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1. Introduction
The defnition of dual numbers was first given by William Kingdon Clifford (1845-1879) [1] and
some properties of that were studied in 1873 as a tool for his geometrical investigations. After
him Eduard Study (1862-1930) used dual numbers and dual vectors in his research on line
geometry and kinematics. He devoted special attention to the representation of oriented lines
by dual unit vectors and defined the famous mapping. The set of oriented lines in a Euclidean
three-dimensional space. E3 is one to one correspondence with the points of a dual space D3
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of triples of dual numbers [1]. Dual numbers form two dimensional commutative associative
algebra over the real numbers. Also the algebra of dual numbers is a ring. Dual numbers are
used as an appliance for expressing and analyzing the physical properties of rigid bodies. They
are computationally efficient approach of representing rigid transforms like translation and
rotation.

The remainder of the paper is organized as follows. In Section 2 we recall to some needed
basic and fundamental concepts of dual numbers and dual bicomplex numbers. In Section 3
it is given a detailed study of a new generation of dual bicomplex Fibonacci numbers and in
Section 4 it is given new a dual vector which is called dual Fibonacci vector and properties of
this vector to expert in geometry. Finally, the conclusions and future works will be presented.

2. Preliminary
This section is devoted to some basic and fundamental concepts of dual numbers and dual
bicomplex numbers. A dual number is a number of the form x̃ = x+εx∗, where x and x∗ are
real numbers called the components of x̃ and ε= (0,1) arbitrary dual unit satisfy, the relation
ε2 = 0. Let us consider D = {x̃ | x̃ = x+εx∗, x, x∗ ∈R}. Addition of two elements in D and scalar
multiplication of an element in D by a real number are defined in the usual way. D is a vector
space with respect to addition and scalar multiplication. The product x̃⊗ ỹ is the element in
D obtained by multiplying x+εx∗ and y+εy∗ as if they were polynomials and then using the
relation ε2 = 0 to simplify the result.

x̃⊗ ỹ= x̃ ỹ= (x+εx∗) · (y+εy∗)= xy+ε(xy∗+ x∗y).

Then the dual number x+εx∗ divided by the dual number y+εy∗ provided y 6= 0 can be defined
as

x̃
ỹ
= x+εx∗

y+εy∗
= x

y
+ε x∗y− xy∗

y2 .

A dual bicomplex number is defined in the form [2, 3],

X̃ = X +εX∗

= (x0 + x i1 + x2 i2 + x3 i3)+ε(x∗0 + x∗1 i1 + x∗2 i2 + x∗3 i3)

= (x0 +εx∗0 )+ (x1 +εx∗1 )i1 + (x2 +εx∗2 )i2 + (x3 +εx∗3 )i3

= x̃0 + x̃1 i1 + x̃2 i2 + x̃3 i3 ,

where x̃0, x̃1, x̃2, x̃3 ∈ D and i1, i2, i3 are the imaginary units, ε is dual unit. The dual bicomplex
number X̃ is constructed from eight real parameters as x0, x1, x2, x3, εx∗0 , εx∗1 , εx∗2 , εx∗3 .

Let X̃ = X +εX∗ and Ỹ = Y +εY ∗ be two dual bicomplex number, then the addition and
subtraction are given by

X̃ ∓ Ỹ = (X ∓Y )+ε(X∗∓Y ∗)

and multiplication is

X̃ · Ỹ = XY +ε(Y X∗+Y ∗X ).
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The conjugates of the dual bicomplex number X̃ are denoted by X̃ . There are different
conjugations of dual bicomplex number according to the imaginary units i1, i2 and i3 as
follows:

(a) X̃ = (x0 +εx∗0 )− (x1 +εx∗1 )i1 + (x2 +εx∗2 )i2 − (x3 +εx∗3 )i3

(b) X̃ = (x0 +εx∗0 )+ (x1 +εx∗1 )i1 − (x2 +εx∗2 )i2 − (x3 +εx∗3 )i3)

(c) X̃ = (x0 +εx∗0 )− (x1 +εx∗1 )i1 − (x2 +εx∗2 )i2 + (x3 +εx∗3 )i3.

