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Surface Waves in Fluid-saturated Porous Layer Bounded by
A Liquid Layer and An Orthotropic Elastic Half Space

PC. Pal and Dinbandhu Mandal

Abstract. The dispersion equation of surface waves is studied in a fluid saturated
porous layer occupying an orthotropic elastic half space and lying under the
uniform liquid layer. The frequency equation is obtained as determinant of order
ten. Some special cases are derived. Numerical results are obtained for two
different cases and are shown by graphs.

1. Introduction

Liquid saturated porous material are often present on and below the surface
of the earth in the form of sandstone, limestone and other sediments permeated
by groundwater or oil. Porous media theories play an important role in many
branches of engineering including material science, petroleum industry, chemical
engineering, biomechanics, soil mechanics and water table determination etc.

The propagation of waves in a porous elastic solid saturated by a single-
phase compressible viscous fluid was first analyzed by Biot’s in several interested
research papers. The most prominent results of Biot’s theory of wave propagation
in porous media is that there are in contrast with the conventional elastic
theory three bulk waves: two compressional and one shear wave. The study of
propagation of waves in a layered heterogeneous medium is in particular of
great importance. The propagation of SH-wave in homogeneous layer over a
porous medium has been studied the many author. Deresiewicz and Rice [1]
have discussed the effect of boundaries on wave propagation in liquid-Filled
porous solid. Wadhwa [16] has studied the disturbance due to a homogeneous
liquid layer over a heterogeneous liquid half-space. Sharma et al. [6, 7] have
discussed the surface wave propagation in a liquid saturated porous solid and
isotropic half-space. Rajapakse and Senjuntichai [11] have studied the Dynamic
response of a multi-layered poroelastic medium. Kumar and Deswal [15] have
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discussed the Surface wave propagation in liquid-saturated porous layer over a
liquid-saturated porous half-space with loosely bonded interface. Destrade [8]
has discussed the surface waves in orthotropic incompressible material. Recently
Kumar and Hundal [12, 13, 14] have studied the problem of wave propagation
in fluid-saturated incompressible porous media. Pal [10] has studied on shear
wave propagation in a multilayered medium including a fluid saturated porous
solid stratum. Pal and Sen [9] have discussed the Propagation of SH-type waves in
three layered medium including a fluid-saturated porous solid stratum. Rangelov
et al. [17] have discussed the wave propagation in a restricted class of orthotropic
inhomogeneous half-planes.

In this paper we investigate the theory of propagation of elastic waves in
a system composed of a fluid-saturated porous solid, homogeneous fluid and
orthotropic solid. Dispersion equation is obtained and numerical results are shown
graphically.

2.
2.1. Formulation of problem and solution

Let h; and h, are the thickness of the homogeneous liquid layer and fluid saturated
porous solid respectively. X axis is taken as the wave propagation and Z axis is
taken as vertically downwards. 2 = —h; is the free surface of the liquid layer,
intermediate layer makes contact with the fluid saturated porous solid at z = 0
and lower layer makes contact with the orthotropic solid half space at z = h,.

Z:-h1

Homogeneous liquid layer

hy
3 0 £=0 > X
h, Fluid-saturated porous solid
z=hy
Orthotropic solid half-space
Y

Figure 1. Geometry of problem
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Equation of motion in homogeneous liquid layer
%9y 9%y, 1 %9,
x> = 3z2  a? 9t

Ao

(€8]

where a =
0
Let us define the displacement

o = Go(z)e 7. @

We get the homogeneous equation
d?@
dz*

—k*s*@y=0, 3)

where s?= 1—;—22.
Solution of equation (3), and put the equation (2), we get

o = (AlekSZ+A2€_ksz)eik(x_Ct). (4)

From equation (4), we get

7 )
Uy = a‘pO — ik(Aleksz+Aze—kSZ)elk(x—ct) , (5)
X
7 )
wo = aLPO — ks(Aleksz_Aze—kSZ)elk(x—Ct) ; (6)
Z
dw

O, = AO e — kZSZAO(AlekSZ _AzekaZ)eik(xfct) . (7)

According to Biot’s [5] formulation of the equations of motion governing the
displacement u, of the solid matrix and U, of the interstitial liquid, we have

_ 9?2 _
NV2i+ grad[(D + N)divi+Qdiv U] =ﬁ(p11ﬁ + p1,0)
8)
_ 82 _ > (
grad(Qdivi+RdivU) = ﬁ(ﬁmﬁ + Py U)

where D, N, Q and R, all nonnegative, are elastic Modulii; p;;, P12 and pas
dynamical coefficients.

