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A Sequence of Inequalities among Difference of
Symmetric Divergence Measures

Inder Jeet Taneja

Abstract. In this paper we have considered two one parametric generalizations.
These two generalizations have in particular the well known measures such as: J-
divergence, Jensen-Shannon divergence and arithmetic-geometric mean divergence.
These three measures are with logarithmic expressions. Also, we have particular
cases the measures such as: Hellinger discrimination, symmetric y>2-divergence,
and triangular discrimination. These three measures are also well-known in the
literature of statistics, and are without logarithmic expressions. Still, we have one
more non logarithmic measure as particular case calling it d-divergence. These
seven measures bear an interesting inequality. Based on this inequality, we have
considered different difference of divergence measures and established a sequence
of inequalities among themselves.

1. Introduction

Let

n
pi >0,Zpi= 1}, n2,

i=1

l—|n = {P = (p1’p2:'--;pn)

be the set of all complete finite discrete probability distributions. For all BQ € T',,
the following measures are well known in the literature on information theory and
statistics:

e Hellinger Discrimination

1 n
RPIQ=1-BP Q)= (VP ~ V@),
i=1
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where

B(P|1Q) = vPidi
is the well-known Bhattacharyya coefficient.

e Triangular Discrimination

n

APIQ=2[1-WEP[Q]=)

i=1

pit4q;

>

where
n

WPlQ=)

i=1

2p;q;
pi+aq’

is the well-known harmonic mean divergence.

e Symmetric Chi-square Divergence

n N2 A
vP Q)= PP Q)+ @l p) =y, P
i=1 111

where
n

(pi — i)2 p;
Pel=Y T My,
i=1 4i i1 4i

is the well-known y2—divergence.

e J-Divergence
< Pi
JPIQ) =D (p; ~a)In(_).
i=1 i

e Jensen-Shannon Divergence

11 2p; - 2q;
I(P||Q)=—[ Piln( )+ Qiln( )}
2 ; pi t+4; — pit+4;

e Arithmetic-Geometric Mean Divergence

(Pt i T4
T(PllQ)=Z(p2q)ln(§ p_‘;).
i=1 vPidi

Originally, the J-divergence is due to Jeffreys [4]. The measure Jensen-Shannon
divergence is due to Sibson [5]. Later, Burbea and Rao [2] studied it extensively.
The arithmetic and geometric mean divergence is due to Taneja [7]. Detailed
study of these measures can be seen in Taneja [7, 9, 10]. We call the above six
measures symmetric divergence measures, since they are symmetric with respect to
the probability distributions P and Q. The author [9, 10] obtained an inequality
among these six symmetric divergence measures given by

1 1 1
ZA(P IQ=<IPIQ=<h(P Q)= §J(P IRQ=TP|Q) = E\P(P Q. M
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By defining the nonnegative differences among the divergence measures
appearing in (1), the author [10] improved the above result (1) obtaining the
following sequence of inequalities:

2 1 1
DiA(P Q) < gDhA(P Q)< EDJA(P Q)< gDTA(P Q) <D (P Q)
2 1 1
= gDTh(P 1Q)<2D,,(P||Q) =< gD\pA(P Q)< ED\M(P Q)
2 1 1
= §D\I/h(P Q) < ZDW(P Q)< ng(P Il Q), 2

where, for example, Dy (P || Q) = %\I’(P || Q) — T(P || Q), and similarly others.
Still, we have

2
gDhA(P Q) < 2Dy (P11 Q) < Dry(P | Q). 3

The proof of the inequalities (1)-(3) is based on the following two lemmas:

Lemma 1.1. If the function f : [0,00) — R is convex and normalized, i.e., f(1) =0,
then the f-divergence, C;(P || Q) given by

n p

6= (%), @
i=1 di

is nonnegative and convex in the pair of probability distribution (BQ) €T, x ',

Lemma 1.2. Let f;,f, : I € R, — R two generating mappings are normalized, i.e.,

f1(1) = £,(1) = 0 and satisfy the assumptions:

(1) f; and f, are twice differentiable on (a, b);
(ii) there exists the real constants m, M such that m < M and

m< fl::(X) <M, f,)’(x)>0, Vxe&(a,b),
fy'(x)
then we have the inequalities:
mCy, (P | Q) < Cy (P [|Q) < MC (P || Q). (5)

The measure (5) is the well-known Csiszar’s f-divergence. The Lemma 1.1 is due
to Csiszar [3] and the Lemma 1.2 is due to author [10]. Some applications of
Lemma 1.1 can be seen in Taneja and Kumar [8].

