9], [11] and [15].

Any self-adjoint extension S, of the symmetric differential operator T,(t,),
satisfies

T,(t,)CcS, =S, cT,(r,), r=12,...,N,
and hence is completely determined by specifying its domain D(S,),
D,(r.)cD(S,)cD(r,), r=1,2,...,N.
This can be proved by using formula (2.13); (see [1], [2], [7], [9] and [10]).

Theorem 2.4. The operator T,(7,) is a closed symmetric operator from H, into H,
and

T (t.)=T(7,) and T*(t,)=T,(7,), D,(7,) =domain of T*(7,),
r=1,...,N. (2.16)

Proof. See [9], [12], [14] and [15, Section 17.4]. O
Some of the basic facts are summarized in:

Theorem 2.5 (cf. [12, Proposition 1]).

(@ Dy(t,)=1{f €D(r,):[f,8].(b,)—[f,gl.(a,)=0forall f,g € D(t,)}.

(b) If 7,[] is in the limit point case at an end-point c, then [f,g],(c) = 0 for all
f,geD(t,),c=a,orc=b,r=1,2,...,N.

(¢) If an end-point c is regular, then for any solution u, u and u') are continuous
at c.
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(d) If a, and b, are both regular end-points then for any a,, 3., v, and 6, in C,
there exists a function f in D(t,) such that

f(ar)zar) f[l](ar):ﬁrJ
f(br)ZYr’ f[l](br)zér’ r=12,...,N.

(e) If a, is regular and b, is singular, then a function f from D(t,) is in D,(7,) if
and only if the following conditions are satisfied:
@ fla)=0 fMa)=0
() [f, gl (b,)=0forall f,g € D(7,).
The analogous results hold when a,. is singular and b, is regular; also see [8], [10]
and [12].

Lemma 2.6 (cf. [9] and[12, Lemma 2]). Given a,, 3., v, and &, in C, then there
exists a W € [D(7,)\D,(7,)] such that

W,(,0)(a,) = a,, W,(¥,$)a,)=p,
W,(0,0)(b) =7, W, (¥,¢)b)=5, r=12..,N,

where O and ¢ are solutions of T[u] = 0 satisfying (2.10). Furthermore, ¥ can be
taken to be a linear combination of 6 and ¢ near each end-points.
Let H be the direct sum

N N
H=(DH, =PI} (a.,b,). (2.17)
r=1 r=1
The elements of H will be denoted by f = {fi,---, fn}with f; €Hy,...,fy € Hy.

Remark 2.7. When I; N [; = 0,i+#j,i,j=1,2,...,N, the direct sum space
N
G}l (I.) can be naturally identified with the space Lﬁ;,(ulrv:11r)’ where w = w, on
=

the interval I, r = 1,...,N. This remark is of particular significance when UY_ I,
may be taken as a single interval, see [8].
We now established by [7], [9] and [11] some further notation

N N
Dy(1) =D Dy(7,), D(r)=EPD(r,) (2.18)

r=1 r=1

To(T)f =1{To(v1)f15-- - To(Tn)fn}s f1 € Do(T1)s..-, fv € DolTy). (2.19)
Also,

T(0)f ={T(v)fr,.... T(tn)fy},  fi €D(T1),.... fy € D(Ty).  (2.20)

The inner-product and sesquilinear form defined in (2.1) and (2.8) are:

N
(f.8) = (f &)
r=1
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N
[f.g]= D Alf,.& (b))~ [f.81,(a)}h, f.g €D(), (2.21)

r=1

where)f ={f1,-- > fnh &= {g1,--->en}

N
Note that, Ty(1) = @ T,y(7,) is closed symmetric operator in H.
r=1

3. The product operators in direct sum spaces

The proof of general theorem will be based on the results in this section.
We start by listing some properties and results of Sturm-Liouville differential
expressions T, Ts,..., T, each of order two. For proofs the reader is referred to
[6], [9], [10], [16], [17] and [18].