The Modulii enter into the relations between the stress in the solid, o;; and that in
the liquid, o and the strain in the solid,

&= %(uij+uﬁ) 9
and the dilatations,
e=divi and e=divU
o =(De+Qe)5;; +2N¢g;; (10)
o=Qe+Re

where, 6;; is kronecker delta.
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The dynamical coefficients p;; > 0, p;, < 0 and p,, > 0 are related to the mass of

solid, p(s) and of the fluid, p(f)
p(s)=p11+p12=(1-B)p; }
p(f)=p11+p2=PBp; ’

where p; and p, denote the mass densities of the solid and fluid, respectively

(11)

moreover, the elastic and dynamical constants have been shown (Biot, [5]) to
satisfy the inequalities.

PR—Q*>0, p1;P+pyR—201,Q>0,

where P =D 4 2N.
We now consider a Helmholtz resolution of each of two displacement vectors, of
the form

u= grad p+curl H

- sracy . (12)
U=grady+curl G

Intersection of (12) in (8), yields a pair of equations which are satisfied identically
by setting
82
PV?p+QV*y) =

ﬁ(Pu‘P +p12¢)
(13)
32
QV?@+RV*y = ﬁ(Pu‘P + p2)
and
82
NV?H = ﬁ(P11H+PlzG)
52 14
0= ﬁ(PuH + 02,G)
Let
— —(z)eik(x—ct)
RS (15)
P = (z)eD

be the potentials of the solid and relative fluid displacement.
Enable us to eliminate 1) from (13) the resulting equation governing ¢ reducible

to
pVig+k*(q - 2p)V2p+k*(p —q +1)$p=0, (16)
where
p=PR-Q
q=c*(p11R—2p1,Q+psP) . a7

r= C4(P11P22_Pf2)
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The solution of (16) may be written in the form
P=p1t@,,
where
(V2—K*a))$;=0, j=1,2,

_@p-g)= \/(q2—4pr)= "

2p

o=y, 1 (say).
Solution of equation (18) and (19) is

G= 245"V 424 07KV,
Using the relation (21) in (15), we get

0= (2A3€ka+2A4e_ka)eik(x_Ct).
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(18)

(19

(20)

(21

(22)

With the aid of (18) and (19), the remaining scalar potential is then found to be

Y =Pyt UaPa,
where

w = CZ(PUR_P12Q)_P(1 —my)
g Cz(PzzQ_PlzR)

Similarly we put

H ZI_'I(Z)eik(x—ct)

G =G(Z)eik(x7c£)
When inserted in (14), we get

G=-_P12g

P22
(V2 —k’my)H =0,

where

CZ(PUPZZ_P%Z)

m2: 1_
Npy,

Y, = (—H),, and is given by

‘l’l — (Asezkm+Aée—sz)eik(x—ct)-

=n; (say), j=1,2.

(23)

(24)

(25)

(26)

27)

(28)

(29)
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For two dimensional motion x-z plane the displacements & = (u,0,w) in the solid

and U = (U, 0, W) in liquid will be given as follows

991 0¢y | Oy,
~ Ox + Jdx + Jz
L% 9% B
0z Jz Jdx

u

941 0, 0y,

U=t dx 2 dx ta 0z

941 5P oY,

W= 0z ths 0z T Jdx

where

P12
n2 - .
P22

Using the relation (22), (24), (29) and (31) in (30), we get
u=k {i(2A3eZk‘/TT1+2A4e_Zk‘/"T1) + \/m_z(ASeZk‘/”TZ—Aﬁe_Zk‘/"TZ)} elkCe—et)
w=k {\/m_l(ZAgeka—ZA4e_ka)—i(Aseka—i-Aﬁe‘ka)} eiklx—ct)
U=k {in1(2A3eZk‘/"T1+2A4e_Zk‘/”Tl)+n2 Jm_z(ASeka—AGe_ka)} etk(x—ct)

(30)

(31)

W=k {nl 7 (2A5€*KVM —2A, e =2k V) — inz(Aseka+Aﬁe’ka)} etk(x—ct)

From equation (10), we obtain

0,,=k*(m;—1)(D + Qn;)(24, eka+2A4e_ka)eik(x_°t)
+2Nk*m; (245eKVM 424 e 7RV gik(x=ct)
—i2Nk? /5 (Ase™ V™2 —Age ™=k V2 )gik(x—ct)

O, = {2lk2N 1/m1(%362km—%4e72kM)
N (M, +1)(Age™ VM2 4 A e~k Vz) ikl —cO)

o= k*(m;—1)(Q 4 Rn; ) (2437 424, ¢~k V) pik(x—ct)

Equation of motion in orthotropic material

2%u* 2%u*

ugz teegz t (666+612)m =p

o*w* 2%w*

and ClZW—FC%’W + (C66+C12)

We seek harmonic solution and so we put

ut= U(Z)eik(x—ct)
wr= W(z)eik(x—ct)

(32)

(33)

(34)
(35)

(36)

(37)
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In (36), we get the homogeneous equation

v . dUu
— tikay ———ka,U =0
dz dz 38)
—d2W+'k/3 aw K2B,W =0 ’
l —— =
dz? Uz 2
where
_ CeetCrn _c—pic® _ CegetCin _cp—pic®
Gg=—" G=—"—" Pp=—, Po=—T—.
C12 C12 Ce6 Ce6