2. Generalized Symmetric Divergence Measures

Let us consider the measure

JP Q=[5 - 1] {Z (pia} ™ +p}q) —2}, 5#0,1
L(PIIQ)= . =1

IPIQ =Y (i —a)n(2), 5=0,1
i=1 !

forall BQeT,.
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The measure (6) is generalized J-divergence or J-divergence of type s and is
extensively studied in Taneja [7, 10]. The expression (6) admits the following
particular cases:

M) (P IQ=3PQ)=;¥(P Q)
(i) CoP 1Q)=5(PIQ)=J(P[Q),
(i) ¢4/2(P Q) =8h(P | Q),
where U(P || Q), J(P || Q) and h(P || Q) are as given in section 1.

Let us consider now the another measure

&Pl
Z(P+Q)(P,+Qx)1s_1i|, S#O,l

i=1
= 1(P||Q)—-[Zplln(p+q)+2ql (p.zf‘ql)} s=1 )
T(P1lQ) =§1 (25%)n (), s=0

forall BQeT,.

IT(PIQ)=I[s(s —1)t]™" [

The measure (7) is new in the literature and is studied for the first time
by Taneja [9]. It is called generalized arithmetic and geometric mean divergence
measure. The measure (7) admits the following particular cases:

M E(PllQ) =3P Q).
(i) &(PIQ)=I(P [l Q).
(i) &1(P1Q)=4d(P Q).
(iv) &P IQA=T(P Q).
W &PIQ) = ¥(P Q).

where A(P || Q), I(P || Q), T(P || Q) and ¥(P || Q) are as given in section 1. The
measure d(P || Q) appearing in particular case (iii) is given by

d(p||Q):1_Z(@) (@) .

i=1
For simplicity, we call the measure (8) as d-divergence. Thus we observe that

when we take s = —1,0, ;, 1 and 2 in (6) and (7), we have seven particular cases.

The measure W(P || Q) appears as a particular case in both the measures (6) and
(7). An inequality among these seven measures is given by

1
ZA(P IQ=<IPIQ=hPIQ=4d(P|Q)

1 1
< §J(P IQ=<TPIQ = 1—6‘I’(P Q). &)
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Results appearing in (2) and (3) are based on the inequalities given in (1).
In this paper our aim is improve the results given in (2)-(3) and obtain a new
sequence of inequalities based on the expression (9).

3. Difference of Divergence Measures and their Convexity

The inequality (9) admits many nonnegative difference than the one given (2)
and (3), but we shall consider only those having the expression d(P || Q). These
nonnegative differences are given by

DuulP Q)= 0P Q) - 4d(P @),

Dra(PI1Q)=T(P | Q) —4d(P || Q),

PP 1Q)= GI(P 1| Q) ~4d(P 1| Q)

PP 1Q) = 4d(P | Q) — h(P || Q),

Du(PIIQ)=4d(P | Q) - 1(P | Q)
and

1
Dja(P|Q)=4d(P || Q) - ZA(P Q).

Here below we shall prove the convexity of the above six measures. The proof
is based on the Lemma 1.1. Initially, we shall give the convexity of the measures
(6) and (7).

Property 3.1. (i) The measure {,(P || Q) is nonnegative and convex in the pair
of probability distributions (P,Q) € T, x ', for all s € (—00, 00).
(ii) The measure £,(P || Q) is nonnegative and convex in the pair of probability
distributions (P,Q) € T',, X I',, for all s € (—00, 00).

Proof. (i) For all x > 0 and s € (—00, 00), let us consider

.0x) = [ss— D] U x*+x1 = (1+x)], s#0,1,
s\XJ= (x = Dlnx, s=0,1,
in (4), then we have C;(P || Q) = {,(P || Q), where (P || Q) is given by (6).
Moreover,
, [s(s— DI Vs(x* T +x)+x*—1], s#0,1
9)=1"" gy
—x " +Inx, s=0,1
and
P/(x)=x""2+ x5 (10)

Thus we have ¢.'(x) > 0 for all x > 0, and hence, ¢,(x) is convex for all x > 0.
Also, we have ¢,(1) = 0. In view of this we can say that the J-divergence of type s
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is nonnegative and convex in the pair of probability distributions (BQ) € T, x T',,
for any s € (—o00, 00).