{(T1+T2)+=TI—+T; }

i 3B

(tito)t =751, (At = A1t for A a complex number

A consequence of Properties (3.1) is that if t© = 7 then P(7)t = P(z1)
for P any polynomial with complex coefficients. Also we note that the leading
coefficients of a product is the product of the leading coefficients. Hence the
product of regular differential expressions is regular. The next Lemma shows under
conditions that the deficiency indices of a product is the sum of the deficiencies of
the factors.

Lemma 3.1 (cf. [6, Theorem 1]). Suppose 7; is a regular differential expression
on the interval [a,b] such that the minimal operator T,(7;) has Property (C) for
j=1,2,...,n Then

(i) The product operator l_[[TO(Tj)] is closed, have dense domain, Property (C),
j=1

and
def[[ [7,(7))] = def[T,(7))]; (3.2)
j=1 j=1
also

(i) [T,(r175-..7,)] € ﬁl[n(r,-)].
L

In part (ii) the containment may be proper, i.e., the operators T,(T,T5...T,) and
n

[ I[T,(7;)] are not equal in general.
j=1

Note that, for symmetric differential operator T,(7;) which satisfies Property
(C) and by (2.14), then (3.2) is constant on [0,2n]. In the problem with one
singular end-point this constant is in [n,2n], while in the regular problem it is
equal 2n see [2].
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Lemma 3.2 (cf. [6, Theorem 2]). Let T,,7Ty,...,T, be regular differential
expressions on [a, b]. suppose that T,(t;) satisfies Property (C) for j = 1,2,...,n.
Then

TO(Tsz...Tn)=l_[TO(Tj) (3.3)
j=1

if and only if the following partial separation condition is satisfied:

{f vav(a, b), f1 € AC,.[a,b), where s is the order of product expression
(t1 79 ... T and (1175 ... 70 f € Lfv(a, b) together imply that:

k
(n(rj))f €1?(a,b), k=1,...,n—1}. (3.4
j=1

Therefore (3.3) and (3.4) are equivalent.

We shall say that the product (7, 74 ... 7,) is a partially separated expressions
in L‘i(a, b) whenever Property (3.4) holds.

Lemma 3.3 (cf. [6] and [10, Lemma 3.3]). Let 7; be a regular differential
expression on [a,b] for j = 1,...,n. If all solutions of the differential equation
(t;)u=0and (T;_)V =0on [a,b] arein Lfv(a, b) for j =1,...,n; then all solutions
of (1175... 7 )Ju=0and (t,7,...7,)"v=0arein L2 (a,b).

The special case of Lemma 3.3 when 7; = 7 for j = 1,2,...,n and 7 is
symmetric was established in [17]. In this case it is easy to see that the converse
also holds. If all solutions of 7"u = 0 are in Lfv(a, b) then all solutions of Tu =0
must be in Lfv(a, b). In general, if all solutions of (7;75...7,)u = 0 are in
vav(a, b) then all solutions of 7,u = 0 are in vav(a, b) since these also solutions
of (T;75...7T,)u = 0. If all solutions of the adjoints equation (7;7,...7,)tv =0
are also in LVZV(O, b) then it follows similarly that all solutions of ’rzrv = 0 are in

vav(a, b). So in particular for n = 2 we have established the following corollary.

Corollary 3.4. Suppose 7,,7T, and T,7T, are all regular symmetric expressions on
[a,b). Then the product is in the maximal deficiency case at b if and only if both
T1, Ty are in the maximal deficiency case at b (i.e., if T, and T,) are in the classical
limit-circle case at b, then the fourth-order expression T,T, is in the limit-circle case
at b (i.e, dt =d~ = 4), we refer to [6, Corollary 2] for more details.

In connection with the application of Theorem 3.1 to get information about the
deficiency indices of symmetric differential expressions, we note that the product
of symmetric expressions is not symmetric in general. However, any power of
a symmetric expression is symmetric and so called symmetric such as 7,747,
T1T3T3TyT;, €tc., of symmetric expressions are symmetric.

