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Abstract. Let G be a molecular graph with vertex set V(G) and edge set E(G). In chemical graph
theory, for a molecular graph we have many invariant polynomials and topological indices. The
length of a shortest path between two vertices of G is called distance. In a connected graph G, the
eccentricity e(v) of vertex v is the distance between v and a vertex farthest from v in G. In this paper,
we consider NA) nanotube and compute eccentric connectivity polynomial and total eccentricity
polynomial. Furthermore, we also compute some eccentricity based Zagreb indices of NA7,.
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1. Introduction and Preliminary Results

Mathematical chemistry is a branch of theoretical chemistry in which we discuss and predict the
chemical structure by using mathematical tools and does not necessarily refer to the quantum
mechanics. Chemical graph theory is a branch of mathematical chemistry in which we apply
tools of graph theory to model the chemical phenomenon mathematically. This theory plays a
prominent role in the fields of chemical sciences. Molecules and molecular compounds are often



202 Eccentric Connectivity Polynomial and Total Eccentricity Polynomial ...: R. Dhavaseelan et al.

modeled by molecular graphs. A molecular graph is a graph in which vertices are atoms of a
given molecule and edges are its chemical bonds.

A topological index is a numeric quantity associated with a graph which characterize the
topology of graph and is invariant under graph automorphism. In more precise way, a topological
index Top(G) of a graph, is a number with the property that for every graph H isomorphic to G,
Top(H) = Top(G) [6]. There are some major classes of topological indices such as distance based
topological indices, eccentricity based topological indices, degree based topological indices and
counting related polynomials and indices of graphs.

Let G be a molecular graph with vertex set V(G) and edge set E(G). The vertices of G
denotes atoms and an edge between two vertices denotes the chemical bond between these
vertices. If no vertices in u —v walk are repeated then it is called u — v path in graph G. The
length of a path is the number of edges in it. The distance d(u,v) from vertex u to vertex v is
the length of a shortest u —v path in a graph G where u,v € G. In a connected graph G, the
eccentricity e(v) of vertex v is the distance between v and a vertex farthest from v in G.

The oldest topological index is Wiener index which was introduced by Harold Wiener when
he was working on boiling point of paraffin, named this index as path number. Later on, the
path number was renamed as Wiener index defined as half sum of the distances between all the
pairs of vertices in a graph [43].

Let G be a graph. Then the Wiener index of G is defined as

W(G):} Z d(u,v) (1.1)

2 (u,v)
where (u,v) is any ordered pair of vertices in G and d(u,v) is u —v geodesic. An important
eccentricity based topological index of a graph G is the eccentric-connectivity index ¢{(G) which
was proposed by Sharma, Goswami, and Madan. The eccentric-connectivity index is defined as

@)= ) dwe). (1.2)
ueV(QG)

where d(u) denotes degree of the vertex u and e(u) denotes the eccentricity of the vertex u.

The eccentric connectivity polynomial is the polynomial version of the eccentric-connectivity
index which was proposed by Alaeiyan, Mojarad and Asadpour. Now we define the eccentric
connectivity polynomial of a graph G, which is defined as [1]]

ECP(G,x)= Y dwx™. (1.3)
ueV(G)

where d(u) denotes degree of the vertex u and e(z) denotes the eccentricity of the vertex u
where value of x is greater than 1. The relationship between eccentric connectivity polynomial
and eccentric-connectivity index is given by

ECP(G,x)=¢(G,1)
where ¢(G, 1) is the first derivative of ECP(G,x) [7, 28, [29]. When the vertex degrees are not
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taken into account, we obtain the total-eccentricity index of the graph G defined by

(@)=Y ew. (1.4)
ueV(Q)

where e(u) denotes the eccentricity of the vertex u.
The total eccentricity polynomial is the polynomial version of the total-eccentricity index.
Now we define the total eccentricity polynomial of a graph GG, which is defined as
TEP(G,x)= ) «@. (1.5)
ueV(QG)
It is easy to see that the total-eccentricity index can be obtained from the corresponding
polynomial by evaluating its first derivative at x = 1 [3].