 (1)

The Fibonacci and Lucas sequence are given as

F0 = 0, F1 = 1, Fn+2 = Fn +Fn+1

and

L0 = 2, L1 = 1, Ln = Ln−1 +Ln−2.

For Fibonacci and Lucas numbers, there are many study related on Fibonacci and Lucas
numbers. Dunlap [4], Vajda [5] and Hoggatt [6] defined the properties of Fibonacci and Lucas
numbers and gave the relation between them. The generalized Fibonacci sequences are described
by Horadam [7, 8]

Qn = Fn + i1Fn+1 + i2Fn+2 + i3Fn+3

and

Kn = Ln + i1Ln+1 + i2Ln+2 + i3Ln+3

respectively, where Fn is Fibonacci number and Ln is Lucas number. Also, i1, i2 and i3 are
the imaginary units. Swamy [9] gave the relations of generalized Fibonacci quaternions. Iyer
studied Fibonacci quaternions in [10] and obtained some other relations about Fibonacci and
Lucas quaternions. In [11], Halıcı expressed the generating function and Binet formulas for
these quaternions. Akyiğit, Köksal and Tosun [12] defined the split Fibonacci and split Lucas
quaternions. They also gave Binet formulas and Cassini identities for these quaternions. In this
paper, our object give a detailed study of a new generation of dual bicomplex Fibonacci numbers.
We define new a dual vector which is called dual Fibonacci vector. We give properties of this
vector to expert in geometry.

3. Dual Fibonacci Bicomplex Numbers with Fibonacci and
Lucas Number Components

The nth dual Fibonacci numbers and the nth dual Lucas numbers are given by

F̃n = Fn +εFn+1 ,

L̃n = Ln +εLn+1 ,

respectively, a dual bicomplex Fibonacci number and a dual bicomplex Lucas number can be
given with Fibonacci and Lucas number components as following formulae,

x̃n = (Fn +εFn+1)+ i1(Fn+1 +εFn+2)+ i2(Fn+2 +εFn+3)+ i3(Fn+3 +εFn+4),

k̃n = (Ln +εLn+1)+ i1(Ln+1 +εLn+2)+ i2(Ln+2 +εLn+3)+ i3(Ln+3 +εLn+4).

}
(2)
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Also, i1, i2 and i3 are the imaginary units and ε is the dual unit which satisfy the following
rules: {

i2
1 =−1, i2

2 =−1, i2
3 = 1, ε2 = 0

i1i2 = i2i1 = i3 : i1i3 = i3i1 =−i2 : i2i3 = i3i2 =−i1.

}
(3)

The addition, subtraction and multiplication with scalar of dual bicomplex Fibonacci numbers
are given by

x̃n ∓ ỹn = (xn ∓ yn)+ε(xn+1 + yn+1) ,

λx̃n =λxn +λεxn+1 .

From equation (1), (2) and (3), the conjugates of dual bicomplex Fibonacci numbers are defined
by x̃n according to the imaginary units i1, i2 and i3. We can be written as

(a) x̃n = (Fn +εFn+1)− (Fn+1 +εFn+2)i1 + (Fn+2 +εFn+3)i2 − (Fn+3 +εFn+4)i3

= F̃n − i1F̃n+1 + i2F̃n+2 − i3F̃n+3 ,

(b) x̃n = (Fn +εFn+1)+ (Fn+1 +εFn+2)i1 − (Fn+2 +εFn+3)i2 − (Fn+3 +εFn+4)i3

= F̃n + i1F̃n+1 − i2F̃n+2 − i3F̃n+3 ,

(c) x̃n = (Fn +εFn+1)− (Fn+1 +εFn+2)i1 − (Fn+2 +εFn+3)i2 + (Fn+3 +εFn+4)i3

= F̃n − i1F̃n+1 − i2F̃n+2 + i3F̃n+3 .


