Journal of Informatics and Mathematical Sciences

Vol. 8, No. 4, pp. 53257 2016 RGN

ISSN 0975-5748 (online); 0974-875X (print)

Published by RGN Publications http://www.rgnpublications.com

Special Issue

CRIMSTIC 2016

Current Research in Information Technology, Mathematical Sciences,
Science and Technology International Conference 2016
April 13-14, 2016, Melaka, Malaysia

Generalization of the Central Subgroup

of the Nonabelian Tensor Square of

a Crystallographic Group with Symmetric

Point Group | Research Article |

Rohaidah Masri*, Tan Yee Ting and Nor’ashigin Mohd. Idrus

Department of Mathematics, Faculty of Science and Mathematics, Universiti Pendidikan Sultan Idris, Tanjung
Malim, Perak, Malaysia.

2John von Neumann Institute, Vietnam National University, Ho Chi Minh City, Viet Nam

*Corresponding author: rohaidah@fsmt.upsi.edu.my
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of a crystallographic group with symmetric point group is constructed and generalized up to finite
dimension.
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1. Introduction

Crystallographic groups have many interesting properties. The main focus in this paper is
a crystallographic group with symmetric point group, denoted by Bs. In [1], the consistent
polycyclic presentation of By of dimension four, Bo(4) has been constructed as follows.

Bo(4)=(a,b,l1,l5,l3,la | a® = 13,6° = 131,%,b% = 0213113, 1§ = 11,15 = 11157, 1§ = 13,15 = 1",
-1
18 =13115 =1315", 15 = 13,15 = 14,1} = zj,li.i =1ljfor j>i, 1<i,j<4) (1.1)
The central subgroup of the nonabelian tensor square of a group G, denoted by V(G) is a
normal subgroup generated by the element g® g, for all g € G. G ® G is a group generated
by the symbols g ® h, for all g,h € G, subject to relations gh®k = (g" ® k") (h @ k) and

g®hk = (g®k)g" o h*) for all g,h,k € G where g" = h™1gh [2]. Lemma (1] shows the close
relationship between V(G) and the abelianization of the group.

Lemma 1 ([3]). Let Gbe a group whose abelianization is finitely generated by the independent
set x;G', i =1,...,n. Then, V(G) = {lx;, {1, [x;, 27 1[x;,x]11 1< i < j < s).

In [4]], the central subgroup of the nonabelian tensor square of the group B2(4) has been
computed. Thus, the aim of this paper is to generalize the central subgroup of the nonabelian
tensor square of the group B2 up to dimension .

2. Preliminaries
In this section, some basic definitions and some structural results are presented.

Definition 1 ([5], Polycyclic Presentation). Let F,, be a free group on generators g1,...,8, and

R be a set of relations of group G. The relations of a polycyclic presentation have the form
i il +i i : - isJoJ+1 isJs . - i) J+1 isJs

gl =giy g fori<I g lgigj=g " gn " for j<i, gigig;t =g g for

Jj<iand j¢I forsomeI<{l,...,n}, e;€N fori€l and x; ;y; jrzijr€Z forall i,j and k.

Definition 2 ([5], Consistent Polycyclic Presentation). Let G be a group generated by g1,...,8n.
The consistency of the relation in G can be determined using the consistency relations
. ; et S : -1
gr(gigi) = (grg)gi for k> j>i, (g7)g; = g (gjg) for j>i, jel, gjg])= (gjgi)gf‘ for
j>i, f =infel, (gf")gi :gi(g‘;i)for i¢land gj= (gjgi‘l)gi for j>i,i¢l.
Definition 3 ([6]). Let G be a group with presentation GR and let G¥ be an isomorphic copy of
G via the mapping ¢ :g — g% for all g € G. The group v(G) is defined to be
v(@)=G,G’R,R? *[g,h?1=1"g,(*h)?1="Y[g,h?], forall x,g,h€Qq.

Lemma 2 ([7]]). Let G be any crystallographic group of dimension n with point group P. Let
B=GxF f,‘lb where F fﬁlb is a free abelian group of rank m. Then B is a crystallographic group of
dimension n + m with point group P.
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In [1] and [4], the abelianization of B2(4) and its central subgroup of the nonabelian tensor
square have been determined as follows.

Lemma 3 ([1l). The abelianization Bo(4) is generated by aBa(4) of infinite order, 1oBo(4)
of order 3 and 14B2(4) of order 2. In symbols, we write By(4)2b = (aB9(4),l9B2(4),l4Bo(4)) =
C() X Cg X C3.

Theorem 1 ([4]). The subgroup V(B2(4)) is given as
V(B2(4)) = ([a,a‘p],[lz,lg],[l4,lf],[a,lg][lz,a‘p],[a,lf][l4,a"’]) =CoxCqyx C§ x Cy.