2. NA; Nanotube

We consider the m x n quadrilateral section P}, with m = 2 hexagons on the top and bottom
sides and n = 2 hexagons on the lateral sides cut from the regular hexagonal lattice L as shown
in Figure |l If we identify two lateral sides of P;; such that we identify the vertices ué and u{n,
for j=0,1,2,...,n then we obtain the nanotube NA7 [6], [13, 14} 17, 30,31, 37,40, 44].

T T L a7 T
" U g Um—1 Um

Figure 1. NA}, nanotube
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In this paper, we consider NA? nanotube with n = m and we compute eccentric connectivity
polynomial and total eccentricity polynomial of NA} nanotube. For the eccentric connectivity

polynomial and total eccentricity polynomial of NA} nanotube we have two cases of n when
n = 0(mod2) and when n = 1(mod 2).

3. Results for the eccentric connectivity polynomial of NA" nanotube

Theorem 3.1. For every n = 0(mod?2) consider the graph of G = NA], nanotube. Then the
eccentric connectivity polynomial is equal to

F.n>2 n,n>2
ECP(G,x)=2x>" +4x5 + Z 2% 4 448 + Z 2¢x2ntm
m=1 m:%
[ n—2,n>2,k=0(mod 2)
+ Z Z (2tx3n—m—k _4x3n—m—k)
m=0 | k=2
% [n,k=0(mod2) 3 3
+ Z Z (_t2x3n—m—k _ _tx3n—m—k)
m=1 | k=2 2 2

n n,k=0(mod2) 3
+ Z (_t2x2n+m—k _ _tx2n+m—k
k=2 2 2
2

m>2

+ 2x2n+1

% n—1,k=1(mod2) 3
+ Z Z (_t2x3n—m—k+3tx3n—m—k)
m=0 k=1 2
[n—1,k=1(mod2)

Z (§t2x2n+m—k _ 3tx2n+m—k) ]
m=% | k=1 2

[n—1,k=1(mod2) 9 5
n+m—
+ Z kz' 2tx
=1

Proof. Let G be the graph of NA], nanotube. The formula for the eccentric connectivity
polynomial is equal to

ECP(G,x)= Y dwx™
ueV(@)
By using the values from Table |1} we get

%,n>2 n,n>2
ECP(G,x)=1x2xx%"+2x2xx’+2xtx Y a1 2x2xa0+2xtx Y 2+m
m=1 m=%
n—2,n>2,k=0(mod2)
+2x(t-2)x Y [ Y x3”‘m‘k]
m=0 k=2
2 _¢ % [n,k=0(mod2)
+3><( )x Z [ Z x3n—m—k]
2 m=1 k=2
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t2 —¢ n n,k=0(mod2)
+ 3 % ) x Z Z x2n+m—k +2 x 1 x x2n+1
2 m>3% k=2

n—1,k=1(mod2)
+3x

x3n—m—k]
k=1

t2 —9t n-1 [n—1,k=1(mod2)
+3x )

E [

+2xtx Z

m=n

After an easy simplification, we get
5.n>2 n,n>2

ECP(G,x)= 2x%" + 445 + Z 23" ™ 4 445 + Z oy 2ntm

= =
m=1 m_2

[ n—2,n>2,k=0(mod 2)
+ Z Z (2tx3n—m—k _4x3n—m—k)
m=0 | k=2

—1°x —tx
2 2

[ n,k=0(mod 2)
(3 2 3n—m—k_3 3n—m—k)
m=1| k=2

n n,k=0(mod2)

3
+ Z Z (§t2x2n+m—k _ 5txZn+m—k)]
k=2

n
m>2

n—1,k=1(mod2) 3
Z (_t2x3n—m—k +3tx3n—m—k)
k=1 2

n—1 [n-1, El(mod2)(3

§t2x2n+m—k _ 3tx2n+m—k) ]

[n—1,k=1(mod2)
+ Z 2tx2n+m—k

m=n | k=1

. O

Theorem 3.2. For every n = 1(mod?2) consider the graph of G = NA, nanotube. Then the
eccentric connectivity polynomial is equal to

n-1

2 n-1
ECP(G,x) =42+ Y (2t«®" ™ —22%M)+ Y (2™ — 242"

m=l m=23t

[ n—1,k=0(mod 2)

