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1. Introduction

The defnition of dual numbers was first given by William Kingdon Clifford (1845-1879) [1] and
some properties of that were studied in 1873 as a tool for his geometrical investigations. After
him Eduard Study (1862-1930) used dual numbers and dual vectors in his research on line
geometry and kinematics. He devoted special attention to the representation of oriented lines
by dual unit vectors and defined the famous mapping. The set of oriented lines in a Euclidean
three-dimensional space. E? is one to one correspondence with the points of a dual space D3


http://dx.doi.org/10.26713/jims.v10i1-2.575

162 Dual Bicomplex Fibonacci Numbers with Fibonacci and Lucas Numbers: F. Babadag

of triples of dual numbers [1]. Dual numbers form two dimensional commutative associative
algebra over the real numbers. Also the algebra of dual numbers is a ring. Dual numbers are
used as an appliance for expressing and analyzing the physical properties of rigid bodies. They
are computationally efficient approach of representing rigid transforms like translation and
rotation.

The remainder of the paper is organized as follows. In Section [2| we recall to some needed
basic and fundamental concepts of dual numbers and dual bicomplex numbers. In Section
it is given a detailed study of a new generation of dual bicomplex Fibonacci numbers and in
Section [4]it is given new a dual vector which is called dual Fibonacci vector and properties of
this vector to expert in geometry. Finally, the conclusions and future works will be presented.

2. Preliminary

This section is devoted to some basic and fundamental concepts of dual numbers and dual
bicomplex numbers. A dual number is a number of the form X = x + ex*, where x and x* are
real numbers called the components of X and € = (0,1) arbitrary dual unit satisfy, the relation
€2 =0. Let us consider D = {X | ¥ =x +¢ex*,x, x* € R}. Addition of two elements in D and scalar
multiplication of an element in D by a real number are defined in the usual way. D is a vector
space with respect to addition and scalar multiplication. The product x ® y is the element in
D obtained by multiplying x + ex* and y + €y* as if they were polynomials and then using the
relation €2 = 0 to simplify the result.

X®y=xy=(x+ex")-(y+ey")=xy+elxy" +x"y).

Then the dual number x + ex* divided by the dual number y + ey* provided y # 0 can be defined

as
X x+ext x  x*y—xy*
- = " = — +€—2.
y ytegy Yy Yy

A dual bicomplex number is defined in the form [2, 3],
X=X+eX*

= (xo +x11+x9 ig+x3 i3)+£(x8 +x’1k i1 +x§ D) +x§ i3)

= (x0 +&x0) + (1 +€x7)i1 + (xg + x5 )ig + (x5 + €x3)i3

=Xp+X111+X9 lg+X3 i3,
where Xo,X1,X2,X3€ D and i1, i9, i3 are the imaginary units, ¢ is dual unit. The dual bicomplex
number X is constructed from eight real parameters as xo, x1, X2, X3, EXy, EX], €X5, EX3.

Let X =X +¢eX* and Y =Y +¢Y* be two dual bicomplex number, then the addition and
subtraction are given by

XFY=(XFY)+eX*FY")
and multiplication is

X-Y=XY+e(YX*+Y*X).
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The conjugates of the dual bicomplex number X are denoted by X. There are different
conjugations of dual bicomplex number according to the imaginary units i1, i and i3 as
follows:

(@) X = (xo+ex2)— (1 +£x0)ig + (g + 23 )i — (a3 + £4))ig
(b) X= (x0 +&x) + (21 +ex7)i1 — (g + ex3)ig — (x3 + €x3)i3) (1)
(© X =(xo+ex])— (1 +x])ig— (g +£x)in + (x5 +£x]ig.
The Fibonacci and Lucas sequence are given as
Fo=0,F1=1,Fp0=F,+F,1
and
Lo=2,L1=1,L,=L, 1+L, o.
For Fibonacci and Lucas numbers, there are many study related on Fibonacci and Lucas
numbers. Dunlap [4]], Vajda [5] and Hoggatt [6] defined the properties of Fibonacci and Lucas
numbers and gave the relation between them. The generalized Fibonacci sequences are described
by Horadam [7, 8]
Qn=Fn+i1Fni1+ioFpi2+i3F,.3
and
Ky=Ly+i1Lp+1+i2Lpig+isly.s
respectively, where F,, is Fibonacci number and L, is Lucas number. Also, i1, ig and i3 are
the imaginary units. Swamy [9] gave the relations of generalized Fibonacci quaternions. Iyer
studied Fibonacci quaternions in [10] and obtained some other relations about Fibonacci and
Lucas quaternions. In [11]], Halic1 expressed the generating function and Binet formulas for
these quaternions. Akyigit, Koksal and Tosun [12] defined the split Fibonacci and split Lucas
quaternions. They also gave Binet formulas and Cassini identities for these quaternions. In this
paper, our object give a detailed study of a new generation of dual bicomplex Fibonacci numbers.
We define new a dual vector which is called dual Fibonacci vector. We give properties of this

vector to expert in geometry.

