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1. Introduction

The geometry of two dimensional Finsler space is an interesting research area in Finsler
geometry, specially differential equation of geodesics in two dimensional Finsler space derived by
many authors. In 1997, M. Matsumoto and H.S. Park, have obtained the differential equations
of geodesics in two-dimensional Randers spaces and Kropina space in the most clear form
y" = f(x,y,y), where (x,y) are co-ordinate of two-dimensional Finsler space [7]]. In 2004, 1.Y. Lee
and H.S. Park, studied the geodesic equations of a two dimensional Finsler space with respect to
an isothermal coordinate system [5]. In 2013, V.K. Chaubey, B.N. Prasad and D.D. Tripathi, has
found out the equation of geodesic for general (a, 8)-metric as compared to Randers, Kropina

and Matsumoto metric under the same conditions [2].
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In this paper, we are obtained the differential equations of geodesic in a two dimensional
Finsler space with generalized Matsumoto metric, and also we discus the condition for a main

scalars in two dimensional Finsler space with Matsumoto metric.

2. Preliminaries

Let (M, F) be an n-dimensional Finsler space. We denote the tangent space at xe M by T, .M
and the tangent bundle of M by TM. Each element of TM has the form (x, y), where x € M and

y e T, M. The formal definition of Finsler space as follows:

Definition 2.1 ([3]). A Finsler space is a triple F"* = (M,D,L), where M is an n-dimensional
manifold, D is an open subset of a tangent bundle M and L is a Finsler metric defined as a

function L : TM — [0,00) with the following properties:
(i) Regular: L is C* on the entire tangent bundle 7'M \{0}.
(i1) Positive homogeneous: L(x,Ay) = AL(x,y).
(i1i) Strong convexity: The n x n Hessian matrix
8ij= %[Lz]yiyj
is positive definite at every point on TM \{0}, where T M \{0} denotes the tangent vector y

is non zero in the tangent bundle T'M.

Now, consider a two dimensional Finsler space, denoted by F? = (M?2,L(x, y)). Since the

homogeneity of L(x,y) in y, we have

Laywy' +Lax2y® = Laxyy' +Lexey® = 0. (2.1)
Then there exist a function W(x, y) satisfying

Lom=We»? Lae=-Wy'y’, Lewe=Wu", (2.2)

which is called the Weierstrass invariant ([1[, [6]).
The associated Riemannian space R2 = (M2, a) for a two dimensional case with respect to

L = a and a?, Weierstrass invariant W, of R? is written as:

1
W, =—lanan - (a12)%). (2.3)
a

And, also the geodesic equation in a two dimensional Finsler space is given by the differential
equation in Weierstrass form as follows [1]:

dy’
dt’
For a two dimensional Finsler space, I' = {yj.k(xl,xz)} be the Levi-Civita connection of the

Lig)— Loy + (152 - y*yHW=0; 5 = (2.4)

associated Riemannian space R?, and the Finsler connection I'* = (yj.k,yéj,O) and A and
v-covariant differentiation in I'* are denoted by (;i,(i)) respectively, where the index (0) means

the contraction with y*. Then y‘J =0; a;; =0 and ag;);; = 0.
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According to [4], the main scalar I of two dimensional Finsler space F2 with the (a, 8)-metric

is given by
L 4 2 T 2
el? = (—) r (1) ] , (2.5)
a 4T3
where ¢ is signature of the space, y? = b%a? — 2,
oT
T =P(P +Pob% +P_1B)+{PoP_s—(P_1)*}y? and Ty = R (2.6)
P=LLia™', Po=LLyy+(L2)*, Py =(LL12+L1Lg)a ",
Py=La *(Lj;—Lia Y+ L%a™2. 2.7

3. Differential Equation of Geodesic in Two Dimensional Finsler Space

In this section, we consider the two dimensional Finsler space and derive the differential

equation of geodesics in two dimensional Finsler space.

Consider a two dimensional Finsler space F? = (M?,L(a,B)). Then the derivatives of
the Finsler metric function L(a, B) are given by,
L;i :Lﬁﬁ;i, L(i):Laaf(i)+Lﬁbi, (3.1)

where a(;) = % and L,,Lg are the partial derivatives of L with respect to a, §, respectively.