Lemma 4 ([3]). Let G be a group with elements x and y such that [x,y]l = 1. Then,

@) [, (y™PIy™, (™)1 = ([x, y? Iy, (=)D,

(i) If g1€G or g2 € G/, then [g1,851 ' =g2,85]

3. Main Result

In this section, the central subgroup of the nonabelian tensor square of By is generalized up to
finite dimension. First, the generalized polycyclic presentation of By is constructed as follows.

Lemma 5. The polycyclic presentation of Bo(n) is consistent where
Ba(n)={a,b,l1,12,13,141a® =13,b> = 131,20 = b%13113,19 = 11,15 = 111,18 = 13,
-1
18 =108 =1, 18 =151, 15 = 1al5 18 = 15,05 = 14,15 = 1, = zj,zi.i =1

forl<i<j<nand5<p<n) 3.1)
Proof. By Lemma |2, Bo(n) = Ba(4) x FZE 4 for n <4 where Bs(4) has the presentation as in (1.1)
and F;’f 4 is free abelian of rank n —4 which is generated by /5,/s,...,l, and [, commutes with
all elements in By(n) for 5< p <n. Thus, 1% =1,, 15 =1,, 15 =1,,15 =1,,1% =1, and 1%} for
5 < p < n. Therefore, Ba(n) has the polycyclic presentation as in (3.1) which satisfies all the
relations as given in Definition O

Next, the generalization of the abelianization of the group Bg is presented as follows.

Lemma 6. The abelianization of Bo(n),
Bo(n)* = (aBa(n),13Ba(n),14Bs(n),l,Ba(n)y = 08_3 xCoxC3 for5<p<n.

Proof. The abelianization of B1(n)*® is generated by aBs(n), bBa(n), l3Bo(n), 13Bo(n),
[4Ba(n) and [,Ba(n) for 5<p <n. By Lemma the independent cosets are aBa(n)', I9Ba(n)
and [4Ba(n). Also, [,B1(n) is independent of other coset. Hence, it can be concluded that
By(n)*b = (aBa(n),l9Ba(n),l14Bs(n),l,Ba(n)). By Lemma aBs(n)' is of infinite order, [9Ba(n)’
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is of order 3 and /4B2(n)’ is of order 2. Besides, {,B2(n)’ is showed to have infinite order since
there isno /), in Bo(n) for any integer r. Since 5 < p <n, then there are n —4 cosets in term of
[,Ba(n)'. Therefore, Bs(n)?® = Cy x Cg x C3 x 08_4 = C6‘_3 x Cy x C3. O

Then, the construction of V(By(n)) is showed as in the following theorem.

Theorem 2. The subgroup V(Ba(n)) is given as

V(B2(n) = ([a,a’], [, 191,114, 151,11, 191, [a, 151112, 0?1, [a, {114, @, [a, L4111 p,a?],

[, 1200, 121, L4, 12001, 190,10, 120114, 120)

(n=3)(n—-2)
=C, ? xCL?xCy?xCy for5<p<gq=n.

Proof. By Lemma ??, B1(n)* is generated by aBs(n), I9Bs(n), 14Bo(n), and I,Ba(n) for
5<p <n. Thus, by Lemma (1, V(B1(n)) = ([a,a’], [l2,l3], [l4,13], [p,17], la,l31lls,a?],
[a,if1[14,a?], [a,i71p,a%], (12,01, L350, [, L0001, 03], [y, L51MLg, 15y for 5<p < g <n.

By Theorem (1, [a,a?] has infinite order, [l4,lf] has order 4, [a,lf] [l4,a?] has order 2,
and both [a,lg][lz,a"’] and [lz,lg] have order 3. By Lemma @i) and (ii), it can be concluded
that [l3,191[1,,1%] has order 3 since ([l3,1%1[,, L5103 = [13,19101,,5°1 = [3,191123,1917" = 1.
Similarly, [l4,l$][lp,lf] has order 2. Next, suppose that the order of [a,lﬁ][lp,a‘p] is finite,
then [a”,1; 1[15,a"%] = (la,l}]l,a?]) = 1 for any integers r and s. Thus, [I5,a"?]1=[a",13/]7".
However, this is not true since there is no a” and l; in By(n)'. Therefore, [a,lz][l p,a?] has
infinite order. Using the similar argument, [/, 3][1 q,lg] and [/ p,lg] also have infinite order.

Since 5 < p < q < n, then there are n —4 generators in terms of [lp,lﬁ], [a,lﬁ][lp,a‘/’],

2,000,141 and [14,19111,,19] and =244 generators in term of [1,,151[14,1%]. Hence,
(n=5)(n—-4) (n—-3)(n—2)

V(Bsa(n)) = Coyx C3 x Cy x C6“4 x C3 x Cg x 08_4 X Cg‘_4 X Cg_4 xCy * =C, * x Cg_3 x
Cg‘_z x Cy. O

4. Conclusion

In this paper, the generalization of the central subgroup of the nonabelian tensor square of a
crystallographic group with symmetric point group, Ba(n) is constructed up to finite dimension
n. Besides, the generalized polycyclic presentation and the generalized abelianization of the
group are also presented.
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