For all x > 0 and s € (—o0, 00), let us consider

-1 [(552) (20 - ()] 520,

.00 =4 3lnx= (55 (551), s=0,
+1 +1 _
()m(32). s=1,
in (4), then we have C¢(P || Q) = &,(P || Q), where £ (P [| Q) is as given by (7).
Moreover,
-1[1 +1)° o1 (x41)571
G- (5 -] -2 ()] s#on
1 +1 _
Pl =4 —3In(5), s=0,
-1 2 —
1—x —lnx—ZIH(X—H), s=1,
and
x5 1Y x4+ 102
w;’(x)=( 5 )( 5 ) : an

Thus we have v.'(x) > 0 for all x > 0, and hence, 1,(x) is convex for all
x > 0. Also, we have 1,(1) = 0. In view of this we can say that AG and JS-
divergence of type s is nonnegative and convex in the pair of probability distributions
(BQ)eT, xT, for any s € (—00, 00). O

Property 3.2. (i) The measure { (P || Q) is monotonically increasing in s for all
s> % and decreasing in s < %
(ii) The measure &,(P || Q) is monotonically increasing in s for all s > —1.

The proof of the Properties 3.1 and 3.2 can be seen in Taneja [9]. Here, we

have repeated the proof of (6), since we need the expressions given in (10) and
(11).

Lemma 3.1. The above six difference of divergence measures are convex in the pair
of probability distributions (BQ) € ', X [',,.

Proof. We shall prove the above lemma in each case separately.

(i) For Dy4(P || Q): We can write

1 n .
Dua(P[1Q) = T ¥(P | Q) 4d(PIIQ) = ) 4ifua (;i)
i=1 1
where

1
fua(x) = Ef\p(x) —4f;(x), x>0.
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We have
Faa0) = 2 fi 0 = 477 ()
x3+1 x32+1
T e 22 x3/2(x +1)3/2
_ D+ DV2x +2 -4 +1)

8x34/2x +2
1
= X mq(x s (12)
x3(x +1)v/2x +2 1<)

where m;(x), x > 0 is given by

341\ [x+1)\3? 3241
o= (22 (221 e (2251).

The measures f;/(x) and f;'(x) appearing in (12) are obtained from (11) by
taking s = 2 and s = 1 respectively. The graph of the function m;(x), x > 0 is

given by

25

05

From the above graph we observe that the function m;(x) > 0, V x > 0. This
allows us to conclude that f;,(x) > 0, x > 0, and hence, fy4(x) is convex for all
x > 0. Also, fy4(1) = 0. Thus by the application of the Lemma 1.1, we conclude
that measure Dy,4(P || Q) is nonnegative and convex for all (BQ) €T, X [,,.

(ii) For Dy4(P || Q): We can write

Drg(PIlQ=TPQ)—4d(P Q)= ZQide (%),
i=1 i
where

fra(x) = fr(x) —4f4(x), x>0.
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We have
Fi00) = F{1(0) = 4£(0)
o 1+x? x3?2 41
T Ax(x+1)  2vZ x32(x +1)3?
1
= X mo(X s (13)
x2(x+1)v/2x +2 (%)

where m,(x), x > 0 is given by

241 +1)\ 12 3/2 41
- (£2) () (252).

The measures f;'(x) and f;'(x) appearing in (13) are obtained from (11) and
by taking s =1 and s = % (dividing by 4), respectively. The graph of the function
my(x), x > 0 is given by

035

From the above graph we observe that the function my(x) > 0, V x > 0. This
allows us to conclude that f;/,(x) > 0, x > 0, and hence, f4(x) is convex for all
x > 0. Also fr4(1) = 0. Thus by the application of the Lemma 1.1, we conclude
that measure D14(P || Q) is nonnegative and convex for all (Q) €T, x T,

(iii) For D;4(P || Q): We can write
1 n i
Dy(P Q)= gJ(PI1Q) ~4d(P|Q) = Y qifsy (;L)
i=1 i

where

1
fra(x)= gfj(x) —4f;(x), x>0.
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We have

1
ja() = o700 = 4f(x)

x+1 x32+1
C8x? 22 x3/2(x 4+ 1)32
1
= X ms(Xx), 14
x%(x +1)v/2x +2 3(x)

where m5(x), x > 0 is given by

5/2 3/2
mB(x):(x—zi-l) _ﬁ(x 2+1)'

The measures f;"(x) and f;'(x) appearing in (14) are obtained from (10) and
(11) by takings =0 (ors =1) and s = % (dividing by 4), respectively. The graph
of the function m5(x), x > 0 is given by

008

006

004

002

From the above graph we observe that the function ms(x) > 0, V x > 0. This
allows us to conclude that f;(x) > 0, x > 0, and hence, f;4(x) is convex for all
x > 0. Also f;4(1) = 0. Thus by the application of the Lemma 1.1, we conclude
that measure D,4(P || Q) is nonnegative and convex for all (,Q) € ', X T',,.