3. Dual Fibonacci Bicomplex Numbers with Fibonacci and
Lucas Number Components

The nth dual Fibonacci numbers and the nth dual Lucas numbers are given by
Fy=Fy+eFp,
Ly,=Ly+eLns1,
respectively, a dual bicomplex Fibonacci number and a dual bicomplex Lucas number can be
given with Fibonacci and Lucas number components as following formulae,
fcin =(Fp+eFpi)ti1(Fpi1+eFy 0) +ioFy o+ EFy 3) +i3(Fpi3+€Fp44), } @
kn=Ln+eLyi1)+i1(Lps1+€Lp2)+ia(Lpio+€Lpi3)+i3(Lys3+€Lpia).
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Also, i1, i3 and i3 are the imaginary units and ¢ is the dual unit which satisfy the following

rules:

-9 ) -9 2
19=-1,15=-1,i5=1,¢“=0
1 2 3 } (3)

{ i1lg=19l1=13:11i3=13l1=—lg:lgi3=13la=—17.
The addition, subtraction and multiplication with scalar of dual bicomplex Fibonacci numbers
are given by
XnF¥n = (%n F yn) +E@ns1+ Yn+1),
AXy = Axy, + AEXy 41 .
From equation (1), (2) and (3), the conjugates of dual bicomplex Fibonacci numbers are defined
by x, according to the imaginary units i1, ig and i3. We can be written as
(@) %n =Fn+eFps1)— (Fni1+€Fni2)it+Fpig+eFni3)ia— (Frig+eFpiq)is
=Fp—i1Fni1+igFnia—isFn.s,
() Xy = (Fyt eFrns1) + Fuvt +eFnaolin = Frsz + eFnagliz = (Foas + eFnsaliy @
=Fn+i1Fpe1—12Fni2—13F 3,

(c) in =(F,+eF 1) —Fpi1+eF,0)i1— Frio+eF,3)ig+(Fpi3+eF,4)is

=F,—i1Fp1—ioFpo+i3Fy,3.

Theorem 1. Let x, be dual bicomplex Fibonacci number. Then, Fibonacci number is the 2th

linear recurrence sequence. After that, we introduce the sets Xp and X 1’) as fallows
Xp ={&n | %= Fy,Fri1,Frio,Frni3); Fy is nth dual Fibonacci number}

and
zZ1 —2Z3
29 2

22

X}):{T’nI?n:

Then there is an isomorphism Xp and X/,, we can write

;(Z1,22) are dual complex Fibonacci number}.

Fn+itFpi1 —Fpio—11F543

Frpio+iiFns Fp+iitFpia

"fn = (Fn;ﬁn+1;ﬁn+2;ﬁn+3) - 7771 =

Therefore, we can give

10
01

0 -1
1 0

+2z9

Xp= {?n | Yn =21 ;(Z21,22) are dual complex Fibonacci number}

and
Yn=F,Ui+Fp1Us+Fp,2Us+Fp 3Uy,
where [13]],

[1 0 i1 0 [0 -1 [0 -4
Ul‘[o 1]’U2‘[0 il]’U3‘ 1 O]’U4_[i1 0]'

Since det(y,) # 0, the matrix ¥, has the inverse and it is in X ]’3.
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Theorem 2. Consider x,, and En, dual bicomplex Fibonacci and Lucas numbers. Then, for
n =1, according to the imaginary units i1, i1 and ig, the following relations hold:

(@) Xp+Xn+1=2Xn+2
() X,=@&n—Xns1i1)+io@nse —Xni3i1) = —5Fpi3+27Ln3
— >

(© X,=&p+Fns1i1)—io@ni2 +Xni3i1) =(-3+2i1)F, 3

(d) Xp=@Gn—Xns1i1)—i2&Ense —Xns+3i1) =3Ln.3.

