Journal of Informatics and Mathematical Sciences RGN
Volume 3 (2011), Number 2, pp. 177-189
© RGN Publications

http://www.rgnpublications.com

Some Notes on Dual Spherical Curves

Yusuf Yayli and Semra Saracoglu

Abstract. In this study, by investigating one parameter spherical motion in D?
with two different kinds of dual indicatrice curves, we have obtained the ruled
surfaces that correspond to tangent, principal normal and binormal indicatrices
of the dual curve are developable. Furthermore, it can be easily seen that this
study gives a link between the classical surface theory and dual spherical curves
on the dual unit spheres.

1. Introduction

The presentation of dual spherical motion expressed with the help of dual unit
vectors is based on the study of Clifford and E. Study.

Recently, dual space curves and surfaces have been extensively studied and they
are powerful mathematical tools for spherical motion in D®. Such notions as dual
numbers, dual vectors, dual angles, dual orthogonal matrices...etc. in general dual
elements have been originally conceived by Clifford (1873) [1]. After him, the first
applications to mechanics are due to Study (1901) [8] and he defined the mapping
which is called after his name: There is a one-to-one correspondence between an
oriented straight line in the Euclidean 3-space E° and a dual point on the surface
of a dual unit sphere S? in the dual space D* [8]. Hence, a differentiable curve on
the sphere S? corresponds to a ruled surface in the line space in R® [2, 3, 4, 5].
Here, it can be easily said that dual spherical motion is closely analogous to real
spherical motion.

In this study, we present the characterizations of dual spherical curves in
dual space. In the second section of this paper, we briefly give the mathematical
formulations and the necessary notational conventions for the reader who is not
familiar with.

In the next section, we define a dual curve in D® with the assistance of unit speed
curve in E3. Then we have showed that these curves have the same parameter.
Accordingly, by describing an orthonormal moving frame along dual curve, we
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give one parameter spherical motion in dual space. At that time, we have different
results that have been extensively studied in [6] and [10].

In the fourth section of the study, by defining another unit speed curve with
the same parameter of the first curve and also another closed spherical dual curve
of class C! on a unit dual sphere S! in D?, different cases are investigated with
taking tangent, principal normal and binormal indicatrices of these curves. In the
last section, we show that the ruled surfaces that correspond to tangent, principal
normal and binormal indicatrices of the other dual curve are developable. At the
end of the section, the Darboux vector of this motion is calculated with the Darboux
indicatrice of the dual curve.

Therefore, this study gives us a link and relation between the classical surface
theory and dual spherical curves on the dual unit spheres.

2. Basic concepts
2.1. Frenet frame [3, 4]

We assume that the curve a is parametrized by arclength. Then, a’(s) is the unit
tangent vector to the curve, which we denote by T(s) Since t has constant length,
T’(s) will be orthogonal to T(s). If T’(s) # 0 then we define principal normal

NG = L) @1
s)= o) .
vector and the curvature
ki(s)=1IT"(s)Il. (2.2)
So far, we have

T'(s)=ky(s)- T(s). (2.3)

If k;(s) = 0, the principal normal vector is not defined. If k;(s) # O then the
binormal vector b(s) is given by

B(s)=T(s) x N(s). 2.4)

Then {T(s), N(s), B(s)} form a right-handed orthonormal basis for R®. In summary
Frenet formulas can be given as

T'(s) = ky(s)-N(s), (2.5)
N'(s) = —ky(s)- T(s) + ky(s) - B(s), (2.6)
B'(s) = —k,(s)-N(s). 2.7

2.2. Involute [3, 4]

The orbit that is the perpendicular to the tangents of a curve is involute of this
curve.
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2.3. Mannheim partner curves in 3-space [7, 9]

Let E® be the 3-dimensional Euclidean space with the standard inner product
(,). If there exists a corresponding relationship between the space curves I" and
[';such that, at the corresponding points of the curves, the principal normal
lines of coincides with the binormal lines of I';, then T is called a Mannheim
curve, and a I'; Mannheim partner curve of I'. The pair {I',I';} is said to be
a Mannheim pair. From the elementary differential geometry we have the well-
known characterizations of Bertrand pair. But there are rather few works on
Mannheim pair. It is just known that a space curve in E® is a Mannheim curve
if and only if its curvature x and torsion 7 satisfy the formula x = A(x? + 72),
where A is a nonzero constant.

Let T : x(s) be a Mannheim curve in E® parameterized by its arc length s and
I'; : x1(s;) the Mannheim partner curve of with an arc length parameter s,. Denote
by {a(s), B(s), y(s)} the Frenet frame field along I : x(s), that is, a(s) is the tangent
vector field, $(s) the normal vector field and y(s) the binormal vector field of the
curve T', respectively.