(iv) For Dg,(P || Q): We can write
Du(P1Q) =4d(P Q) —h(P | Q)= > qifun (%)
i=1 i

where

fan(x) = 4f3(x) — fy(x), x>0.
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We have

fan()=4f{ ()= f;(x)
3 X341 1
2v2 x32(x +1)3/2 4x5/2
204+ 1) - (x+ 1)V2x +2

4x32(x + 1)vV2x + 2
1 x32 41 x+1)\3%? Vx>0 (15
= — >
BRx+1)V2xF2 | 2 2 o VT

where f’(x) and f,’(x) are obtained from (11) and (10) by taking s = %(dividing
by 4) and s = % (dividing by 8) respectively. The non-negativity of the expression

(15) follows from the fact that the function (%)I/S, s # 0 is monotonically
increasing function of s [1]. Thus, we have f;;(x) > 0, V x > 0, and hence,
fan(x) is convex for all x > 0. Also f;,(1) = 0. Thus by the application of the
Lemma 1.1, we conclude that measure Dy;,(P || Q) is nonnegative and convex for

all (BQ)eT, xT,.
(v) For Dy4;(P || Q): We can write

Dy(PlQ=4d(P||Q—I(P|Q)= qufd[ (%)

i=1
where
far(x) = fa(x) —4f;(x), x>0.
We have
a1(0) = £(x) = 4f/'(x)
3241 1

T 2V2x32(x+132  2x(x+1)
X3P 41—/xV2x ¥2

C 2x32(x+1)V2x + 2

3 1 (x3/2+1) /5 x+1 16)
_x3/2(x+1)\/2x+2[ 2 N }’
1

where f;'(x) and f;"(x) are obtained from (11) by taking s = 5 (dividing by 4)
and s = 0 respectively. Now we shall prove the non-negativity of the expression
(16). We know that [9], pp. 209:

2
Jx < (ﬁ;l) and (ﬁ;l)wx;l < (x;rl).
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This give

x+1 Vx+1\? [x+1 x+1)\ [ Vx+1
AR -

By simple calculations, we can check that

3/2
(x+1)(ﬁ+1)sx +1‘ 18)
2 2 2

The expressions (17) and (18) together give the non-negativity of the
expression (16), i.e., f;;(x) > 0, Vx > 0, and hence, f;;(x) is convex for all
x > 0. Also, f;;(1) = 0. Thus by the application of the Lemma 1.1, we conclude
that measure D4;(P || Q) is nonnegative and convex for all (BQ) €T, x T',,.

(vi) For DyA (P || Q): We can write

Daa(P Q) =4d(P Q) ~ AP Q)= qifaa (;ﬁ)
i=1 i

where
fan(x) = 4f4(x) = fa(x), x>0.
We have
fan()=4£'(x) = fA(x)

3 x32 41 2
2v/2x32(x +1)3/2 (x+1)3

B (32 D) (x +1)2 — 4x32/2x ¥ 2
B 2x32(x +1)3v/2x + 2

8 x+1[(x3/2+1)(x+1)3/2 3/2}
— - X
2x32(x +1)3v/2x + 2 2 2 2
19

where f'(x) and f(x) are obtained from (11) and (10) by taking s = % (dividing
by 4) and s = —1 (multiplying by 4) respectively.

Now we shall prove the non-negativity of the expression (19). We can easily
check that

Jx+1)3 - x32 41
2 -2
On the other side we know that [9], pp.209:

3 3/2
o (Y (220)” -

(20)
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Expressions (20) and (21) together give

VX 1\ (x+1)%? 3241 +1)%?
X2 < X X < X X . 22)
2 2 2 2

Expression (22) proves the non-negativity of the expression (19), i.e., f; (x) >
0, V x > 0, and hence, f o (x) is convex for all x > 0. Also, fja(1) = 0. Thus
by the application of the Lemma 1.1, we conclude that measure Dy, (P || Q) is
nonnegative and convex for all (BQ) T, x I',. O

4. A Sequence of Inequalities among Difference of Divergence Measures

In this section our aim is to establish a sequence of inequalities among difference
of divergence measures. The main result of the paper is summarized in the theorem
below.