In the case of product operators in direct sum spaces, we summarize a few
additional properties of Ty(7) in the form of a lemma:
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Lemma 3.5. Let T1,Ty,..., T, be regular differential expressions on [a, b]. Suppose
that T,(7;) satisfies Property (C)forj=1,2,...,n. Then:

@ [Jnl 135 - [HT 50] = [nmﬂ)]

In particular,
n N n N n
D “_[ Tg(rj)} =@Pno []_[ T (r,r)} =@Pno []_[ T(rjr)] .
j=1 r=1 =1 r=1 j=1
(b) nul [ l_[ TO(T]-)] Z nul [ l_[ TO(T]r):|
j=1

r=1 r=1

r=1

N n
Z (Znul To(7j)] )

r= j=1

(c) The deficiency index of [ | To(T ;) is given by:
j=1

n N n
def[l_[ TO(TJ»)] = Zdef[l_[ To(fjr)}
j=1 r=1 j=1
N n
=3 (et ).
j=1

The sesquilinear (bilinear) form [f, g] can be written similar to that in (2.8)
and (2.11) as follows: For f,g € D(71T5...T,),
N

[f,g](x)=Z(Z( 1D g — gl gy ()

((gr’ E[l]: e ’E[Zn_l])rJ2n><2n(fr;fr[1]: s ’fr[anl]));r(x))

ﬂMZ EMZ '

(L ¢r1] - L& ¢r,2n:|)r‘]2n><2n(|:fr’ ¢’r,1:|) coos [frs ¢r,zn])rT(X);

(3.5)
T for transposed matrix, where fr[zn_k], k=1,...,2n; r =1,...,N, are the quasi
derivatives of f., Jypxon = ((=1)'6,9n41-;) (1 < i,j < 2n) and ¢,.1, P12+, Pron
are linearly independent solutions of the equation [ ﬁ(r jr)} u=0,r=1,...,N.
We refer to [9], [12] and [13] for more details.

Lemma 3.6. Let T1,T,,..., T, be regular differential expressions on [a, b]. Suppose
that T,(7;) satisfies Property (C) for j =1,2,...,n. Then

n N n
1m0 = 1) = @ ([ Jerucen). 3.6)
j=1 r=1

j=1
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Proof. The proof follows from (2.18), (2.20), (3.3), Lemma 3.2 and
Lemma 3.5. O

n n
Note that, if [ | Sjr, r=1,...N are self-adjoint extensions of I To(7j,), then by

j=1 j=1
Lemma 3.6,

n N n
s=[]s,=6B []_[sjr} 3.7)
j=1 r=1 bt j=1

is a self-adjoint extension of T,(T,7,...T,); see also [3] and [10].

The next result is a straightforward extension of Theorem 4 in [15,
Section 18.1]; see also [2], [8] and [9].

Theorem 3.7. If the operator S =

i EBZ

n
+) with D(S) is a self-adjoint
l_[ f-adj

n
extension of the minimal operator T,(T{T4...T,) (l_[ [T,(7;,)] ) with

def[T,(7175...7,)] = d € [0,2nN], then there exist \Ill,.. , Wy in D(S) C
D[T(t,7,...7,)] satisfying the following conditions:
(1) ¥y,...,¥, are linearly independent modulo D[T,(T,7T5...T,)]

(i) [¥;, 910 =0j,k=1,....d (3.8
(iii) D(S) consists precisely of those y in D[T(7t, T, ... T,)] which satisfy,
[y, ¥1’=0, j=1,...,d. (3.9

Conversely, given Wq,...,W,;in D[T(7, T4 ... T,)] which satisfy (i) and (ii), the set
D(S) defined by (iii) is a self-adjoint domain.

Proof. The proof is entirely similar to that in [10], [12] and [15, Theorem 18.1.4]
and therefore omitted. d

Remark 3.8. It is well known from Naimark [15] that no boundary condition
is needed at a limit-point end-point in order to get a self-adjoint realization of

n
[1Cz jJu = 0. If both end-points are LP, then no boundary conditions are necessary
j=1
n
. . . . . . 2 .
and hence the minimal (maximal) operator associated with l_ll(f j)in Li(a, b) is
j=
itself self-adjoint and has no proper self-adjoint extensions (restrictions). On the
other hand, a boundary condition is needed for each limit-circle end-point.