+ Z Z (th3n—m—k _2x3n—m—k)
m=0 k=2

[n—1,k=0(mod 2) 5 . 5 . |

+ Z Z (th n+m-— _2x n+m-— )
m=n k=2
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nT_l n—1,k=0(mod2) 3 3
+ Z ( ¢ x3n m—Fk 3tx3n m-— k x3n m k)
m=1 k=2 2 2
n—-1 n—1,k=0(mod 2) 3 3
+ Z (_t2x2n+m—k_3tx2n+m—k+§x2n+m k)
m:

n+l k=2
2

n—1
,k=1(mod 2
[n (o )(3 2 3n—-m-—k 3tx3n—m—k)]
2

2
+ ) Y tox
m=0 k=1
n n,k=1(mod2) 3 3
+ Z (_t2x2n+m—k+_tx2n+m—k)
Sl =P 2

Proof. Let G be the graph of NA] nanotube. The formula for the eccentric connectivity

polynomial is equal to,

ECPG,x)= Y dwx™
ueV(G)

By using the values from Table [2| we get
n—-1

2t — 2) 22: Bn-m o (
me1 2

ECP(G,x)=1x4xx" +2x (
[n—1,k=0(mod?2)

+2x(t-1)x Y ];2

m=0 |

x3n—m—k
[ n—1,k=0(mod 2)

+2x(t-1)x Y
k=2

m=n

2n+m—*~k

3n—m—k]

n L [n 1,k=0(mod 2)
:2

+3x —2t+1 )X 22:
m=1

—9t+1 n-1 n—1,k=0(mod2)

e B >

2n+m—k}
k=2

+3 x
n+l
2

m=0 k=1

221 Ink=1(mod2)
+3x

2+ t)
X
n,k=1(mod2)

2+t n
H)- £ [7E

2n+m—k]
k=1

+3 x

After an easy simplification, we get
n 1
(2tx2n+m 2x2n+m)
+1

ECP(G x)—4x3n+ Z (2tx3” m 2x3n m)+ Z
m=tg

m=1
n—1,k=0(mod 2)
(th3n—m—k _ 2x3n—m—k)

al A

k=2
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[n—1,k=0(mod 2)
+ Z (th2n+m—k _2x2n+m—k)
m=n k=2
n—1

[ n—1,k=0(mod 2) 3 9 Snem—h Sn—m—Fk 3 Sn—m—*Fk
—t°x - 3tx +§x

+
[

m=1 k=2 2
- n—1,k=0(mod2) 3 3
+ Z (_t2x2n+m—k _ 3tx2n+m—k + _x2n+m—k)
n+1 k:2 2
2
nT_l n,k=1(mod2) 3 3
+ Z Z (_t2x3n—m—k +_tx3n—m—k)
m=0 k=1 2 2

n,k=1(mod2) 3 3
Z (_t2x2n+m—k + _tx2n+m—k) ) 0
1 \2 2

n
+ 2

_n+l
m=-y

4. Results for the Total Eccentricity Polynomial of NA? Nanotube

Theorem 4.1. For every n = 0(mod 2) consider the graph of G = NA}, nanotube. Then the total
eccentricity polynomial is equal to

5.n>2 n,n>2
TEP(G,x)=2x*"+2x"+ ) tx® 428+ Y ga?tm
m=1 m=2
2
[ n—2,n>2,k=0(mod 2)
+ Z Z (tx3n—m—k _2x3n—m—k)
m=0 | k=2
% [n,k=0(mod2) 1
+ Z (_t2x3n—m—k 3n m— k)
m=1 | k=2 2
n n,k=0(mod2) 1
+ Z (_t2x2n+m—k 2n+m k +x2n+1

k=2 2

3
\%
oIS

1t2x3n—m k 3n m—k
2

+
MNI:

)3

k=1 )
[n—l,kzl(mod2)

Z (§t2x2n+m—k _ tx2n+m—k) ]

k=1

[n—l,kzl(mod2) (

3
I
(=)

S
[y

+
3
LD

n—1,k=1(mod2)

1]

tx2n+m—k } )
k=1

Proof. Let G be the graph of NA} nanotube. The formula for the total eccentricity polynomial
is equal to

TEPG,x)= Y xW
uev(@)
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By using the values from Table 1} we get