Theorem 4.1. The following sequence of inequalities hold:

4 12
Dia(P11Q) < EDdA(P Q) <4Dy(PIQ) < 7Dd1(P Q)
4 1
<3Dp(P Q)< Dry(P | Q) < gDTd(p Q) < ZD\I/A(P Q)

1 4 1
= gD\I/h(P Q)< ﬁD\I/d(P Q)< ED\I/T(P Q). (23)

The proof of the above theorem is based on the following propositions. In order
to prove the propositions, we shall be using frequently, expressions (10) and (11)
with particular values.

Proposition 4.1. We have

4
Dpa(P11Q) < ngA(P Q).

Proof. Let us consider
fra(X)
Finl)

B v (2x +2) [(x+1)3—8x3/2]
2[R D+ 12— 432X 12

V(2x +2) [(VX +1)%(x + 1)+ 4x(v/x — 1)] "
= , X
2 [(32 4+ 1)(x +1)? - 4x32V/2x + 2]
for all x € (0,00), where f;) (x) = ¢”,(x) =" (x) and f;, (x) = ’1’/2(x) -
Y” (x). Calculating the first order derivative of the function gy pa(x) with

respect to x, one gets

ghA_dA(x) =

=3(x+1D(vVx—1)vV2x+2
40(x32 + 1)(x + 1) — 4x3/2/2x ¥ 2]2

8ha an(¥) = x ky(x), (24)
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where

ky(x) =x® — 8x%/2 —5x% — 8x*/2 —5x —8x1? 4+ 1

+ 4¢/2x(x + 1)(vx + 1)(x + 1). (25)
The graph of the function k; (x), x > 0 is given by

15

10

We observe from the above graph that the function k;(x) > 0, V x > 0. Thus
from the from the expression (24), we conclude that

, >0, x<1
&ha_1a(X) {< 0, x>1 (26)
Let us calculate now gy ga(1). We observe that
8ha _da(x) _ fra®) (o (X)) = indermination.
- w1 i (X)xl A

Calculating the second order derivatives of numerator and denominator of the
function gy, pa(x), we have

GRS
8ha an(l) = al —%—5. 27)

By the application of the inequalities (5) with (27) we get the required
result. O

Proposition 4.2. We have
Dya(P 1Q) =5Dgu(P 1| Q).
Proof. Let us consider
fin(a) 2 [(x +12(x*2 +1) — 4x3/2y/2x 2]
Fan() (e + 12 [26632+ 1) = (x + DX+ 2|

gdA_dh(X)
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for all x € (0,00), where f], (x) = 111’1’/2(x) —” (x) and f(x) = w’l’/z(x) -
(Pil/z(x)-

Calculating the first order derivative of the function g4a 4(x) with respect to
X, one gets

-3(V/x-1)vV2x+2
(x + 1) [20¢¥2 +1) — (x + )v2x 7 2]

where k;(x), x > 0 is as given in (25). Since k;(x) > 0, Vx > 0. Thus from the
from the expression (28), we conclude that

8an_an(*) = X kyq(x), (28)

>0, x<1

g:iA_dh(x) { (29)

<0, x>1

Let us calculate now gga g,(1). We observe that
TR G2 R G AC)
S €S ] NN ()]

Calculating the second order derivatives of numerator and denominator of the
function g4 4n(x), we have

= indermination.

x=1

(fan(x)) I
Gua gn()= 22" | =16 5 (30)

N G €5 i NS
By the application of the inequalities (5) with (30) we get the required
result. O

Proposition 4.3. We have

3
Dg(P Q) = ;DdI(P Q).
Proof. Let us consider
Fi() 2(x*24+1) = (x + 1)V2x + 2
a(X) 2 [(x3/2 +1)— /2x(x + 1)] ’

for all x € (0, 00), where f;(x) = w’l’/z(x)—ap;’/z(x) and f;(x) = wg’/z(x)—npi’(x).
Calculating the first order derivative of the function ggj, 4;(x) with respect to x,
one gets

x#1

gdhﬁdl(x) =

/ (WVx-1Dv2x+2
ol D+ D -y O
where
ky(3) = x% — X324+ 6x — Vx +2 — (x + 1)(Vx + 1)/ 2x + 2. (32)

