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Modelling of the 3R Motion at Non-Parallel Planes

Senay Baydas and Bulent Karakas

Abstract. We construct two similar planar mechanisms which have different and
non-parallel planes. We build up a new connection between these mentioned
mechanisms in this paper. How the motion of a mechanism is carried to another
plane without making a difference in mechanism algorithm and some necessary
mathematical relationships are found out. Therefore, a mechanism structure can
be transported from one of the intersecting planes to another planes without
changing its mechanism algorithm. This mechanism structure is as finger motion
and the most important result is this.

1. Introduction

In mechanism theory, there are two main actions: Rotation and translation.
In the case of rotation, there are similar rotations at parallel planes, which are
perpendicular to rotation axis. In the case of translation, parallel translations exist
at all planes, which are passing the line carrying the translation vector. One of the
algorithms which are used in expressing a mechanism is the Denavit-Hartenberg
(D-H) representation [7, 8].

Figural form of rotation matrix is different when axis of rotation is an axis
different from coordinate axes. Let r be any axis described by vector 7 passing
through origin and different from coordinate axes. The rotation around r axis
described by vector T is defined in horizontal planes which are perpendicular
to r. When new coordinate system is (O : UVW) and 7 = (r,, ry>Ts), 17l =1,
rotation matrix is known [2]*. Let @ and f3 be intersecting planes and intersecting
angle (a/,ﬁ) =¢,0< ¢ < % Primarily, if the rotation at (O : XY Z) is around
z-axis and a and f intersects along y-axis, the normal of a is z and the normal
of 8 is 2’, here 2’ =R (¢)(2). Accepting 2’ as r, rotation at f§ can be defined. The
analysis of 2R planar mechanism, not including our goal, is made in [1] and [3].
If the distance between the joints of an RR chain is allowed to vary, then we obtain
the structure of a three degree-of-freedom planar manipulator. This variation can
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86 Senay Baydas and Bulent Karakas

be introduced by a revolute joint to form a 3R open chain. The formulas for the
RR chain can be used to analyze the 3R chains with minor modifications [5].

Firstly, the 3R mechanism will be constructed and analyzed at a-plane as M,,.
Then the analogous 3R will be defined at 8 as Mg and subsequently relation
between M,, and Mg will be built.

2. Kinematic equations for 3R at the a-plane (M,)
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Figure 1. Location of mechanism at a-plane

The design of a 3R mechanism which consists of three joints is seen at Figure 1
as [6] and [4]. Suppose that its inertial point of base frame is O origin point,
rotation axis is z-axis, rotation plane is xoy-plane. In the parameters of the
mechanism whose links are [;,[,,l; in length and rotation angles are 6, 6,, 65
we have shown the parameters according to D-H representation at Table 1.

Table 1. D-H parameters

0, d; a; a;
61 - ll -
6, - L -
6, - Ly -

According to Table 1, 'A,,; transformation matrices belonging to mechanism
can be written as thus:
co;, —-S6, 0 LC6;
S, COH, 0 1,86,
0 0 1 o
0 0 0 1

i*lA_
;=
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1 <i < 3. °A; transformation matrix of position of the end-effector is calculated
from multiplying °A; 'A, %A, so we have'

0
04 _
4 = 0 0 1 0
0 0 0 1
Also we know that
T="A, (€))

Now, using the inverse kinematic equations, we will find 6; (for i = 1,2,3) and
therefore 6, is obtained as follows
(px - 13nx)2 + (py + 130)()2 - 112 - lg

241, '

6, = arccos (

From equation (2)
OAT'T = 'A, %A, 2
can be written. 60, is attained as the following:
A(l, +1,C0,) + Bl,S0, )
(px - l?;nx)z + (py - lBHy)z

6, = arccos (

and 6, is equated as
05 = arccos(n,C6; +n,S6,) — 6,
Furthermore, for both 6; = ©/2, 6, = /3, 6; = n/6, ¥ = n/4 and 6; = /2,
0, =m/2, 05 =1/2, y = m/4, these datum are analyzed.
3. Location of 3R mechanism at 3 (Mg)

Let f : Ax+By+Cz+D = 0 be a given plane. For arbitrary x, o, (xo, ¥0,%0) €

B, where z, = %(—D — Axy — Byy). Let v = (v1,v,,v5) be any vector, passing
(x0, Yo, 2%0) and perpendicular Ng. The normal vector of § plane is
0> Y05 %0 B
1
Ng=————(AB,C).