2,n>2 n,n>2
TEP(G,x)=2xx""+2xx’+tx Y «®"™+2xx8+tx Y H2tm
m=1 m:ﬂ
2
n—2,n>2 k=0(mod2)
+(t—2) x xBnmek
m=0 k=2
2t % [n,k=0(mod2)
+ ) % Z Z xSn—m—k
2 m=1 k=2
t2 —t n n,k=0(mod2)
+ ) % Z Z x2n+m—k +1x x2n+1
2 m>% k=2
2 5 n—1,k=1(mod2)
42t 2 ’
+ ) % Z [ x3n—m—k]
2 m=0 k=1
2 _9¢ n-1 [n—-1,k=1(mod2)
+ )X Z [ Z x2n+m—k
2 m=% k=1
n—1,k=1(mod2)
+Ex Z Z x2n+m—k )
m=n k=1
After an easy simplification, we get
5,n>2 n,n>2
TEP(G,x)=2x""+2x"+ Y tx® ™4+ 2¢8+ Y gt
m=1 m:%
[ n—2,n>2,k=0(mod 2)
+ Z Z (tx3n—m—k _ 2x3n—m—k)
m=0 | k=2
3 [nk=0(mod2) ({ 2 snmok_ 1,3 i
+ Z ( x n-m-— n—-m-— )
m=1 k=2 2
n n,k=0(mod2) 1
+ Z (_t2x2n+m—k - 2n+m k) +x2n+1
m>4g k=2 2
% [n-1,k=1(mod?2) 1
+Z ( t2x3nmk Snmk)
m=0 k=1 2
n-1 [n—-1,k=1(mod2) 1
+ (_t2x2n+m—k _ tx2n+m—k)
m:% k:1 2
n—1,k=1(mod2)
+ tx2n+m—k D
m=n k=1
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Table 1. Vertices partition of NA}, nanotube based on degree and eccentricity of each vertex when

n =0(mod?2).
Representatives | Degree | Eccentricity Range Frequency
ul=ult . 1 3n i=0, 2
m=0.
ul*=ult . 2 3n—m m=1whenn=2, t, where
l=ms<% whenn>2, | t=nort=0(mod2)
1=0. and ¢t # 2.
ul=urt . 2 2n+m m =2 when n =2, t, where
g<m<nwhenn>2, | t=nort=0(mod2)
1=0. and ¢ # 2.
u?zug_t 2 3n—-m-=~k m=0, t—2,
2<k<sn-2,n#2 where
where k& = 0(mod2), t=nor
1515%—1,n7ﬁ2 t = 0(mod?2).
um=u™ 3 3n-m-k l=m=<g, #,
12 n—i
1<i<g forallm, where
2 <k <n where t=nor
k = 0(mod2) for all m. t =0(mod2).
ul'=ul . 3 2n+m-—Fk g<m<n, %,
1<i<Zforallm, where
2 <k <n where t=nor
k = 0(mod?2) for all m. t = 0(mod?2).
u, 2 2n+1 m =0,n =0(mod?2) 1
2
vt =om . 3 3n-m-~k 0sm<g, %,
1<i<g forallm, where
1<k <n-1where t=nor
k = 1(mod?2) for all m. t = 0(mod2).
vt =urt g 3 2n+m-—*k g=m=sn-1, tZ;Zt,
1<i< g forallm, where
1<k <n-1where t=nor
k = 1(mod 2) for all m. t = 0(mod2).
v;" :v,':ii+1 2 2n+m—=k m=n=0(mod2) t,
l1<i<gforallm, where
1<k <n-1where t=nor
k = 1(mod?2) for all m. t = 0(mod?2).
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Table 2. Vertices partition of NA}, nanotube based on degree and eccentricity of each vertex when