(4)

Theorem 1. Let x̃n be dual bicomplex Fibonacci number. Then, Fibonacci number is the 2th
linear recurrence sequence. After that, we introduce the sets XD and X ′

D as fallows

XD = {x̃n | x̃n = (F̃n, F̃n+1, F̃n+2, F̃n+3); F̃n is nth dual Fibonacci number}

and

X ′
D =

{
γ̃n | γ̃n =

[
z̃1 −z̃2
z̃2 z̃1

]
; (z̃1, z̃2) are dual complex Fibonacci number

}
.

Then there is an isomorphism XD and X ′
D , we can write

x̃n = (F̃n, F̃n+1, F̃n+2, F̃n+3) → γ̃n =
[

F̃n + i1F̃n+1 −F̃n+2 − i1F̃n+3
F̃n+2 + i1F̃n+3 F̃n + i1F̃n+1

]
.

Therefore, we can give

X ′
D =

{
γ̃n | γ̃n = z̃1

[
1 0
0 1

]
+ z̃2

[
0 −1
1 0

]
; (z̃1, z̃2) are dual complex Fibonacci number

}
and

γ̃n = FnU1 +Fn+1U2 +Fn+2U3 +Fn+3U4,

where [13],

U1 =
[
1 0
0 1

]
, U2 =

[
i1 0
0 i1

]
, U3 =

[
0 −1
1 0

]
, U4 =

[
0 −i1
i1 0

]
.

Since det(γ̃n) 6= 0, the matrix γ̃n has the inverse and it is in X ′
D .
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Theorem 2. Consider x̃n and k̃n, dual bicomplex Fibonacci and Lucas numbers. Then, for
n ≥ 1, according to the imaginary units i1, i1 and i3, the following relations hold:

(a) x̃n + x̃n+1 = x̃n+2

(b) X̃ n = (x̃n − x̃n+1 i1)+ i2(x̃n+2 − x̃n+3i1)=−5F̃n+3 +2 jL̃n+3

(c) X̃ n = (x̃n + x̃n+1 i1)− i2(x̃n+2 + x̃n+3i1)= (−3+2i1)F̃n+3

(d) X̃ n = (x̃n − x̃n+1 i1)− i2(x̃n+2 − x̃n+3i1)= 3L̃n+3.


Proof. By using equations (2) and (4), we will obtain the proof (a), (b), (c), (d).
(a): By putting equation Fn +Fn+1 = Fn+2, according to the imaginary unit i1, we obtain

x̃n + x̃n+1 = (Fn +Fn+1)+ i1(Fn+1 +Fn+2)+ i2(Fn+2 +Fn+3)+ i3(Fn+3 +Fn+4)

ε((Fn+1 +Fn+2)+ i1(Fn+2 +Fn+3)+ i2(Fn+3 +Fn+4)+ i3(Fn+4 +Fn+5))

= x̃n+2 .

(b): By putting equations Fn+1 +Fn−1 = Ln and Ln −Ln+4 = 5Fn+2, according to the imaginary
unit i1, we obtain

X̃ n =− [(Fn +εFn+1)+ (Fn+2 +εFn+3)− (Fn+4 +εFn+5)− (Fn+6 +εFn+7)]

+2 j((Fn+2 +εFn+3)+ (Fn+4 +εFn+5))

=−(
F̃n + F̃n+2 − F̃n+4 − F̃n+6

)+2 j(F̃n+2 + F̃n+4)

=−(
L̃n+2 + L̃n+4

)+2 jL̃n+3

=−5F̃n+3 +2 jL̃n+3 .

(d): By putting equations the identity of Fibonacci numbers and Fn+4+Fn = 3Fn+3, according to
the imaginary unit i2, we obtain

X̃ n = [(Fn +εFn+1)− (Fn+2 +εFn+3)+ (Fn+4 +εFn+5)− (Fn+6 +εFn+7)]

+2i2(Fn+1 ++εFn+2)+ (Fn+5 +εFn+6)

= (−3+6i)F̃n+3 .

