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Formal Solutions of Certain Dual and Triple Series
Involving the Fox H-Functions

Alireza Ansari

Abstract. It this paper we show how certain classes of dual (triple) series
equations involving the Fox H-functions can be reduced to some dual (triple)
integral equations involving the Fox H-functions. Also, using the Erdelyi-Kober
operators of fractional integration exact solutions of these dual (triple) integral
equations are obtained.

1. Introduction

The formal solutions of dual and triple series equations containing the
orthogonal polynomials such as Laguerre, Jacobi Polynomials have been obtained
by many researchers. The applicable approach to finding the exact solutions
od these equations are based on the main property of orthogonality for these
polynomials see [1], [5], [6], [14], [19].

In this paper, in general case we consider the dual series equations involving
the Fox H-functions as

OOE a;H™" ix (aj’Aj)rller =¢(x), 0<x<x (1.D
ra i**n+p,m+q (bk,Bk)T+q > 0> .
00 n+p
) LA
a;H™" ix (e, L =(x), x>x,, (1.2)
; nrpma { (dk, Br); i 0

where ¢ (x), 1 (x) are known functions and try to find the unknown coefficients
a;. In this respect, by converting the introduced dual series equations into the
dual integral equations and applying the Erdelyi-Kober operators to the new dual
integral equations we get the exact solution of the dual series (1.1), (1.2) via an
integral representation involving the Fox H-function. Our strategy in this paper
is an extension of the methods of Saxena [11-13] for solving the dual integral
equations. As a generalization of the dual series equations in section 3 we state
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a class of the triple series equations and by applying the introduced technique its
formal solution is obtained. See also other techniques for solving dual and triple
integral equations which may be applied for solving these equations [2], [9], [10],
[15], [17], [18].

Before we start to solve the equations (1.1), (1.2) let us state the definition
of the Fox H-function and main properties of this function applied in this paper.
The Fox H-function is a generalized hypergeometric function defined by means of
Mellin-Barens type contour integral as follows

_ (a;, A7
n+p m+q(z) n+p m+q |:z (bli: Bk)m+q
1 m,n S
= oy %Hp m+q(s)z ds, z#0 (1.3)

where the integrand ¢ has the form in terms of the Gamma functions

H ['(by — Bys) H I(1-a;+A;s)

k=1
n+p m+q(s) q (14)
[T T(1— b+ Bys) ]_[ I'(a; —Ajs)
k=m+1 j=n+1

and the orders (m,n,p,q) are non-negative integers such that 1 < m < q,
0 <n < p, the parameters A; > 0, B, > 0 are positive and a;, b; can be arbitrary
complex such that the poles of the Gamma function entering the expressions A(s),
B(s) are simple poles and do not coincide i.e.

Aj(by + D) #By(a;—1'-1), 1,I'=0,1,2,---, j=1,---,n, k=1,---,m

The contour L is chosen such that the poles of I'(b;, — Bs), k = 1,---,m are
separated from the poles of I'(1 —a; +A;s), j=1,---,n

Also if we set

n q
Q=) A - Z A +ZBk > B
j=1 j=n+1 k=m+1

the integral (1.3) is absolutely convergent and makes the analytic in the sector
larg(z)] < Q.

One of the important property of this function applied in next section is the

Laplace transform of it [3]
1o (a;, A"
g™ [ i .
Z{Z n+p,m+q+1 |:az (bk’Bk)1 +q (0 O‘)
(a;,A)}F

(bk>Bk)m+q

For other properties and details about this functions such as convergency, analytic
continuation and their application in applied sciences the reader is referred to
[3,4] and [7, 8], [16].

_ pymn
_Hn+p,m+q |:a5

} , a,oc€eC. (1.5)
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2. Dual Series Equations Involving the Fox H-Function

In this section we find the unknown coefficients a;, i = 0,1, - - - in the dual series
(1.1), (1.2). In this regard, by definition of the Laplace transform

e}

.%{H(x);s}zJ e *H(x)dx, seC
0

we can consider the following relation for obtaining the infinite series through the
infinite integral with the inversion of the Laplace transform kernel

ZaiH(ix) :f L YH(ix);u}f (Wdu 2.1
i=0 0
where
Fa)=> ae ™. (2.2)
i=0

It is obvious that, by finding the function f (u) the coefficients a; can be easily
obtained as the coefficients of power series as follows