Proof. By using equations (2)) and (), we will obtain the proof (a), (b), (c), (d).
(a): By putting equation F,, + F,, ;1 = F, 2, according to the imaginary unit i1, we obtain
Xn+xni1=Fp+Fpi)tii(Fpi1+Frio)tiolFpio+ Fri3) tig(Fpis+Fyig)
E((Fri1+Fni2)+i1(Fpio+ Fri3) +io(Fpi3+ Fria) +is(Fria + Fris))
=Xn+2.
(b): By putting equations F,,.1+F,-1=L, and L,, —L, .4 =5F, .2, according to the imaginary
unit i1, we obtain
Xy =—[Fy+eFp 1)+ Fniz+eFni3) = Fuia+EFpi5)— Fpog + Fp )]
+2j(Fps2+EFpi3) + (Fnia+EFny5))
=—(Fy+Fpia—Fria—Fnig) +2j(Frio+Frig)
=—(Ln+2+Lp+a) +2jLn+s
= ~5Fn43+2jLns.
(d): By putting equations the identity of Fibonacci numbers and F, .4 + F,, = 3F,, .3, according to

the imaginary unit i9, we obtain

X = [Fo+eF 1)~ Fraa+€Fpig) + (Fria + €Fp15) —~ (Foog + Fnin)]
+2i9(Fps1++eFn19) + (Fris5+€Fn16)
=(—3+61)F,.3.
(d) By putting equations the identity of Fibonacci numbers and F,,.1+F,,-1=L,,L,+ L4 =
3L, .9, according to the imaginary unit i3, we obtain

X, =[(Fp+€Fns1)+(Frsg+eFni3)+ (Frig+EFni5) + (Fri6+eFni7)]
=38L 3. O
Lemma 3.1. Let x, be dual bicomplex Fibonacci number. Then, we can give different
conjugations according to i1, i9 and i3 the following relations,
(@) Fp+%n = 2(Fy +€Fpe1) +ia(Fpin+Fp13) = 20F +igFnu0)
(0) Fp+%n = 2(Fp +€Fps1) + i1(Fps1 +€Fp12) = 20Fn + i1F041) (5)
(A Fp+%n = 2(Fp +eFps1) + i3(F i3+ eFp14) = 20F + i3Fn43)

Proof. The proofs of (a), (b), (c), according to the imaginary units iy, i2 and i3, are clear. O
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Theorem 3. Let X,, and X, be dual bicomplex Fibonacci numbers and different conjugations
of dual bicomplex Fibonacci number according to the imaginary units i1, ig and i3. Then, we

give the following relations between these numbers
(@) XX =-Lones+2isFon3
® XX, =(-1+2iDFon.s
(©  XnXn=3Fan.s+2isl(-1""]
Proof. From equations (2)), (3) and (), according to the imaginary units i1, i2 and is.

(a): Using the identities of Fibonacci and Lucas numbers and equations F,F,, + F,  1Fp11 =
Foimi1, F,ZL +F,21 +1=Fon+1, according to the imaginary units i1, we see that
Xn)?n ZFV,% +F,2H_1 _ﬁ;%+2 —Fv,2l+3 +2i2(ﬁnﬁn+2 +Fn+1ﬁn+3)
=F2+F2 ~F2 ) ~F2, 3 +2e(FuFy1+ Fro1Fi2)l = [FusoFis + FoosFois))
+ 27'2((Fn + 5Fn+1)(Fn+2 + 5Fn+3) + (Fn+1 + €Fn+2)(Fn+3 + 5Fn+4))

=(Fon+1—Fonis) +e(Fonio — Fonie) +2i9(Fon i3+ €Fon14)

= —Lop+3+2i2F,.3.
(b): By using the equations Fy9F,_1 =F2,  —F2, F,Fyp1 =F2  +(-1)", FyFp, + F1Fmi1 =
F, m+1 and the identities of Fibonacci numbers and Lucas numbers, according to the imaginary
units i9. We prove

X, X, = Fo—F2  +F = F g+ 201 (FpFps1+ FryoFp i)
= —Fon3++2i1Fon43
= (=1++2i1)F2,.3.
(c): By using the equations F2 + F2 | =Fg,,1, FyFyi1—Fni2Fn_1 =(-1)""! and the identities
of Fibonacci numbers and Lucas numbers, according to the imaginary units i;. We prove

R Ry = P2+ 2 T2,y 4 F2 g+ 2i9(Fo P — Frs1Fos)

= 8Fa,43 +2i3[(-1" 1. O

Theorem 4. From equations (2)), and (@), let us consider dual bicomplex Fibonacci number
Xn. Then, we give the following relations of this number.