VA>+B2+C?
For a frame which presumes (x, ¥o,2%0) point as a start
v X ng =u
could be selected as

(V X Nﬁ,V,Nﬁ)

"We used 6,3 instead of (6; + 0, + 03) for the sake of brevity.
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for . The matrix form of a revolute on f3 plane, around an axis defined by w = N, )
is

w2(1-C6)+Co
wiwy(1—CO)+w3S0
wiws(1—CO)—w,S0

wiw,y(1—C0) —w;SO
wi(1-C6)+CO
wyows(1—-CO)+w,S60

wyws3(1—CO)+w,S0
wows(1—CO)—w,SO
w3(1-C0)+CO

Rw,9 =

Let us construct the simulation of the mechanism constructed in a as part of a
planar mechanism in 8 plane. By the simulation the equality of corresponding link
lengths and link angles is meant. Let us apply the tasks undertaken by x, y, z axes to
u, v, w axes respectively in the use of D-H representation based on the assumptions

and demonstrations in Figure 2.

Ns

Figure 2. u,v,Ng

Hence, the D-H transformation matrices belonging to Mg mechanism built in
would be found as

OB | waw2(1—CO) +w3SO; w%(l—C91)+C61 wow3(1—C6O1) — w150 LuyCOy +13v286;
1 wiws(1—COy) —wsSO,  waws(1l—CO)+w1S6; w2(1-C6)+C6, LusCOy +11v3S6;
L 0 0 0 1 i
w3(1-C0)+CH, wiwa(1—COy) —w3S0;  wiwz(1—CO)+waSOy  luiCOy+15v156, 7]
1B | waw2(1 - CO) +w3S0, w%(l—C92)+C92 wow3(1—=COp) —w1S0s  lougCly + 151256,
2

2B3_

w2(1-C61)+Co;

wiw3(1—COy) —wy S0,
0
w3(1-C03)+CO3
wiwy(1—C603)+w3S03
wiw3(1—CO3) —wyS03
0

wiwy(1—C6O1) —w3SH;

waw3(1—Cy) + w156,
0
wiw(1—C3) —w3S6s3
w2(1-C63)+Co3
wows(1—C603)+ w1503
0

wiws(1—C01)+weS6;

w2(1-C03)+CH,

0
wiw3(1—C3) +wyS63
waws(1—C63) — w1563

w2(1-C03)+CO3

0

lju1CO; +11v1861 7]

lyuzCOy +15v356,
1 _

l3u1CO3 + 131563 7]

13u3CO3 +13v2S63

l3u3CO3 +13v3563
1

and as a result, the motion matrix of the mechanism could be obtained by

OBB =O Bl 132 233 (3)

multiplicity.

An analysis of the mechanism defined by (9) equality could be made in f3.
However, constructing the mechanism in 8 and making its analysis is not relevant
with the design of a mechanism moving synchronically in @ and 8,which was the
chief focus of concern in this study. A second method, which is much more relevant
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with our objective, is the construction of the mechanism in 8 together with its co-
motion structure, obtained through the transportation of the mechanism in a to
the one constructed in 8. The aim of the following section is this: The mechanism
will be built in a and transported to 3, and the motion matrix of the synchronized
mechanism transported to 3 will be shown as it is indicated in °B;.

a and B are two planes which intersect, through one axis (y-axis) (non-
coincident) and let the angle between a and 8 be y. -plane can be taken as
the rotating of a-plane about y-axis an angle of y at Figure 3.

Z Z
z"

Figure 3. Location of mechanism at 3-plane

So we can assume that the plane f is an image of a, that is

B =R,(r)(a).
Since it will not eclipse the generality we can select a plane as z = 0 plane. Let
plane of a : 2 = 0 be given. In this case rotation matrix is N, = (0,0, 1) and thus
Np is found as follows:

Cy 0 Sy 0 Sy
R,(y))Ny=]1 0 1 O Of=1|0]|=Ng,
=Sy 0 Cy 1 Cy

where N is rotation axis of 3-plane.

Thus, rotation matrix shown with R.(¢) given in (1) is used instead of the
rotation matrix about g-axis at a. Rotation matrices at the mechanism are RNﬁ (6,),
(fori=1,2,3).