(d) By putting equations the identity of Fibonacci numbers and Fn+1 +Fn−1 = Ln, Ln +Ln+4 =
3Ln+2, according to the imaginary unit i3, we obtain

X̃ n = [(Fn +εFn+1)+ (Fn+2 +εFn+3)+ (Fn+4 +εFn+5)+ (Fn+6 +εFn+7)]

= 3L̃n+3 .

Lemma 3.1. Let x̃n be dual bicomplex Fibonacci number. Then, we can give different
conjugations according to i1, i2 and i3 the following relations,

(a) x̃n + x̃n = 2((Fn +εFn+1)+ i2(Fn+2 +εFn+3))= 2(F̃n + i2F̃n+2)

(b) x̃n + x̃n = 2((Fn +εFn+1)+ i1(Fn+1 +εFn+2))= 2(F̃n + i1F̃n+1)

(d) x̃n + x̃n = 2((Fn +εFn+1)+ i3(Fn+3 +εFn+4))= 2(F̃n + i3F̃n+3)

 (5)

Proof. The proofs of (a), (b), (c), according to the imaginary units i1, i2 and i3, are clear.
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Theorem 3. Let X̃n and X̃ n be dual bicomplex Fibonacci numbers and different conjugations
of dual bicomplex Fibonacci number according to the imaginary units i1, i2 and i3. Then, we
give the following relations between these numbers

(a) X̃n X̃ n =−L̃2n+3 +2i2F̃2n+3

(b) X̃n X̃ n = (−1+2i1)F̃2n+3

(c) X̃n X̃ n = 3F̃2n+3 +2i3[(−1)n−1]

Proof. From equations (2), (3) and (4), according to the imaginary units i1, i2 and i3.
(a): Using the identities of Fibonacci and Lucas numbers and equations FnFm +Fn+1Fm+1 =
Fn+m+1, F2

n +F2
n+1 = F2n+1, according to the imaginary units i1, we see that

X̃n X̃ n = F̃2
n + F̃2

n+1 − F̃2
n+2 − F̃2

n+3 +2i2(F̃nF̃n+2 + F̃n+1F̃n+3)

= F2
n +F2

n+1 −F2
n+2 −F2

n+3 +2ε([FnFn+1 +Fn+1Fn+2]− [Fn+2Fn+3 +Fn+3Fn+4])

+2i2((Fn +εFn+1)(Fn+2 +εFn+3)+ (Fn+1 +εFn+2)(Fn+3 +εFn+4))

= (F2n+1 −F2n+5)+ε(F2n+2 −F2n+6)+2i2(F2n+3 +εF2n+4)

=−L̃2n+3 +2i2F̃2n+3 .

(b): By using the equations Fn+2Fn−1 = F2
n+1 −F2

n, FnFn+1 = F2
n+1 + (−1)n, FnFm +Fn+1Fm+1 =

Fn+m+1 and the identities of Fibonacci numbers and Lucas numbers, according to the imaginary
units i2. We prove

X̃n X̃ n = F̃2
n − F̃2

n+1 + F̃2
n+2 − F̃2

n+3 +2i1(F̃nF̃n+1 + F̃n+2F̃n+3)

=−F̃2n+3 ++2i1F̃2n+3

= (−1++2i1)F̃2n+3 .

(c): By using the equations F2
n +F2

n+1 = F2n+1, FnFn+1 −Fn+2Fn−1 = (−1)n−1 and the identities
of Fibonacci numbers and Lucas numbers, according to the imaginary units i1. We prove

X̃n X̃ n = F̃2
n + F̃2

n+1 + F̃2
n+2 + F̃2

n+3 +2i3(F̃nF̃n+3 − F̃n+1F̃n+2)

= 3F̃2n+3 +2i3[(−1)n−1] .

Theorem 4. From equations (2), (3) and (4), let us consider dual bicomplex Fibonacci number
x̃n. Then, we give the following relations of this number.