Then with respect I'* we have,

Ly =L =L Yei =LY (3.2)
from which

L1 —Lsa) = Ly —Laxz + LeynYo1 — Loz - (3.3)
From (2.2) and (3.3)

Ly@) —Laa) = Ley —Layze + 0'vgo— ¥ 100 W - (3.4)
Again from (3.1) we get

Ljyi = LapB;iag)+LppPsibj+Lpbjs . (3.5)
Then, Weierstrass invariant w(a, f) for L(a, ) which is similar to L(x', %%, y1y?) and a(x?,x?)
as follows,

L L L
w=0e_ b _ PP (3.6)
'32 a,B az

Plugging (3.6) in (3.5), which yields

L(j);i = awﬂ;i(abj—ﬁa(j))+Lpbj;i. (3.7)

Again from (3.4) and (3.7), we have
L9y~ Loy = ao{f.a(abs — Bag) — falabs — Baay)t —Labra—ba1) + (v yae — ¥*veo)W. (3.8)
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Suppose Y.f) =yl + )/60, then

¥y =yt =y v - vy + e — ¥r00)- (3.9)
Again plugging (3.8) and (3.9) in (2.4), we have
0b; 0b
aw{B;1(abs - Baw) - Palabr — Pamy)t —Lg (E; - 6_9;) + (yly;zo - yzy;lo)W =0, (3.10)

where B.;=b,.,y".

Now, the relation between W, W,. and w is

W = (Lo + awy®)W,, (3.11)
where y? = b%2a% - 82 and b% = aijbibj. Then (3.10) implies that
ob; 0b
+ aw{bo;l(abg - ,Ba(z)) — bo;z(abl — ,Ba(l))} =0. (3.12)

In [9], H.S. Park and 1.Y. Lee proved that:

Theorem 3.1. The differential equation of a geodesic in a two dimensional Finsler space
F? =(M?,L) can be written in the form of (3.12).

Now from [|3] and [9], with respect to an isothermal coordinate system (x,y), we use the

following result,

Theorem 3.2. The differential equation of a geodesic in a two dimensional Finsler space
F? = (M?,L) with respect to an isothermal coordinate system (x,y) such that a = aE can be

written in the form of,
{Lo+aEw(b1y—byx)*Ha(xj — y%) + EX(axy — a %)}
~E?Lg(b1y —bay) —E2a®w(b1y — bei)boo =0, (3.13)
where
bo:o =brisy y°

1
= (b1at + b1y )i + (baet + boy )y + — (e + 9axb +aybg)—2b1i +bay)ayi +ayy)}, (3.14)

0b;

where b;, = %—l;i and b;, = By

4. Differential Equation of Geodesics of Finsler Space with
(a, B)-metric

In this section, we extend the study of differential equation of a geodesic of a Finsler spaces in
two dimensional spaces with (a, f)-metrics such as generalized Matsumoto («, )-metric and

first approximation Matsumoto metric.
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4.1 Geodesic equation of a Finsler space with the generalized Matsumoto metric
Consider generalized Matsumoto metric

a(m+1)
L=———. (4.1)
(a—p)m
The partial derivatives of (4.1) with respect to @ and f are as follows
(m+1)a™ ma™t1 ma™+D Lyo m(m+1)amD
a= - y Lp=——"—"—, 0= = ‘ (4.2)
(a— ﬁ)m (a— ﬁ)m+1 (a— ﬁ)(m+1) /32 ,B(m+2)
Plugging (4.2) in (3.13), we have
{((m+1Da™a- P2 -ma™ N a—-p)—aEm(m+1)a™ V(b1y - bax)*Ha(xj — %) (4.3)

+EXayy —ay8)} - E*ma™ (@ — B)(b1y — bax) + a®m(m + 1)a™ V(b1 — bai)boo} =0. (4.4)
Suppose ¢ be the parameter of a curve C,then x=1, y=y', ¥=0, y =y", E2=1+(y')%2. Then
reduces to:

{m+1a™a-p)? - ma™ Ha - B)—a™m(m+1)(b1y’ —b2)*Hay" + EX(a,y —ay)}
~E*Em@™? — o™V B) (b1, — boy) + Em(m +1)a™ D(b1y’ —ba)boot =0, (4.5)
where
b0,0 = (b1x +b1yy) + by +bayy")y' + 2{[1 +(y)?Nab1 + ayba)—2(b1+bayNay+ayy)}.  (4.6)
In a local coordinate system (x, y), the associated Riemannian space which is Euclidean with
an orthonormal coordinate system, then a =1,a, =a, =0, so that is reduced to

[1+(y")2Im(m + 1)(b1y' — b2)boyo

- 1+ +(m+1) b1+ b2y )2 —(2m+ 1)1+ (y)2)V2(b1 + boy') + m(m + 1)(b1y' — b2)2}
4.7)

"

y

where
boo = (b1x+b1yy) +(bax +b2yy")y'. (4.8)
If we take b1 and by such that b1 =b, and bg = b,, for a scalar b, then b1, — ba, = 0. Therefore,

the above equation (4.7) reduces to,
y . mm+D[Ag+A1(y) +As(y)? + As(y')® + Au(y)*]

T 1+(m+1)(b)2 + m(m +1)(b,)2 + Boy' + B1(y)? + By’ (4.9)

where
Ag=byxbry—bybyy, A1 :2bg2cy—2bybxy, Ag=(byyby)byy+byy), A3 :2biy—2bybxy, Ag=b,,(byy—0b,),

By =1+(m+1)b%+m(m+1)b%, By =2(m+1)1-m)byby, By = —(2m +1)(byx +byy' )1+ (y)"2.

Thus, we state the result as follows:

Theorem 4.3. Let F? be the two dimensional Finsler space with an generalized Matsumoto
. (m+1) . .
metric L = (Z—W' If we refer to an orthonormal coordinate system (x,y) with respect to a and

b1 =0b/dx, by = 0b/dy for a scalar b, then the differential equation of a geodesic y = y(x) of F? is
given by (4.9).
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Example. If we take m = 1 in (4.1)), then becomes L = a“—; Then the differential equation

of geodesic of a Finsler space can be written as a polynomial in (y’) of degree at most 4, i.e.,

it can be written as

2AA)+ AL+ ALY + ALY + ALY
1+2(b,)% +2(by)2 +By(y")? + B ’

1

(4.10)
where

Al =byibiy—bybyy, Ay=2b%,—2bybyy, Ab=(byyby)byy+byy),

AL =2b2 —2b,byy, Al=Db,y(byy—by), By=1+2b%+2b2,

B = =3(b,+b,y)1+ ()2

4.2 Geodesic equation of a Finsler space with the first approximation Matsumoto
metric

Consider the first approximation Matsumoto metric,

ﬁZ
L=a+p+—. (4.11)
a
The partial derivatives of (4.11) with respect to a and f are as follows
2
2 2
Lazl—ﬁ—2,Lﬁ:1+—ﬂ,w:—3. (4.12)
a a a

Plugging (4.12) in (3.13), we have
{a® — ap®+2aE(b1y - bak)*Ha(xy — y%) + EX(a,y — a,%)}
—E3{(a® +2a?B)(b1y — bax) +2a%(b1y — bai)bo} = 0. (4.13)

Suppose ‘¢’ be the parameter of a curve C,thenx=1, y=v',i=0, y =", E? =1+(y')%. Then,
(4.3) reduces to

@®E? - af®+2ab1y - ba)*Ha(y") + E*(ary' — a,)}
— E*{(a®E? + 2a2E?B)(b1y — bax) + 2a%(b1y’ — b2)boo} = 0, (4.14)
where
b00 = (b1x+b1yy) +(boy + b2y y )y + 2{[1 +(y)Nayrb1+aybs)—2(b1 + by Nay+ayy)}.  (4.15)

In a local coordinate system (x,y), the associated Riemannian space which is Euclidean with an
orthonormal coordinate system, then a =1, a, =a, =0, so that (4.14) is reduced to
" 2[1+(y)?1(b1y' — b2)boyo

_ , 4.16
Y (1+(")2) = (b1 + b2y )2 +2(b1y' — b2)? ( )

where
bo;o :(b1x+b1yy,)+(b2x+b2yy,)y/- (4.17)