OB,, transformation matrix belonging to the 3R mechanism at /3, is

°By = °B; 'B, °Bs

Z{RNﬁ(el) 11’} {RNﬁwz) z;’} {RNﬂwg) zg} @
0 1 0 1 0 1
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we obtained °Bj as follows:

C*yCO13+S%r  —CySOips  SYCY(1—COip3)  Cy (11CO +1,CO15 +15C01p3)
0g, — CySb23 C23 —S7S6123 1,S6; + 1,565 + 1356123 (5)
3 SyCy(1—Cbip3)  SySbias S2yCOp3+C%r =Sy (LCO; +1,CO01, +13C0153) |
0 0 0 1

4. Transition from M, to Mg

Suppose that a-plane is xoz-plane. -plane is occurred, rotating a-plane about
y-axis an angle of y. Transformation matrix from a to f is

Cy 0 Sy O
0 1 0 0
BRW=1_sy 0 ¢y o
0o 0 0 1

The mechanism at xoz-plane is at rotating plane which is rotated about y-axis
an angle of v and transformation matrix of the mechanism is

CyCoipz  —CySO1p3 Sy Cy(LLCO +1,C01, +15CHy53)

R (’)’) OA _ 50195 CO193 0 1,561 +1,56,5 + 135693 (6)
Y 3 —SyCOp3  SYSO3  Cy =Sy (LLCO +1,CO1 +15C003) |
0 0 0 1

It is clear that the position of the end-effector belonging to °Bj is the same as the
position of the end-effector belonging to R, (y) 9A,. The theorem which underpins
our study and the preparation proof of which was made throughout Section 3 is as
follows.

5. Transition from M s to M,

cEé 0 S&E O
0 1 0 O
RA&=1_sc 0 cz of
0 0O 0 1
CE 0 S&E O
0 1 0 O
0 —
0 0O 0 1
CyClipz  —CySOi3 Sy  Cy(LLCO +1,C61, +15CHy,3)
NP CO193 0 1,501 4+ 1,560,5 + 135693
—SyClp3  SySbip Cy =Sy (LCO; +1,C0, +15CHy53)
0 0 0 1

Theorem 1. Let a and f be intersecting planes. If L is intersecting line and v is
the angle between two planes, Rot;(y) transports the mechanism at a to f8 with
scynhronized motion.
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Proof. Since it will not eclipse the generalization xoy-plane can be taken as a
plane. In this case the motion matrix of the mechanism built in 3 is °B; and the
motion matrices of the mechanism carried from a to 8 are respectively as follows:

C*yCO1p3+S%y  —CySBip3  SYCy(1—COip3)  Cy(13C0; +1,C015 +15C0153)

0g, — CySbia3 C23 —SY56123 1,86 41,5615 + 1356153
3 SYCY(1—COip3)  SySOips  S*YCOis+C>  —Sy(1,CO; +1,CO +15C0195)
0 0 0 1

and

CyCls  —CySbips Sy Cy(L1iCO; +1,C015+13C00,3)
R (’)/) OA _ NP C693 0 1,861 + 1,56,5 + 135693
Y 3 —SyClips  SySips Cr  =Sy(LLCO, +1,CH15 +13C0053)
0 0 0 1

The components belonging to the end effector in both matrix can be seen as equal
and the equality complements the proof. O

6. Conclusions

The planar mechanisms can be constructed based on the normal of planes, the
rotations around a rotating axis and the translations in the determined direction.
The simulation of a planar mechanism can be obtained and transported to another
plane intersecting the plane of an other mechanism, and thus, 2 x 3R space
mechanism constituted of two synchronically moving 3R mechanism can be built.
In our study, the construction of 2 x 3R has been examined. The algorithm of this
study is as thus:

Let a and f be two planes intersected with the intersection angle of y, 0 <y <
%. Let the mechanism M, be set up in a. Let write the translation matrix from a to
B with y angle of rotation throughout the intersection line of the planes be written.
Then we obtain the following result as thus: The end matrix of the mechanism at
a is °A; and the end matrix of mechanism at 8 is R () °As.

This matrix will yield to the similar last effector components resembling °B,
obtained through being designed at 3 plane by Mg. Thus, a planar mechanism can
be transmitted in the way moving synchronically towards all planes intersecting
with the mechanism’s plane. In this study, it has been shown that the mechanism
of M, designed at a plane can be converted into Mg mechanism through the
rotation of R, (y) without being redesigned at 3. The mechanic systems obtained
on a synchronic basis constitute the foundation of the mechanism called as finger
motion.

Consequently, when a and 8 planes are intersecting and non-coincident, the
mechanism at a can be translated to § with R,(y) and to A with R, (&) as
synchronized. Thus, 3 x 3R space mechanism moving synchronically can be
obtained. The result has been proved in Theorem 1.
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