Here and in the following, we use “dot” to denote the derivative with respect to
the arc length parameter of a curve.

2.4. Mannheim partner curves in dual space [7, 9]

Let D® be the dual space with the standard inner product (,). If there exists a
corresponding relationship between the dual space curves & and E such that, at the
corresponding points of the dual curves, the principal normal lines of @ coincides
with the binormal lines of [§ , then @ is called a dual Mannheim curve, and [§ a dual
Mannheim partner curve of & The pair {a, /§ } is said to be a dual Mannheim pair.

3. One parameter spherical motion in D?
3.1. First kind of dual indicatrice curve
Let
a:l—E? 3.1
s— a(s)

be unit speed curve and {T,N, B} Frenet frame of a. T,N,B are the unit tangent,
principal normal and binormal vectors respectively. With the assistance of a, we
define a dual curve in D3. So, let us have a closed spherical dual curve @ of class
C! on a unit dual sphere S'in D3. The curve a describes a closed dual spherical
motion. If

a:I—-D° (3.2)

s—d(s)=als)+ sfa/\ Tds = J(T +e(aAT))ds
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then the curve a can be written as:
a=a(s)+ea”(s). 3.3)

At this time, when we get a*(s) as proper integral, different geometrical approach
can be given as the following.
In this case, when we have

a:l—E? (3.4
s— a(s)

the Peano direction of a and the projection of P, can be given by [11]

P,=¢ aATdt (3.5
st
o
[ =
\,\ ' (,/1
L <
i N . — =
i N A ;
= : —
yd : - : i S
yd d ;
4 ' : //
7 I P
/ /’f

Figure 1. Projection area of closed curve a on the plane

Hence, F, is a projection area of closed curve a on the plane that its normal is N.
F,={(P,,N). (3.6)

On the other hand, we can easily show that the curves a and @ have the same
parameter s. If we write @ as:

als) = als)+ea*(s) 3.7
= a(s)+fa/\ Tds = f(T+e(a/\ T))ds

then we can get
a'(s)=T(s)=d'(s)+e(anT), (3.8)
a'(s)=T+e(anT).
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Thus we have
t

=s+aJ (T,a ANT)dt 3.9)

0
=s+0=s.

©)

Now, we define an orthonormal moving frame along dual curve as follows in D?;
accordingly, we can easily give dual curves in D?® as:

a(s) ZJ[T(S)+8a(s)/\ T(s)]ds, (3.10)
uls) = J [N(s)+ ea(s) AN(s)]ds, (3.11)
Y(s)= J(B(s)+sa(s)/\B(s))ds. (3.12)

And also, let the tangent, principal normal and binormal indicatrice curves of @ be
T(s), N(s) and B(s) respectively.

T(s)=T+e(aAT),
N(s)=N+e(aAN),
B(s) =B+ e(a AB).
Subsequently, we can give the following theorem:
Theorem 1. The curves d(s), U(s) and ¥(s) are involute-evolute curve pairs.
Proof. It can be easily seen that
(@), 0'(s)) = (@'(s),7(s)) = (W' (), 7'(s)) = 0. (3.13)
O

Theorem 2. The tangent, principal normal and binormal indicatrice curves of d(s)
are T(s), N(s) and B(s) respectively. And also, {T,N,B} frame is a Blaschke Frame.

Proof. It is clear that

a(s) =T(s), (3.14)
dT
N=_I&
dT
ds

and

B(s)=T AN.
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At this time, the ruled surfaces in R? correspond to dual curves T, N and B are
the ruled surfaces that drawn by the lines T, N and B of a. That is to say, these
ruled surfaces can be given as:

@z =a(s)+vT(s), (3.15)
@5 =a(s)+vN(s),
&z = a(s) + vB(s).
On the other hand, let the unit dual spheres K and K be
K ={e;,e,,e3} and K ={T,N,B}. (3.16)

These are two orthonormal coordinate systems of moving unit sphere K and fixed
unit dual sphere K with the same origin. At this time, one parameter dual spherical
motion (dual rotation) between these dual spheres K and K can be given with K/ K.
In this case, we can easily investigate dual spherical motion K /K with

T’ 0 k, 0 T
N | =] -k 0 ky+e N (3.17)
E/ 0 —k, —¢ 0 B

Besides, let the Darboux indicatrice curve of @(s) be W. According to this, the
Darboux vector of this motion is:

W =(k,+¢)T +kB. (3.18)

On the other hand, the curvatures El(s) and Ez(s) can be calculated. Let El(s) and
k,(s) be ¥(s) and 7T(s) in turn. Thus,

El(s) =%x(s) and also k;(s) = x(s), (3.19)
Ez(s) =7(s) and also Ez(s) =ky(s)+e=1(s)+e.