(a) X̃n X̃ n − X̃n−1 X̃ n−1 =−L̃2n+2 +2i2F̃2n+2

(b) X̃2
n = 2XnFn −2L2n+3 +2i2(XnFn+2 −Ln+1)

Proof. (a): By using F2
n +F2

n+1 = F2n+1, Fn+1 +Fn−1 = Ln, Ln +Ln+4 = 5Fn and the identities of
Fibonacci and Lucas numbers, we see that

X̃n−1 X̃ n−1 = F̃2
n−1 + F̃2

n − F̃2
n+1 − F̃2

n+2 +2i2(F̃n−1F̃n+1 + F̃nF̃n+2)

= F2
n−1 +F2

n −F2
n+1 −F2

n+2 +2ε([Fn−1Fn +FnFn+1]− [Fn+1Fn+2 +Fn+2Fn+3])

+2i2((Fn−1 +εFn)(Fn+1 +εFn+2)+ (Fn +εFn+1)(Fn+2 +εFn+3))
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=−L̃2n+1 +2i2F̃2n+1 ,

X̃n X̃ n − X̃n−1 X̃ n−1 = F̃2
n + F̃2

n+1 − F̃2
n+2 − F̃2

n+3 +2i2(F̃nF̃n+2 + F̃n+1F̃n+3)

− (F̃2
n−1 + F̃2

n − F̃2
n+1 − F̃2

n+2 +2i2(F̃n−1F̃n+1 + F̃nF̃n+2))

=−L̃2n+2 +2i2F̃2n+2 .

(b): By using equation (5), we have

X2
n = XnXn

= Xn
[
2(Fn + i2Fn+2)− X∗

n
]

= Xn(2Fn +2i2Fn+2)− XnX∗
n

= 2Xn(Fn + i2Fn+2)− L̃2n+3 +2i2F̃2n+3 .

In the the same manner, according to the imaginary units i1, i3, we can write X2
n. The proof is

completed.

4. Dual Fibonacci Vector with the Dual Bicomplex Fibonacci Numbers
Now, we describe a dual Fibonacci vector with vectorial part of dual bicomplex Fibonacci
numbers as follow

−̃→
V n = i1F̃n + i2F̃n+1 + i3F̃n+2

= (F̃n, F̃n+1, F̃n+2)


where

−̃→
V n = (F̃n, F̃n+1, F̃n+2) and

−̃→
V m = (F̃m, F̃m+1, F̃m+2) are dual Fibonacci vectors and

F̃n = Fn +εFn+1 is nth dual Fibonacci number.

Definition 4.1. Consider dual Fibonacci vector,
−̃→
V n and

−̃→
V m, then dot product of these vectors

are defined by

〈−̃→V n,
−̃→
V m〉 = 〈−→F n,

−→
F m〉+ε(〈−→F n+1,

−→
F m〉+〈−→F n,

−→
F m+1〉

)
.

Theorem 5. Let
−̃→
V n,

−̃→
V m be dual Fibonacci vectors, The dot product of these vectors is given as

〈−̃→V n,
−̃→
V m〉 = F̃m+n+1 + (1+ε)Fn+2Fm+2 +εLm+n+3 .

Proof. By using equations Fn+1Fm+1 +Fn+2Fm+2 = Fn+m+3, Fn+1 +Fn−1 = Ln, we obtain

〈−̃→V n,
−̃→
V m〉 = 〈(F̃n, F̃n+1, F̃n+2), (F̃m, F̃m+1, F̃m+2)〉

= FnFm +Fn+1Fm+1 +Fn+2Fm+2

+ε(Fn+1Fm +Fn+2Fm+1 +Fn+3Fm+2 +FnFm+1 +Fn+1Fm+2 +Fn+2Fm+3)

= Fn+2Fm+2 +Fm+n+1 +ε(2Fm+n+2 +Fm+n+4 +Fn+2Fm+2)

= F̃m+n+1 + (1+ε)Fn+2Fm+2 +εLm+n+3 .

Definition 4.2. The permanent of a matrix An×n is defined as p(A) or per(A) and

per(A)= ∑
σ∈Sn

n∏
i=1

aiσ(i) .
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Here Sn indicates the symmetric group and permutation σ. The definition of the permanent of a
matrix An×n differs from that of the determinant of a matrix An×n. Since the signatures of the
permutations are not taken into account [14].