1d . 1
w=aaa (n(2))

Now, by applying the identity (2.1) for the Laplace transform inversion of the
Fox H-function (1.5) we reduce the dual series (1.1), (1.2) into the following dual
integral equations

o0
le’” f
o u n+p+1,m+q u

0o
le’” X
o u n+p+1,m+q u

where the function f (x) should be determined. For the above equations if we use
the Mellin transform convolution

foo x du 1 B

h(—)f(u)— = —J F(s)F(s)x*ds (2.6)
0 u u 27t |,
MEh(x)}=H(s) and A {f(x)} =F(s) 2.7

, 1=0,1,2,---. (2.3)
u=0

(aj,Aj), (0, 1)
(bk)Bk)

o }f(u)du=¢(X), x>xp, (25)

} fWdu=¢(x), 0<x<xq (2.4

then we can rewrite the dual integral equations in terms of Bromwich integrals as

1 [IT(be +Bis) [ IT(a; —Ajs)
k= i
2mi |, a : Jp+11 F(s)xds=¢(x), 0<x<x,
mi
L F(bk+m _Bk+m5) I I F(an+j +An+js)
k=1 j=1

(2.8)
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. ﬁ I'(dy + Bis) lﬁ T(c;—A;js)

= k=1 1_1 s .
2mi ), 4 p+l1 F(s)xds =1(x), x>xq, (2.9)

l_[ l—‘(dk-km - Bk+ms) l_[ 1—'(Crz+j +An+js)
k=1 j=1

which for the above equations we write the Mellin transform of the Fox H-functions
from the definition (1.3) as the coefficient of z

ﬁ ['(by + Bys) ﬁ I'(a; —A;js)

=S

i [+ G133 [} =2
l_[ T'(bx4m = Bims) 1_[ T(antj+Ansss)
(2.10)
and use the following notations for convenience in calculations
by :=by, k=1,---,m, aj:=1-qa;, j=1,---,n (2.11)
biym=1-=by, k=1,---,q, Quyji=q;, j=1,---,p+1 (2.12)

In this stage by using the Erdelyi-Kober operators we transform the equations
(2.8), (2.9) into two others with the same kernel. In this regard we use the Erdelyi-
Kober operator .¢

m X
Sa,m;m: f(x)) = mx_"‘m‘”m‘lj (™ = eM) T (de (2.13)
0

lﬁr(aj_Ajs) ﬁr(cj —Ajs)

Jj=1 . j=1 .
to transform 7 into — and use the Erdelyi-

l_[ 1—‘(bk+m Bk+m5) l_[ 1—‘(dk+m - Bk+ms)
k=1
Kober operator J(

g [e)e]
H(a, &m: f(x)) = %f (rEmatmolgm _ ymya-le(dr  (2.14)

m m
[ I T(dy +Bys) [ I T(by + Bys)
k=1 . k=1
to transform into
p+1 p+1
[1TCcnsj +Ansjs) [1r(an, +An+15)
j=1 j=1

By considering the contracted forms of the Erdelyi-Kober operators in following
forms

«%(¢(X))=ﬂ((aj )1: A tp(x )) j=1,-,n (2.15)

b, 1
FH(Pp(x)) =" ((dm+k = byik), B—“; -1 B, : ¢(X)), k=1,---,q
m+ m+
(2.16)
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b, 1
%(qp(x)):x((dl—bl),B—i;E:wm), =1, m @17

1

K * Cn+h
) = H ((an+h—cn+h), Gt _y,

rw(x)), h=1,---,p+1 (2.18)
An+h An+h

and applying the operators .#;, 4 on the equation (2.8) successively we can find

[T +Bes)[[T(c; —A;s)
k=1 j=1

1
- —S
2mi ) e F(s)x~*ds
l_[ 1—‘(dk+m _Bk+ms) l_[ 1—‘(an+j +An+js)
k=1 j=1
=ﬂ1*---ﬂq*ﬂl---ﬂnq5(x), 0<x<Xxgp. (2.19)

In similar manner, by applications of the operators %}, #," the equation (2.9) can
be transformed to

k]'[l I'(by + Bgs) ]‘[1 I'(c; —Ajs)
= J:

1
JR— ')
2mi ), 4 p+1 F(s)x™ds
Iﬂ(dk-!—m - Bk+ms) l_[ l—‘(an+j +An+js)
k=1 j=1
=AY KK A P(X), X > X, (2.20)

which for the evaluating the above integrals we use the well known beta function
formulas

I'(a—Db)I'(b)
— X

T(a) - (2.21)

x
j tcb—l(xc _ tc)a_b_ldt —
0

* T'(A — w)I(w)
d—dA-17.d _ d\A—p—14, _ —du
t t dt=———= . 2.22
JX (x ) RO (2.22)
Finally by setting
S PP B p(x), 0<x < Xxg,
c(x) = { Lo tooon 0 (2.23)
Ao A A Aot (X), X > X0,

we can reduce the equations (2.8), (2.9) into a compact form with a common
kernel

ﬁ ['(by + Bys) l£[ I'(c;—A;js)
1 k=1 j=1 _
F(s)x*ds =c(x),

2ni ), 4 ptl
l_[ 1—‘(korm - Bk+ms) l_[ 1—‘(anJrj +An+js)
k=1 j=1
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and the required function f (x) can be obtained by the inversion of the H-transform
[3,16] as
q p+1
1 kl:[l T'(diym — Birm$) J:l_ll T(apyj+Any)s)
flx)= 2—mf — - C(s)x*ds,
L [TT(b +Bes) [1T(c; —Ajs)
k=1 j=1

where C(s) is the Mellin transform of the function c(x).
The formal solution f(x) for the dual integral equations (1.1), (1.2) may be
rewritten in other form by using the Mellin convolution (2.6) as follows

Y (R X | (@nyjAntjds (cj,A5) du
flx)= L Hn+p+l,m+q[u (e Bisms (B | P20

which by implementation of relation (2.3) required coefficients a;,i = 0,1,2,---
are finally written as

a;: = li OHq’p w
1 l' dxl o n+p+1,m+q u
* * du
XS I Iy (W) —,
4 u
+ li HZP M
i dxi n+p+1,m+q u
Xo

du
x %* .. .%*+1% .. .'){mw(u)?’] X (2.24)

x=0

(an+j:An+j)’ (c):A])
(dk+m: Bk+m)’ (bk;Bk)

x=0

(an+j’An+j)J (C],A])
(dk+m’Bk+m)’ (bk7Bk)

3. Triple Series Equations involving the Fox H-Function

As a generalization of dual series equations in previous section we consider the
triple eries equations as

00 B n+p
Z aiHR ) miq | X (aj’Aj)}n+q =¢(x), 0<x<x, 3.1
pary M| (b Bi)y
o) B n+p
LAY

aH™" ix (c5,4,); 4 =(x), x9<x<xq, (3.2)
Z:o: " “n+p,m+q I (dk’Bk)T q 0 1
0 r n+p

. (e;,A)

aH™" ix e =&(x), x>xq, (3.3)

; 1" “n+p,m+q I (fk’Bk);n q 1

which according the relation (2.1) can be reduced to the triple integral equations

in the following forms
T x| (a;,4,),(0,1)
o U mPrLmEad g (br, Br)

} fWdu=¢(x), 0<x<xq (3.4
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- LA),(0,1

f ZHn-;—p+l,m+q [2 (C](di)B(k) ) } fdu=1(x), xo<x<xy, (3.5)
0 b
R LA),(0,1

f ZHrH,-p+1,m+q |:§ (eJ (fli)B(k) ) i| f(u)du = ‘E(x); X > Xq, (36)
0 >

After Reforming the above equations the with respect to Mellin transform
convolution in terms of Bromwich integrals and applying the notations (2.11),
(2.12)

[IT(be+Bis) [1T(a; —Ajs)
k=1 j=1

1
I
Gy L e, F(s)xPds=¢(x), 0<x<x,
kl_[ r(karm - Bk+ms) l_ll l—‘(anJrj +An+js)
=1 j=
3.7)
m n
. [IT(d+Bes) [IT(c; —A;s)
= i=1
gy . = Jp+1 F(s)xPds=1(x), x9<x<xy,
i
t kl_l T(dsm = Brams) [ 1 Tcnys +Angss)
=1 j=1
(3.8)
m n
1 [TT(fi +Bis) [ 1 T(e; —Ajs)
k=1 j=1 e
gy . o F(s)xds=§&(x), x>xq, (3.9)
l_[ l—‘(fk+m - Bk+ms) l_[ Iﬂ(en-kj +An+js)
k=1 j=1

first and second equations (3.7), (3.8) are transformed into following equation
with the same kernel