The self-adjoint extensions are determined by boundary conditions imposed at
the end-points of the interval I. The type of these boundary conditions depends on
the nature of the problem in the interval I.

n

Theorem 3.9. Let ]_[1 T; be regular symmetric differential expression on the interval
j=

[a, b]. Then the boundary conditions determine the domain of self-adjoint extension
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N n

S=6 ( Sjr) of To(Tq Ty ... T,) is the set of functions y € D[T(11 Ty ... Tp)]
= s

which are such that

N N
D M'Y(a,)+ Y N"Y(b)=0, (3.10)
r=1 r=1

where
Mr =(a;k)1§j’k§2n, Nr = (ﬁjrk)lij,kfzn; r= 1,2,...,N, (311)

[2n-1]yT

are 2n x 2n matrices over C, Y(-) = (y,y", ...,y (:), T for transposed

r

: - .
matrix, and a T By are complex numbers satisfying,

M"J(M"Y =N"J(N'Y, Jopxan =(—1)'6;9p01-; (1<1i,j<2n) (3.12)

Conversely, if S is self-adjoint extension of T,(T T ... T,), then there exist 2n x 2n
matrices M™ and N™ over C such that the conditions (3.10) and (3.12) are satisfied
and D(S) is the set of functions y € D[T(t; T4 ... 7,)] satisfying (3.10).

Proof. Let the boundary conditions (3.10) and (3.12) be given. By Theorem 2.5,
there are functions ¥, ,,...,¥,,. in D[T(t; 7, ...7,)] which satisfy the
conditions

—[2n—k]
‘I‘er (ar):(_l ka;k’

TNy = (DEIBL, k=120, r=1,2, N, (3.13)

Given (3.13), it is not difficult to show that (3.12) and (3.10) can be restated in
the forms (3.8) and (3.9) respectively. It then follows from Theorem 3.7 that the
domain determined by (3.10) and (3.12) is the domain of self-adjoint extension of
Ty(T1 Ty -vn Ty)

Conversely, if S is self-adjoint extension of T,(t; 7, ... T,), then
by Theorem 3.7, D(S) is determined by the functions ¥q,,...,¥,, . in
D[T(ty T4 ... T,)] satisfying (3.8) and (3.9). If o and B, 1 < j, k < 2n are
then defined by (3.13), it is clear that D(S) is determined by (3.10) and (3.12);
see [9], [10] and [12] for more details.

In the following cases, the self-adjoint extension S of T,(7; T4 ... T,) is
determined by boundary conditions in terms of certain Wronskians (sesquilinear
forms) involving y and 2nN linearly independent solutions of the equation

( [1~ j |u=0 at the singular end-points.
j=1

Case (i): Assume both end-points a, and b, are singular LC. By (3.5), (3.8) and
Lemma 2.6, if we put,

[Ej; ¢k,r](ar) = (_1 ka;k;
[T}, i, J(b) = (=D)*VBr, jk=1,...,2n; r=1,2,...,N, (3.14)
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then the boundary conditions of the function y € D[T(7;74...T,)] have
the same form (3.10), where M",N" satisfy (3.11) and (3.12), and Y(:) =

([y7 ¢1,r]’ (RN} [.y’ ¢2n,r])T(')-

Case (ii): (a) Assume the left end-point a, is regular and the right end-point b, is
singular LC. Then the boundary conditions of the functions y € D[T(7,75...T,)]
in this case are given by (3.10), where

Y(a,)=(y,y"M, ...,y T (q,)

and

Y(br):([y:¢l,r]:"';[y:¢2n,r:|)T(br); r:1:2)"~:N; (315)
and the matrices M" and N" satisfy (3.11).

(b) If the left end-point a, is singular LC and the right end-point b, is regular, then
let,

Y(a,) =y, $1,]---, ¥, b20,1) " (a,) and
Y(b) =y, y™M, ..,y T (b)),
and the rest is the same as in (a).

Case (iii): Assume one end-point is LP end-point and the other is either regular
or singular LC end-point, then we have,

(a) Suppose a, is LP. Then the boundary conditions in this case on the functions
y€D[T(ty Ty ... T,)] are (3.10) with M" = 0; i.e.,

N
ZNrY(br) =0, (3.16)
r=1

where

Y(b,) = (y,y™, ...,y (b,), if b, is regular,

Y(b) =y, P11, .-, [y, q&zn,r])T(br) if b, is singular and LC, r =1,2,...,N.
(b) if b, is LP, then it suffices to reverse the roles of a, and b, in (a).