Definition 4.3 (The cross product of two vector). For vectors
−→
T = (t1, t2, t3) and

−→
W = (y1, y2, y3)

obtained by vectorial part of tessarine, the cross product is defined by using the permanent as
following [14].

−→
T ∧−→

W =
∣∣∣∣∣∣

i1 −i2 i3
t1 t2 t3
y1 y2 y3

∣∣∣∣∣∣=−i1 [t2 y3 + t3 y2]− i2 [t1 y3 + t3 y1]+ i3 [t1 y2 + t2 y1] .

Theorem 6. Let
−̃→
V n,

−̃→
V m be dual Fibonacci vectors, then by using Definition 4.2 and

Definition 4.3, the cross product of these vectors is defined by
−̃→
V n ∧−̃→

V m =−→
F n ∧−→

F m +ε(−→F n ∧−→
F m+1 +−→

F n+1 ∧−→
F m) . (6)

Proof. Using the equations Ln+4 +Ln = 3Ln+2, 5FmFn = Ln+m − (−1)mLn−m, we get

−→
F n ∧−→

F m =
∣∣∣∣∣∣

i1 −i2 i3
Fn Fn+1 Fn+2
Fm Fm+1 Fm+2

∣∣∣∣∣∣ (7)

= 1
5

{−i1(2Ln+m+3 + (−1)m(Ln−m−1 −Ln−m+1))

− i2(2Ln+m+2 − (−1)m(Ln−m−2 +Ln−m+2))

+ i3(2Ln+m+1 + (−1)m(Ln−m−1 −Ln−m+1))}

= 1
5

{−i1(2Ln+m+3 − (−1)mLn−m)− i2(2Ln+m+2 −3(−1)mLn−m)

+ i3(2Ln+m+1 − (−1)mLn−m)}

−→
F n ∧−→

F m+1 =
∣∣∣∣∣∣

i1 −i2 i3
Fn Fn+1 Fn+2

Fm+1 Fm+2 Fm+3

∣∣∣∣∣∣ (8)

= 1
5

{−i1(2Ln+m+4 − (−1)mLn−m−1)− i2(2Ln+m+3 +3(−1)mLn−m−1)

+ i3(2Ln+m+2 + (−1)mLn−m−1).}

and

−→
F n+1 ×−→

F m =
∣∣∣∣∣∣

i1 −i2 i3
Fn+1 Fn+2 Fn+3
Fm Fm+1 Fm+2

∣∣∣∣∣∣ (9)

= 1
5

{−i1(2Ln+m+4 + (−1)m(Ln−m+1)− i2(2Ln+m+3 −3(−1)m(Ln−m+1)

+ i3(2Ln+m+2 − (−1)m(Ln−m+1).}

Substituting the equations (7), (8) and (9) in equation (6), using the identities of Fibonacci and
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Lucas numbers, we have

=1
5

{−i1(2L̃n+m+3 + (−1)mLn−m(1+ε)+2εLn+m+4)

− i2(L̃n+m+2 −3(−1)mLn−m(1+ε)+2εLn+m+3)

+ i3(L̃n+m+1 + (−1)mLn−m(1+ε)+2εLn+m+2).} (10)

Lemma 4.4. Consider dual Fibonacci vector
−̃→
V n. Then,

−̃→
V n is a dual unit Fibonacci vector if

and only if L2n+2 = 5−(−1)n+1

2 .

Proof. Using the equations 5FmFn = Ln+m − (−1)mLn−m, we have∥∥−̃→V n
∥∥ 1

2 = F2
n +F2

n+1 +F2
n+2

= FnFn +Fn+1Fn+1 +Fn+2Fn+2

= 1
5

(
L2n +L2n+2 +L2n+4 + (−1)n+1)

= 1
5

(
2L2n+2 + (−1)n+1) .

Since
∥∥−̃→V n

∥∥= 1, we obtain L2n+2 = 5−(−1)n+1

2 .