[IT(be+Bes) [1T(cj—A;s)
k=1 j=1

1
[ —S —
omi |, 4 i1 F(s)x*ds=c(x), 0<x<x;
1—‘(dk+m_Bk+mS) l_[ 1—‘(an+j +An+j5)
k=1 j=1
(3.10)
m n
) [1T(i+Bis) [1T(e; —Ass)
k=1 j=1 e
omi |, 3 i F(s)x°ds=&(x), x>xq, (3.11)
l_[ l—‘(fk+m - Bk+ms) l_[ l—'(en+j +An+js)
k=1 j=1

where the function c(x) is obtained by applying the Erdelyi-Kober operators
(2.15)-(2.18) denoted by 1.9;,1.4,14;,1%),

B IS 1 LD (X)), 0<x<xg,
C(x):{l 111 15 0 (3.12)

147 "‘15(1,*“19{1 s A P(x),  Xg <X < Xq.
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Also by applying the contracted forms of the Erdelyi-Kober operators in the
following forms again

e. 1
255(c(x)) =,F ((Cj - ej)’A_Jj;A_j : C(X)), j=1,---,n (3.13)

dm k
25 ) =38 (st = i) 525 =i i), k=1oq (314)
m+k m+k
by 1
2 H(E(X)) = 3 (fz—bz),E;E:E(X) , [=1,---,m (3.15)
1 by
% % €n+n 1
2y (E(X)) = oA (an+h—en+h),A——1;A :&(x)|, h=1,---,p+1 (3.16)
n+h n+h
we reduce the equations (3.10), (3.11) into the following equation with the same
kernel
m n
. [IT(bx+Bs)[[T(e; —Ajs)
= i=1
— = : F(s)x*ds =s(x)
27l . 2 ptl
kl_[ 1—‘(karm - Bk+m5) 1_[1 l—‘(anJrj +An+js)
=1 j=
where
PERE 'Z'ﬂq*zjl RPN AL 1=7q*1v¢1 o 2,0 (x) 0<x <xo,
S(X)=9 2 22 2 I AL 1 1 K (X)X <x <xy, (3.17)
2%*"‘2«7(;;12% g & (X) X>Xq.

Finally the required function f(x) can be obtained by the inversion of the

H-transform as
p+1

q
1 [ I T(fitm = Brams) 1_[ T(anyj +An45s)
flo= z—mf = - SE)x ds,
L k]_[l (b, + Bis) ]‘[1 T(e; —A;s)
_ i

where S(s) is the Mellin transform of the function s(x).
The formal solution f(x) for the triple integral equations (3.1)-(3.3) may be
rewritten in other form by using the Mellin convolution as follows

” X | (@ Anii)s (e,A7) du
— Hq,P - n+js>4in+j /> \&js4j -
£ fo nHp+lmg |:u (fi-m> Bieam)s (b, Bi) }s(u) u’

and the coefficients a;, i =0,1,2,--- are obtained as

1rd ([ In(2)
=157 Hel o meg|
it [dxt ), Tmerimta| Ty

X g g Big g I I I I 1"¢n¢(u)du:|

x=0
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i Xy 1
+l|:if HTP ) (@)
; i +p+1m+
il [ dxt . nrpTLmTq u

x 2"¢1*'“2"¢q*2"¢1"'Zjnl‘%q*“'l%*+1l‘%fl"'1*%//m¢(u)dui|

17d (7 In(3)
+—|— | HY —
il |:Xm n+p+1,m+q ( u )
X1

X K ey K10 e --zxmé(u)du} . (3.18)

x=0

x=0

4. Conclusions

It may be concluded that in this paper finding of the solutions of the two sets
of dual and triple series equations involving the Fox H-functions are related to
the solutions of dual and triple integral equations reductions involving the Fox H-
functions.The Erdelyi-Kober operators are applicable approach to write the formal
solutions of these problems.
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