The graph of the function k,(x), x > 0 is given by
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12

08
06
04

02

We observe from the above graph that the function k,(x) > 0, V x > 0. Thus
from the from the expression (37), we conclude that

>0, x<1

! 33

Let us calculate now g4y 4;(1). We observe that
B 1C3] R ((C)}
dh_dI 1= =
- =) | ()Y
Calculating the second order derivatives of numerator and denominator of the
function g4 4/(x), we have

= indermination.

x=1

(fir(x)) o 3
(D)= =S (34)

R CF1€9) ) M A
By the application of the inequalities (5) with (34) we get the
required result. 0

Proposition 4.4. We have
7
Dy(PllQ) < ZDhI(P Q).

Proof. Let us consider

2[00 y5E)
fu)  VaxF2(va—1)>

for all x € (0, 00), where f;(x) = w;’/z(x) — ¢/ (x)and f;(x) = (pi’/z(x) — 7 ().
Calculating the first order derivative of the function g4; ,q(x) with respect to x,
one gets

, x#1,

gd[_hl(x) =

(Vx—1) vx
x(x+DVIx 2 (2yx —x —1)*

8 () =— xky(x), x#1.  (35)
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where k,(x), x > 0 is as given by (38). Since k,(x) > 0, Vx > 0. Thus from the
from the expression (35), we conclude that

>0, x<1

&)y () { (36)

<0, x>1
Let us calculate now g4; p;(1). We observe that

a1(X)

a1(%)

_ Gy
o Gy

= indermination.

gdl_hz(x)}le =
x=1

Calculating the second order derivatives of numerator and denominator of the
function gg4; ;(x), we have

GG -
gar (1) = G |y 11_6 =7 37)

By the application of the inequalities (5) with (37) we get the required
result. O

Proposition 4.5. We have

4
Dpp(P Q) < §DTd(P Il Q).
Proof. Let us consider

i) (Vx—1)* (x4 VX +1) V2x +2 N
fra) (2 + DV F2-2vx (x¥2+1)

£1

&rh ra(X) =

for all x € (0, 00), where £, (x) = (x)— goi’/z(x) and f;(x) = wg(x)—ip’l’/z(x).
Calculating the first order derivative of the function grj, 74(x) with respect to x,
one gets

—2x*(x+1) (Vx—1)vV2x+2
2V [2v% (2 +1) = (2 + DVxF 1]

g/Th_Td (x) = X k3(x) (38)

where

kay(x) = 2(x* + D)(x? + x + 1) +2v/x(x + 1)(x*+ 7x + 1)
— e+ D2 +4x+1) (VX +1) v2x +2.

The graph of the function k;(x),x > 0 is given by
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We observe from the above graph that the function ks(x) > 0, Vx > 0. Thus
from the from the expression (38), we conclude that

>0, x<1

&rn_ra(*) {< 0 x>1 (39)
Let us calculate now grj, 74(1). We observe that

B0 GGy
fra@) o (Y

Calculating the second order derivatives of numerator and denominator of the

= indermination.
x=1

&rh.Td (X)|x:1 =

function ggp, r4(x), we have

() 54
1="——""—" === 40
gTh_Td( ) (f]{/d(x))// _ 6,;4 3 ( )
By the application of the inequalities (5) with (40) we get the required
result. O

Proposition 4.6. We have

3
Drg(PlQ) < ED\PA(P Il Q).

Proof. Let us consider
ra(X)
faa(x)
~2xCe+ 17 (6 + 1)(2x +2)°? — 4yx(x + D2 + 1)
(x — 1)2(2x +2)%/2 (x* + 5x3 4+ 12x2 + 5x+)
 2x(x+ 1)? [(x2 +1)V2x +2-24/x (x3/2 + 1)1

= , x#1
(x—1)2vV2x +2 (x*+5x3+12x2 +5x + 1)

gTd;LtA(X) =
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for all x € (0, 00), where f,",(x) = v (x)— wl/z(x) and fy\ (x) = 5 (x) =" (x).
Calculating the first order derlvatlve of the function gr4 g (x) with respect to x,
one gets
) 2
8 wa(0)= ( x(x — 13(2x + 2)°2(x + 1P )
X(x*+5x3 +12x% + 5x + 1)?