Theorem 7. Get two units of dual Fibonacci Vector,
−̃→
V n and

−̃→
V m. Then the dual bicomplex

number product of these vectors is given as
−̃→
V n ×−̃→

V m = [〈−→F n,
−→
F m〉+ε(〈−→F n+1,

−→
F m〉+〈−→F n,

−→
F m+1〉

)]
(11)

+−→
F nΛ

−→
F m +ε(−→F nΛ

−→
F m+1 +−→

F n+1Λ
−→
F m).

Proof. Substituting the equations (6) and (10) in equation (11), using the identities of dual
Fibonacci numbers and dual Lucas numbers, we obtain

= L̃m+n+4 + F̃m+n+1 − (−1)m+2Ln−m(1+ε)

+ 1
5

{−i1(2L̃n+m+3 + (−1)mLn−m(1+ε)+2εLn+m+4)

− i2(L̃n+m+2 −3(−1)mLn−m(1+ε)+2εLn+m+3)

+ i3(L̃n+m+1 + (−1)mLn−m(1+ε)+2εLn+m+2)}.

Definition 4.5 (Study Mapping). Let us consider a dual unit vector
−→
V =−→u +ε−→u ∗. Then consider

the equation of oriented line which is related to
−→
V , −→γ = −→u ×−→u ∗+w−→u , where t ∈ I ⊂ R is a

parameter.

Proof. Denote a dual unit vector
−→
V , then the oriented line related to

−→
V is in direction of −→u as

Study mapping, any two point M and X are on line [15]. Let us consider origin which is point
O, then we can write

−−→
OX =−−→

OM+−−→
MX
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−−→
OX =−−→

OM+ t−→u .

Let a point X be on the line vectors −→u and −→u ∗, then we can write
−→u ∗ =−−→

OX ×−→u . (12)

By using equation (12), we obtain
−→u ×−→u ∗ =−→u × (

−−→
OX ×−→u )

= 〈−→u ,−→u 〉−−→OX −〈−→u ,
−−→
OX 〉−→u .

In equation (12), if we write the last equation, we obtain
−−→
OM =−→u ×−→u ∗+ (〈−→u ,

−−→
OX 〉+ t)−→u .

Let us consider 〈−→u ,
−−→
OX 〉+ t = w then if a new parameter is γ, we can write the result as:

−→
γ =−→u ×−→u ∗+w−→u . (13)

Figure 1. DStudy Mapping.

Corollary 4.6. Let us denote dual Fibonacci bicomplex unit vector
−̃→
V on. A unit vector

−̃→
V on is

terminal point
−̃→
V n = −̃→

F n =−→
F n +ε−→F n+1 on the dual unit sphere. Then the equation of oriented

line which is according to
−̃→
F n is given as

−→
γ =−→u ×−→u ∗+w−→u
−→
γ = 2i1(L2n+4 + (−1)n)+ i2(2L2n+3 −3(−1)n)+ i3(2L2n+4 −3(−1)n)+w

−→
F n ,

where w ∈ I ⊂ R is a parameter.
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Proof. We can obtain the equation of oriented line by using equation (13), which is related to
−̃→
F n as following:

−→
γ =−→

F n ×−→
F n+1 +w

−→
F n.

By using Definition 4.3 and Definition 4.4, the identities of Fibonacci numbers and equation
5FmFn = Ln+m − (−1)mLn−m, we obtain

−→u ×−→u ∗ =−→
F n ×−→

F m+1

=
∣∣∣∣∣∣
−i1 −i2 i3
Fn Fn+1 Fn+2

Fn+1 Fn+2 Fm+3

∣∣∣∣∣∣
= 2i1(L2n+4 + (−1)n)− i2(2L2n+3 −3(−1)n)+ i3(2L2n+4 −3(−1)n).

In equation (13), if we write last equation. This completes the procession.

5. Conclusion
bicomplex numbers that are emerged as a generalization of the best known dual bicomplex
numbers. We gave the dual vector which is called dual Fibonacci vector for these dual bicomplex
numbers. By using dual Fibonacci vector, we get some results of this vector to expert in geometry
such as the cross product of two vector and study mapping.
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