n = 1(mod?2).
Representatives | Degree | Eccentricity Range Frequency
ul=u, 1 3n i=0whenm=0and m=n 4
ul =uy . 2 3n—m ISmS”T_l, 2'52—_2,
i=0for where t =n or
allm t = 1(mod 2).
ul"=ur, 2 2n+m "THSmSn—l, %,
i =0 for where ¢ =n or
allm t = 1(mod2).
uozug_i 2 3n-m-=~Fk m=0, t—1,
l<i<Z= 1 for all m, where
2<k<n-1forallm t=nor
where & = 0(mod 2). t = 1(mod 2).
ul"=ul . 2 2n+m-—*k m=n, t—1,
l<i<Z= 1 for all m, where
2<k<n-1forallm t=nor
where & = 0(mod 2). t = 1(mod2).
ul*=ul . 3 3n-m-k ISmS”T_l, MT”I,
l<is Tl for all m, where
2<k<n-1forallm t=nor
where & = 0(mod 2). t = 1(mod2).
ul*=u) . 3 2n+m-—-Fk TISmSn 1, MT”I,
l<is Tl for all m, where
2<k<sn-1forallm t=nor
where & = 0(mod 2). t = 1(mod2).
vt =vm 3 3n-m-~k OSmS”T_l, t22”,
1<is< ”T*l for all m, where
l<k<nforallm t=nor
where & = 1(mod 2). t = 1(mod2).
vlt=um 3 2n+m-—*k Tl<m<n t22”,
l<i<2i= 1 for all m, where
l<k<nforallm t=nor
where & = 1(mod 2). t = 1(mod2).
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Theorem 4.2. For every n = 1(mod 2) consider the graph of G = NA}, nanotube. Then the total
eccentricity polynomial is equal to

n-1
=z n-1

TEP(G,.’X,') — 4x3n + Z (tx3n_m _x3n—m)+ Z (tx2n+m _x2n+m)
m=1 _n+l

m==g

[ n—1,k=0(mod2) |
+ Z Z (tx3n—m—k _x3n—m—k)
m=0 | k=2

[n—1,k=0(mod?2) ]
+ Z (tx2n+m—k _x2n+m—k)

m=n | k=2

n-1 [n—1,k=0(mod2) 1 1
Z (_t2x2n+m—k _ tx2n+m—k + _x2n+m—k)
k=2 2 2

n,k=1(mod2) ( 1

+mX=:O kgl

t2x3n m— k ;tx3n—m—k)}

n,k=1(mod2) (

k=1 2

n
+Z[
m="151

1t2x2n+m—k + %tx2n+m—k)] )

Proof. Let G be the graph of NA? nanotube. The formula for the total eccentricity polynomial
is equal to
TEPG,x)= ) «®
ueV(@a)
By using the values from Table [2| we get

n-1
2t-2\ & 2t-2\
TEP(G,x) =4 Xx3n + % Z x3n—m i V) Z 2n+m
m=1 2 mznTH

+(t=1) % Z ’ Z x3n—m—k
m=0 k=2

[ n—1,k=0(mod?2) ]
+(t—=1) % Z Z x2n+m—k
m=n L k=2

n—1
2 5 [n-1,k= 0(m0d2)
t“—2t+1 2

+ )x Z [ x3n—m—k]

m=1 k=2

n-1 [n-1,k=0(mod2)
x2n+m—k

n+l

m="" k=2

t2+t) nol [n,kzl(modZ)
X

m=0 =

Journal of Informatics and Mathematical Sciences, Vol. 9, No. 1, pp.[201 , 2017



212 Eccentric Connectivity Polynomial and Total Eccentricity Polynomial ...: R. Dhavaseelan et al.

t2 + t n n,kEl(mod2)
+( ) % Z Z x2n+m—k )
2 m:nT+1 k=1
After an easy simplification, we get
nT_l n—1
TEP(G,x) — 4x3n + Z (tx3n_m _x3n—m)+ Z (tx2n+m _x2n+m)
m=1 m:nTH

[ n—1,k=0(mod2) |
+ Z Z (thn—m—k _x3n—m—k)

m=0 | k=2

[n—1,k=0(mod?2)
(tx2n+m—k _ x2n+m—k)

+
m=n L k=2
n-1 [n-1,k=0(mod2) 1 1
+ (§t2x2n+m—k _ tx2n+m—k + _x2n+m—k)
_n+l =
mezgtl k=2

n,k=1(mod2)

+ Z Z (_t2x3n—m—k+itx3n—m—k)}
m=0 k=1 2 2

nk=1mod2) 1 2 2n+m-k 1 2n+m-k
—t°x +§tx . ]

n
+Z[
m="131

k=1

5. Conclusion

In this paper, we discuss the Eccentric connectivity polynomial, Total eccentricity polynomial
and their relationship with Eccentric connectivity index, Total eccentricity index. We consider
the molecular graph of NA], nanotube and we compute Eccentric connectivity polynomial and

Total eccentricity polynomial.
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