And then
da _da_ T TG =1 3.20
== =T, ITE)= (3.20)

such that a(s) is unit speed curve.
If @(s) is a normal curve such that

a(s) = A()N(s) + n(s)B(s) (3.21)
then the curvatures of dual curve a(s) are k;(s) and k,(s) as following:

) +scy ) ¢y +scy !
k, = | ¢, - cos | arctan ~ | +¢,-sin| arctan - , (3.22)

€18 — C5 €18 —C5

d [ i +scy }
k, = — | arctan .
ds

€18 — ¢,

Theorem 3. The dual curve d(s) is a normal curve if and only if f(a A T)ds is in
rectifying plane of a(s).



Some Notes on Dual Spherical Curves 183
Proof. We know that
d=a+ea*= a+8J(a/\ T)ds, (3.23)

N=N+¢eN* and N*=aAN,
B=B+¢B" and B =aAB

and also from [6]

1 1
= =——(gla(s),N*) + g(a",N)), (3.24)
kl kl
/]El = kl'

Then,
(a(s),N*) + (a*(s),N) =0, (3.25)
(a(s),a AN) + <J(a A T)ds,N> =0.

Here, we get

<J(aAT)ds,N> =0 (3.26)
< (fads) A T,N> =0. (3.27)

In this case,

det (fads, T,N) =0. (3.28)

Thus, f (a A T)ds is in rectifying plane of a(s).And also, we know that the dual
curve d(s) is in normal plane if and only if @(s) is a dual spherical curve from [6].
Now it can be easily seen that f ads is the element of osculating plane,that is

then

to say fads € Sp {T,N}. Accordingly, we can give an example for this situation. If
we get

fads =N(s) (3.29)
then the value of the determinant will be zero. In this case, when we get
a(s) - le - sz (3.30)

the curve a will be in the rectifying plane. That is to say, the curve a is rectifying
curve. Also it can be easily seen that fads € Sp{T,B}. O

Result 1. The dual curve d(s) is a dual spherical curve if and only if f (a AT)ds is
in rectifying plane of a(s).
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Theorem 4. If the curve a : I — E® is a Salkowski curve such that the curvature k;
is constant and k, is linear, then @ is in rectifying plane.

Proof. From [10], we can investigate the linearity of this curve when we have

/]EZ :L: kz + ¢ PN
— === =C13+ - (331)
k, K« ky
Let ¢; and ¢, be
G =c¢ +ec, (3.32)
Cy =cyt+ec,
Accordingly,
ky+e .
2k1 =015 +Cy = (c; +ec)s +(cy +ecy) (3.33)
=15 +cy +e(c] +c5).
Thus,
kz . ]. o« £
—=c;s+cy; and —=c]+c, (3.34)
ky ky
Here, this shows us that k; is constant and k, is linear. Hence it can be seen that
ky+e¢
the curvature — of the Salkowski curve is also linear such that k; is constant
1
.. ko +e .
and k, is linear. In general, the curvature can be given as:
1
ky+¢ 1
2 =(as+b)-—=as+C. (3.35)
ky ky
O

4. Second Kind of Dual Indicatrice Curve

In this section, with the assistance of a, we can define curve . Let (s) be unit
speed curve and its parameter be the same as the parameter of the curve a(s).

B:I—E? 4.1)
s—f(s)

Similarly, we define another dual curve /§ in D3, At this time, we have to say that
{T,N,B} frame is Frenet Frame of a. Thus, let us have another closed spherical
dual curve f8 of class C* on a unit dual sphere S in D. The curve 3 describes a
closed dual spherical motion if

B:—D? (4.2)

s— ﬁ(s) = a(s)+£J[5 ATds = f(T+£([5 AT))ds
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In that case, taking T, N and B be tangent, principal normal and binormal
indicatrices of the other dual curve ﬁ = f(T + (B AT))ds, we get
T=T+eBAT, (4.3)
N=N+¢B AN,
B=B+¢B AB.

and also ruled surfaces that correspond to these indicatrices of the other dual curve
B can be given as:

7=+ VT, 4.4
q)ﬁ=/5+VN,
<1>§=/5+VB.

On the other hand, although we have investigated above that the arc parameters
are equal to each other, the frame that occurred is not the Blaschke Frame.

Now, we can investigate the developability of the ruled surfaces that correspond
to T, N and B tangent, principal normal and binormal indicatrices of the dual curve
B. Firstly, if 7= 5 +vT then

Pr=det(f’, T, T") 4.5)
= det(ﬁ/: T: klN)
=k, det(8’, T,N).
Thus, B’ € Sp{T,N} if and only if the ruled surface &7 that corresponds to T
is developable. On the other hand, if 8’ = AB, then the ruled surface is not

developable.
Subsequently, if &5 = 8 + VN then

Py =det(f’,N,N’) (4.6)
= det(ﬁ/,N, _le + sz)
= —k,det(f’,N,T) + k,det(8’,N,B)

=kiAs+kyAq.
Therefore, the ruled surface that corresponds to N is developable if and only if
kids+ koA =0, 4.7
kA4
ke As
After that, it can be easily seen that if &3 = 8 + vB then
Pg = det(f', B, B') (4.8)

= det(llT + AzN + ASB,B, _kzN)
= _kz det(llT +AzN + ASB,B,N)
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= —ky(—21)
= Alkz .