Solution (38) and use in (37),we get

ut = (A7ek512+A86—kszz)eik(x—ct)
* — ks3z —ksyz\  ik(x—ct) |° (39)
w _(A9e +A10€ 4 )6
where
—ia; + /(—aj+4a,) ia; +/(—a?+4ay)
Sl = 5 , 52 = 5 )
1By + V(=BT +45) iy + \/(—pZ+4B,)
S3 = , S4= i
2 2
. ou” ow*
O = Clla + 6125

=k {icu(A7ekslz + Age k52%) 4 612(53A96k53Z — s4Aloe_ks4z)} ekx=et) = (40)

. ow*  Ju*
Tu=Cul 5t oy

— C44k(iA9€ks3Z+iA10€_ks4z+SlA7ekslz—SZAge_kszz)eik(x_Ct). (41)
2.2. Boundary conditions

At z = h, i.e. at the interface of fluid saturated porous solid and orthotropic elastic
solid half-space.

(0 + 0= (0, )

(Caxdu = (O':x)m

Wyp = W)y (42)
Wy = (U*)m
(W_W)H: 0

At z = 0 i.e. at the interface of homogenous liquid layer and fluid saturated porous
solid.
(0 +0u=(0)
(02 )u=0
(W) = (wo);

(g = (up)

(43)



46 BC. Pal and Dinbandhu Mandal

At z = —h; i.e. liquid layer surface is stress free.
(O-zz)lz 0 (44)

Using the relations (5), (6), (7), (32), (33), (34), (35), (39), (40), (41) in
boundary conditions (42), (43) and (44), we get

k {(m;—1)(D + Qn;+Q + Rny )+2Nm; } (2A;e"25V™M 424 e ~hakvmry
— ik2N /Ty (Age™kVM2 A e ThkVM) _jc . (A ek pAgeThaks2)

— c1a(s3Age" 9 —5,A g 1K )=0, (45)

2ikN /T (2A35e"2KVM —2A e kv kN (m,+1)(Age 2k VM2 A e ~hk V)

—Cu4 {(31A7ehzks1 —s,Age 2k52)1i(Agehkss +A10e*h2ks4)} =0, (46)

2k ./ ml(ASehsz—A4e_hzkm)_ik(Asehzkm_i_Aﬁe—hsz)

—(Age" A ge k)= 0, (47)

2ik(Aze" VM4 A e TRV L /i, (Agel2 RV —Agehakvme)

—(Ajefeksipage k)=, (48)

2(1 — ny) Yy (Age™ VM —Aye V)

+ (n,—1) y/my(Ase VM2 A e~hkviy— o | (49)

Aos?
T(A1+A2)— {(m;—1)(D +Qn+Q +Rn;)+2Nm;}

X (Ag+A,)+iN /m5(As—Ag)=0, (50)
{(m;—1)(D +Qn)+2Nm; } (A3+A,)—iN /m,(As—Ag)=0, (51)
5(A1—Ay) =27 (A3 —Ay)+i(As+Ag)= 0, (52)
(A1 +Ay)—2(A3+A,)+i My (As—Ag)=0, (53)
Aje ks 4 eiks= (54)

From the equation (45) to (54), we eliminate the coefficient A;, A,, A3, A4, As, Ag,
A,, Ag, Ay and A, we get dispersion equation

(ny—1)cosh(hyk,/m;) = (ny,—1) cosh(hyk/m). (55)
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3. Special cases

Case 1: If m;=0, we get the dispersion equation (55) as

tanh(h,k/m,) = + \/(Tll—nz)(n1+n2_2)
(m—-1)

Case 2: If my,=0, we get the dispersion equation (55) as

n—ny)(2—n;—n
anh(h, i) = + YD) o)
(ny—1)
Further if kh, — oo, then the liquid layer become liquid half-space and the

dispersion equation become the equation of surface wave propagation in liquid-
saturated porous layer bounded between liquid and orthotropic elastic half-space.

4. Numerical calculations and discussions

The numerical calculations are performed by considering the second layer as water

saturated sand stone. The data’s are taken form Santos et al. [2]. We consider
P11 = 2.02, p1, = 0.20, py, = 1.62 as gm/cm®. P = 3.9, Q = 2.2, R = 1.37,
N =4.6 as GPA.

For both cases 1 and 2, the variations of phase velocity within frequency are
considered. It is interesting to note that in case 1, the phase velocity decreases as
frequency increases i.e. they are inverse in nature while in case 2, the variation of
phase velocity and frequency are proportional. These short of remarkable change
is due to the presence of fluid layer and an orthotropic solid half-space.

\

\

105 L L L L L L Tl
-18 -16 -14 -12 -

Figure 2. Variation of frequency and phase velocity (Case 1)
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Figure 3. Variation of frequency and phase velocity (Case 2)
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