Case (iv): If both end-points a, and b,, r =1,2,...,N are LP, then no boundary
conditions are necessary; see Remark 3.8 above. O

4. Discussion

In this section, we show how Cases (i), (i), (iii) and (iv) follow from the
sesquilinear form (3.5), Lemma 2.6 and Theorem 3.7. The Cases d = 0, nN, 2nN
are considered separately.

Example 1. d = 0: In this case, both end-points are LP end-points and the
minimal operator T,(7; T, ... T,) is itself self-adjoint and has no proper self-
adjoint extensions.
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Example 2. d =nN: In this case, one end-point must be LP and the other either
regular or LC end-point.

(2a) Assume a is LP and b is regular. In this case Condition (iii) becomes,

_Z(Z( 1)(k 1) [k 1] _[2” k] y[2n Ky [k~ 1]])(13)
=0, j=1,...,n. “4.1)

If b is regular, then ¥;,(b,), ‘l/[l](b ),. \ngn_l](br) can take an arbitrary values
and so (3.10) can be rewritten as:

N
ZNfY(br) =0, (4.2)
r=1

where N" = (/D)Jk)lgjsn,lskszn and Y(b,) = (y,yM,...,y2"1)T(b,),r=1,...,N
From Theorem 3.7(i), we have that not all of f3;4, ..., Bj.w can be zero
since this would imply by Theorem 3.7 that ¥; € Do(7; T ... T,), j = 1,...,nN

Condition (ii) becomes,
NrJ2n><2n(Nr)* =0,
Jonxon = (=1)'819p41-; (1<i,j<2n; r=1,...,N). (4.3)

Hence, the self-adjoint “boundary conditions” are of the form (4.2) with real

r /BJT’ZH, not all zero j=1,...,n.

s
We have similar result if a is regular and b is LP.

Assume a is LP and b is LC. In this case, Condition (iii) becomes (4.1), which
is equivalent to

N
Z([\Ij_jr’(pl,r]; ceey [\Il_jr’ ¢2n,r])‘]2nx2n(|:y: ¢1,r:|; R [.y7 (l)Zn,r:DT = 0’
=1 j=j=1,...,n. (44
Set
[0, 1) = (DB, j=1,m k=1,...,20, r=1,..,N (45)

Then, the “boundary conditions” (iii) can be expressed as:
N
D IN'Y(b,) =0, (4.6)
r=1

where N" = (ﬁjk)1<]<n 1<k<2n and Y(b ) - ([y’ ¢1 r] [y, ¢2n,r])T(br)' Again

by Theorem 3.7(i), _[5_ . LB ]r,2n’ ji= ,n are real and not all zero. Similarly

j,10e
for the case when a is LC and bis LP.
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Remark 4.1. Assume that a is LP. Comparing (4.6) with (4.2), note that when
y%1(b,) is replaced by [y, ¢y, 1(b,), k = 1,...,2n, r = 1,...,N, then the
singular case when b is LC is an exact parallel to the case when b is regular.

Example 3. d = 2nN: In this case, each end-point is either regular or LC. By
(3.10), (3.13) and proceeding as in Case (2) above, we find that the condition (iii)
is equivalent to the equations:

N

2n 2n
> (Dbl + DL b0 =0, = 2n @)
k=1 k=1

Theorem 3.7 (i) guarantee the linear independence of 2nN equations in (4.7),
and Condition (ii) reduces to the following conditions:

n
E r=r E r =
( a]sak 2n—s+1 aj,Zn—s+1aks)

n

N
Z (Zﬁ)sﬁkZﬂ —s+1 Zﬁ;zn s+1ﬁks)’ j,k=1,...,2n. (4.8)

r=

1
We refer to [7], [8], [9] and [12] for more details.

Remark 4.2. It remains an open question as to characterize the singular non
self-adjoint boundary conditions provided that u and its quasi-derivatives are
replaced by certain Wronskains (sesquilinear form) associated with non-symmetric
differential expressions involving u and elements of the maximal domain.
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