As stated above, the ruled surface that corresponds to B is developable if and
only if B’ € Sp{T,N} or the curve a is planar. Accordingly, we can investigate
different cases:

4.1. B(s)=a(s)

In this case, we can get the same frame and results as 3.1.

4.2. B(s)=T(s)

In this case, the dual frame is

T=T, 4.9)
N =N +¢B,
B=B—¢N.

The ruled surfaces that correspond to T, N and B can be given as:

d-=T+vT, (4.10)
&5 =N +uvN, (4.11)
®; =B+ vB. (4.12)

Theorem 5. From (4.10), the ruled surface is coni; also from (4.11) and (4.12), it
can be easily seen that the ruled surfaces are developable.

Proof. Itis clear that
_ det(T,T,T")

=2 ‘), 4.13
o) @13
det(T’,N,N’)
Py=— =5 =0,
(N',N")
det(T’,B,B)
Pp=—r—n— =
(B",B')
Thus, the ruled surfaces that correspond to T, N and B are developable. O

Subsequently, from (4.9), dual spherical motion of this case can be calculated
with:

z 0 kl _8k1 z
N |=| -k 0 ky N 4.149)
I ek, —k, O B

Besides, the Darboux indicatrice curve of B(s) be W for this case. According to
this, the Darboux vector of this motion is:

W = —k,T — ek,N —k;B. (4.15)
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Thus,
T=—ek,B+kN=T, (4.16)

4.3. B(s)=N(s)

In this case, if we take 5(s) = N(s) then we have the dual frame as following:

T =T —¢B, 4.17)
N=N,
B=B+¢T.

Thus, the ruled surfaces that correspond to T, N and B are

b= =N +vB, (4.18)
b =N +UN, (4.19)
bz =N +vT. (4.20)

From (4.18), it can be seen that

«  det(N’,B,B")
det(—k, T +k,B,B,—k,N) K
= = —-— = constant.
k2 ky

Result 2. The curve a is helix if and only if I:’T is constant. At the same time, from
(4.19), we can easily say that the surface is coni. Similarly, from (4.20)

[ det(N’, T, T") 4.22)
oA T) '
det(_le + sz, T, _klN) kz
= = — = constant.
k2 k4

Result 3. The curve a is helix if and only if Pz is constant.

Result 4. It can be easily calculated that P7 - P = —1

Subsequently, from (4.17), dual spherical motion of this case can be calculated
with:

z 0 kl +€k2 0 z
N/ = _kl - Ekz 0 k2 - gkl N . (4.23)
B 0 —ky + ek, 0 B
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Besides, the Darboux indicatrice curve of B(s) be W for this case. According to
this, the Darboux vector of this motion is:
W = (—ky + ek )T + (k; + €k,)B. (4.24)
Thus,
WAT =(—k, —ek,)N=T’, (4.25)
W AN = (=ky + €k;)B + (—k; — ek,)T = N/,
WAB=(—k,+¢ek)N=T".

4.4. B(s)=B(s)

In this case, if we take $(s) = B(s) then we have the dual frame as:

T=T+¢N, (4.26)
N =N —¢T,
B=B

and then we can get the ruled surfaces of T, N and B as:

&7 =B+uN, (4.27)
&y =B+, (4.28)
&5 =B + vB. (4.29)

From (4.27), (4.28) and (4.29), it can be easily seen that

“ “—

P =Py =P5=0. (4.30)

Thus, the ruled surfaces are developable. Accordingly, from (4.26), dual spherical
motion of this case can be calculated with:

i 0 Kk O T
N | =| =k 0 |k N |. (4.31)
F _Skz _kz 0 E

~ R d
Besides, the Darboux indicatrice curve of 8(s) be W for this case. According to
this, the Darboux vector of this motion is:

«—> — — —

W = sz - EkzN + le. (4.32)
Thus,

«—> —_— J— — J—

WAT = klN + 8k2B = T/, (433)

 d —_ p— — JR—

WAN:_k1T+k2B=N/,

(W)/\EZ _Esz_ kzN:E.
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5. Conclusions

The starting point of this study is to define two different dual spherical curves
with the same parameter. We have developed this approach with giving one
parameter spherical motion in dual space. Accordingly, different cases and results
have occurred. Some of these cases have showed us that we have obtained different
Darboux vectors for each motion.
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