(@)  XnXp—Xn-1Xn-1=—Lonsa+2i2F2019

(b) X7 =2X,Fn—2Lon:3+2i9(X,Fpso—Lni1)
Proof. (a): By using F2+F2 | =Fop41, Fni1+Fp-1=Ly, Ly +Ly4 = 5F, and the identities of
Fibonacci and Lucas numbers, we see that

Xn—l)?n—l =F2 [ +F2-F% —-F2 ,+2i9(Fp_1Fpi1+FpFy.9)
=Fy (A F—Fy ~Fy o+ 26(Fy 1 Fy + FyFpi1] = [Fpi1Frio + FoyoFpis))
+2i9((Fn—1+ €Fp)(Fpi1+€Fn12) + (Fn + €Fps1)(Fpig + €Fn43))
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=—Lon+1+2i9Fon41,
XX~ Xn1Xn1=F? +F2  —F2 o —F 3+ 2i9(FyFyio+Fri1Foys)
~(Fy 4+ Fy—F} ~F 5+ 200(Fp 1 Fo1 + FuF2)
= —Lon+2+2i2Fonso.
(b): By using equation (5)), we have
X2=X,X,
=X, [2(0Fp +ioFpi2) - X, ]
=X, (2F, +2i9Fp2) - X X,
=2X,(Fy +i2F49)—Lon+s+2iaFon 3.

In the the same manner, according to the imaginary units i1, i3, we can write X2. The proof is
completed. O

4. Dual Fibonacci Vector with the Dual Bicomplex Fibonacci Numbers

Now, we describe a dual Fibonacci vector with vectorial part of dual bicomplex Fibonacci

numbers as follow

Va=i1Fy +igFni1+isFya

= (th Fn+1, Fn+2)
where X_;n = (F,,Fp+1,F,.9) and I_;m = (Fp,,Fp+1,Fm.9) are dual Fibonacci vectors and
F,=F,+¢F,.1 is nth dual Fibonacci number.

Definition 4.1. Consider dual Fibonacci vector, vV » and vV m, then dot product of these vectors
are defined by

(‘_;n, Vm) = (Fna F’;m> + 5(<Fn+1,ﬁm> + <Fn,i:m+l>)-

—

Theorem 5. Let 1:/'),1, V m be dual Fibonacci vectors, The dot product of these vectors is given as
(V, Vi) = Fonins1 + 1+ ©F 1 2F 2+ ELmnea.
Proof. By using equations Fj,(1F i1+ FnioFmi2=Fnim+3, Fni1+Fn-1=L,, we obtain
V0V ) = (Fr Fus1, Fri2),(Fon, Froa1, Fio))
=FyFy+Fyi1Fmi1+ FrioFmie
+eFp1Fm+FpioF i1+ FrpsFyg+ FpF 1+ FrpoiFyg + FroF iy y3)
=FnoF o+t Frini1+€@Fpinio+ Frinia+ FrioFpi0)

:ﬁm+n+1 +(1+&)FyoF 42+ €Ly yny3. O

Definition 4.2. The permanent of a matrix A, «, is defined as p(A) or per(A) and
n
per(A)= > []aicw)-

0€S,i=1
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Here S,, indicates the symmetric group and permutation o. The definition of the permanent of a
matrix Ay, differs from that of the determinant of a matrix A, x,. Since the signatures of the

permutations are not taken into account [14]].

Definition 4.3 (The cross product of two vector). For vectors T = (¢1,t9,t3) and W= (¥1,¥2,y3)
obtained by vectorial part of tessarine, the cross product is defined by using the permanent as
following [14]].
N 11 —l9 i3
TAW=|t1 to t3 |=-l1ltays+itsyel—izlt1ys+isyil+isltiye+iayil.
Y1 Y2 )3

Theorem 6. Let Vn, Vm be dual Fibonacci vectors, then by using Definition and
Definition the cross product of these vectors is defined by

—

VoAV, =F, AF 4+ e(FyAF o1+ F o AF ). (6)

Proof. Using the equations L,,.4+ L, =3L,92, 5F,F, =Ly —(-1)"L,_,,, we get

. 11 —lg I3
FynFy, = Fp, Fni1 Frio (7)
Fm Fm+1 Fm+2
1
= g{_il(ZLn+m+3 + (—1)m(Ln—m—1 _Ln—m+1))
- i2(2Ln+m+2 - (_l)m(Ln—m—2 + Ln—m+2))
+ i3(2Ln+m+1 + (_1)m(Ln—m—1 _Ln—m+1))}
1 . .
= g{_ll(an+m+3 - (_1)an—m) —19(2L 112 — 3(_1)an—m)
+ i3(2Ln+m+1 - (_l)an—m)}
R 11—l 13
Fn/\Fm+1: Fn Fn+1 Fn+2 (8)
Fm+1 Fm+2 Fm+3
1 . .
= g{_ll(an+m+4 - (_1)an—m—1) - 7/2(2Ln+m+3 + 3(_1)an—m—1)
+ i3(2Ln+m+2 + (_1)an—m—1)-}
and
_ _ il —i9 i3
FpixFp=|Fu1 Fpio Fris 9)