If we take b1 and by such that b1 = b, and by = b, for a scalar b, then b1y, — b2, = 0. From (4.16)
and (4.17), we state that
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Theorem 4.4. Let F? be the two dimensional Finsler space with an first approximation
Matsumoto metric L = a + f+ %2 If we refer to an orthonormal coordinate system (x,y) with
respect to & and b1 =0b/0x, bg = 0b/0y for a scalar b, then the differential equation of a geodesic
y = y(x) of F? is given by
y Ao+ A1(Y)+Ax(y)2 +As(y) + Ay + As(y)°
Yo Bo+B1y +Ba(y)? ’

(4.18)
where

Ag=—2bybyy, A1=(2by—4b))byy—4bybyy,

Ag=(4b, —8by)byy +(4by —2b,))byy —2byby,,

A3 =2b,byx+2b.byy +(8by —4b )by —4byb,y,

Ay=4bybyy +(4by —2b,)byy, As=2b.by,

Bo=1-b2+2b2, B1=1-6b.b,,

By =2b3-b2.

5. Main Scalar of Two Dimensional Finsler Space with (a, §)-metric

In this section, we derived the expression for the main scalar of two dimensional Finsler spaces
with Matsumoto (a, 8)-metric.

Main Scalar I of Two dimensional Finsler Space with Matsumoto metric

Let us consider Matsumoto metric,

0[2

L= . (5.1)
a-p
Now, the partial derivatives of (5.I)with respect to @ and g are as follows;
a?-2ap 2a - B3 —daa-p)?+2a%a—-p)
Ly=——=, Laa= )
(a—p)? (a—p)*
2 2 2
Lg= _(aﬁﬁ)z’ Lpp = (az_aﬁ)s’ ap = 2a (a2_a'[(3;l3 P (5.2)
Plugging in (2.7), we have
3 a®—2a%p B 3at
T @-p3 Y @-pr
4a?B-ad —a*+3a3p-a®-2a%p% - 4aBf+6B%+2a
-1= W, -2 = (a{—lB)4 . (53)
Again Plugging in to (2.6), we have
T = Coa10+Cla9+CQa8+Cga7+06a6+C5a5+Cea4 (5.4)

(a—p)8 ’

where

Co=-4b%, C1=198b%-p, Cy=13p212b*-84b%)p*,
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C3 = -48p% —65-216b% +4083b% + 612,
Cy=82p%+168%+245%b% - 16402,

Cs =-30p° —126% - 408562 - 12362 - 65262,
Ce =24p°-14p*

and
_ Doalo +D10£9 +D2a8 +D3C¥’7 +D4L¥6 +D5a5 +D6a4

(a-p)y°

To , (5.5)

where
Do=-13b%, D1 =55pb%+18p, Do =-660—1142b%—-21b%+2,
D3 =88p% + 1364262 — 99862 — 108 — 48b2,
D4 =178p* - 26402 + 604° + 1085262 — 125b2,
D5 =54p8°-1206°b% - 1168 - 605362 — 365202,
D¢ =485 —565*.
Now, the the main scalar of two dimensional space becomes
b2a* - ,82052) [Doa® +Dia® +Dya® + Dsa’” + Dya® + Dsa® + Dgatl?

el = (5.6)
4(a-P)* [Coal®+Cra®+Coa8+C3a” +Cgab +Csa® + Cgatl®

Thus, we have the following theorem:

Theorem 5.5. The main scalar of two dimensional Finsler space with (a, B)-metric (5.1) is given

by (5.6).

6. Conclusion

In two dimensional Finsler space F2 = (M?;L), the differential equations of geodesics in a two-
dimensional Finsler space with an (a, f)-metric is an interesting geometric quantity and has
useful applications in physics. The geodesics of F2 are the curves of an associated Riemannian
space R? = (M?;a) which are bent by the differential 1-form B. In the present paper, we give the
derivation of the differential equations of geodesic in two dimensional Finsler space F2 = (M?2,L)
with respect to an isothermal coordinate system. Then, we derived the geodesic equation
by considering Finsler metrics to be generalized Matsumoto metric and First approximation
matsumoto metric. Also, we obtained the main scalar for Matsumoto metric. Further, by using

the main scalar we can prove that the space is Landsberg or not.
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