Fm Fm+1 Fm+2
| .
= g{_ll(an+m+4 + (_1)m(Ln—m+1) —19(2L 4 m+3— 3(_1)m(Ln—m+1)

+ i3(2Ln+m+2 - (_l)m(Ln—m+1)-}
Substituting the equations (7), (8) and (9) in equation (6), using the identities of Fibonacci and
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Lucas numbers, we have
1. -
:g{_ll(ZLn+m+3 +(=1)"L (1 +€)+2€L 1 1sa)

- i2(zn+m+2 —3(-1D)"Lp-m(1+€)+2€L,4m+3)
+i3(in+m+1 +(_1)an—m(1+5)+25Ln+m+2)-} (10)
O

Lemma 4.4. Consider dual Fibonacci vector V ,,. Then, V ,, is a dual unit Fibonacci vector if

. _(_1)yn+1
and only if Lo, o= % .

Proof. Using the equations 5F,,F,, =L+, —(=1)"L,_,,, we have

= 1

||Vn||2 :F5+F;%+1+Frzz+2

=FpFp+Fpi1Fpi1+FyioFy.0
1

= g(LG +Lon+a+Lonta +(-1)"1)

1
= 5(2L2n+2 +(=1)"*1).

Since ||\_;)n|| =1, we obtain Lo, 9 = %Dnﬂ . O

Theorem 7. Get two units of dual Fibonacci Vector, Y_;n and Vm Then the dual bicomplex

number product of these vectors is given as

—

VaxVm=[FnFm)+e((Fnit, Fmd+(Fpn, Fme1))] (11)
+ anFm + g(FnAFm+1 + Fn+1AFm).

Proof. Substituting the equations (6) and in equation (LI, using the identities of dual
Fibonacci numbers and dual Lucas numbers, we obtain

=Lmsn+a+ Fins1—(1"2L, 0 (1+6)
b i1 emes + (1 L (146 + 2Ly rs)
—i9Ln+m+2—3(=1)"Lp_m(1+€)+26Lyim+3)
+i3(Lpsme1 + (1" Ly—m(1+)+26Lp o)} O

Definition 4.5 (Study Mapping). Let us consider a dual unit vector V = +e% *. Then consider
the equation of oriented line which is related to V, ¥ = x ¥ * +wu, where te [ c R is a
parameter.

Proof. Denote a dual unit vector Y_/:, then the oriented line related to V is in direction of @ as
Study mapping, any two point M and X are on line [15]. Let us consider origin which is point
O, then we can write

OX =OM +MX
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OX =OM +1t4.
Let a point X be on the line vectors © and % *, then we can write
Ur=0X x 4. (12)
By using equation (12), we obtain
TUxT =T x(0X xT)
= (W, 1)0X - (4, 0X)7.
In equation (12), if we write the last equation, we obtain
OM=7 xT*+((%@,0X)+)%.
Let us consider <T[,($)( )+t =w then if a new parameter is y, we can write the result as:
Y=uUxu +wu. (13)

O]

Figure 1. DStudy Mapping.

Corollary 4.6. Let us denote dual Fibonacci bicomplex unit vector T:fon. A unit vector ‘70,1 is
terminal point ‘:/')n = ?n = Fn + Efnﬂ on the dual unit sphere. Then the equation of oriented
line which is according to ?n is given as

FT T T
¥ =2i1(Lonea+ (") +i9@Lonss — 3(- 1)+ is@Lona—3-DM +wF

where w € I c R is a parameter.
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Proof. We can obtain the equation of oriented line by using equation (13D, which is related to

fn as following:
7 = Fn X Fn+1 +an.

By using Definition [4.3|and Definition 4.4, the identities of Fibonacci numbers and equation
5F,.F,=L,.m—(-1)"L,_,,, we obtain
uxu” :anfrrwl
-i1  —lg 13
Fn Fn+1 Fn+2
Fn+1 Fn+2 Fm+3

2i1(Lop+a+(=1)")—i9(2L oy 43— 3(—1)") +i3(2L2p+4 — 3(-1)").

In equation (13), if we write last equation. This completes the procession. O

5. Conclusion

bicomplex numbers that are emerged as a generalization of the best known dual bicomplex
numbers. We gave the dual vector which is called dual Fibonacci vector for these dual bicomplex
numbers. By using dual Fibonacci vector, we get some results of this vector to expert in geometry
such as the cross product of two vector and study mapping.
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