X k4(x): (41)

where k,(x) is given by
ky(x) = —=12vx(Vx + 1) (x + 1) [(x + 1)(x® + 4x° + 6x* + 18x°+6x2+4x+1)
—xMD(x? +1)(x* +3x> +3x + 1):|
+ (2x 4+ 2)®/2(1 4 4x + 10x% + 52x% 4 58x* 4 52x° + 10x°+4x7 +x°).
The graph of the function k4(x), x > 0 is given by

05

01" 02 04 06 08 1 12 14 16 18 2

We observe from the above graph that the function k,(x) > 0, Vx > 0. Thus
from the from the expression (41), we conclude that

, (x) >0, x<1 42)
X
§ra_wa <0, x>1
Let us calculate now gr4 ya(1). We observe that
8 (x ){ f 10 (f G2 = indermination
N E) N VNS ] '

Calculating the second order derivatives of numerator and denominator of the
function g4 ya(x), we have

(fra(x))”
grqa(1) = (f ROE 12" 16 (43)

By the application of the inequalities (5) with (43) we get the required
result. O

9
i 3

x=1
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Proposition 4.7. We have

12
Dyp(P 11Q) < ﬁD\I/d(p Q).

Proof. Let us consider

wn(¥) _ (x3/2 = 12(2x + 2)°/2
f () (P +1)2x+2)72 —8x3 (2 + 1)
for all x € (0, 00), where fy;,(x) = 5(x) =, (x) and 7, (x) = 95 () =97 (x).
Calculating the first order derivative of the function &uh wd (x) with respect to x,
one gets

Sun wa(x) = x#1

3(vVx—1D(x++/x+1)vV2x +2
vx [(x3 +1)(2x +2)32 —8x3(x32 + 1)} 2

8un wa(X) =— xks(x) (44

where
ks(x) = [s(x“ +3x%24+3x32 +1) - (x*? + D(2x + 2)5/2] )

The graph of the function ks(x), x > 0 is given by

»

0 02 04 06 08 1 12 14 16 18

N

-

We observe from the above graph that the function ks(x) > 0, V x > 0. Thus
from the from the expression (44), we conclude that

>0, x<1

Zun_wa(X) {< 0 x>1 (45)

Let us calculate now gy yq(1). We observe that

| (fgp())
g\Ilh_\IldA(x){le f ( )X L (fq///d( ))/

= indermination.
x=1
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Calculating the second order derivatives of numerator and denominator of the
function gy ¢q(x), we have

)9 12
Sun wa(l) = Y| % =17 (46)

By the application of the inequalities (5) with (46) we get the required
result. O

Proposition 4.8. We have

11
Dyg(P 1 Q) < = Dyr(P [ Q).

Proof. Let us consider

foaG) e+ 1) [P+ 1)(2x +2)*2 = 8x¥2(x¥2 4+ 1)

far(a) (2x +23/2(x — 12(x% +x + 1)

for all x € (0, 00), where f,,(x) = 5 (x) — w’l’/z(x) and f(x) = 5 (%) — g ().
Calculating the first order derivative of the function gy4 yr(x) with respect to x,
one gets

gwd wr(X) = , x#1

2% (Vx = 1) (Vx +1) (x +1)
X52(x — 130 + x + 1)%(2x + 2)5/2

84q wr(X) = X kg(x), (47)

where kg(x), x > 0 is given by

ke(x) = (2x +2)>2(x* + 4x% + 1) — 4x>(3x* 4+ 4x° + 4x% + 7x 4+ 6)
— 4v/x(3+4x + 4x2 + 7x> + 6xH).

The graph of kg(x), x > 0 is given by

A0

o 02 04 06 08 1 12 14 16 18 2
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We observe from the above graph that the function kg(x) > 0, V x > 0. Thus
from the from the expression (47), we conclude that

>0, x<1
8ua_vr(¥) {< 0 x>1 (48)
Let us calculate now ggq ¢7(1). We observe that
Swa_wr(x )l 1= f 1) (f (XD: = indermination.
SN A | PR CAES) [ N

Calculating the second order derivatives of numerator and denominator of the
function gyy ¢7(x), we have
33

(fga(e))” T 1
4 D= =—=—. (49)
T ) e 6 4
By the application of the inequalities (5) with (49) we get the required
result. M
Proof of the Theorem 4.1. We know that
4
Dya(P Q) = 5Dun(P 1 Q). (50)

Propositions 4.1-4.8 together the inequality (50) completes the proof of the
theorem.

From the sequence of inequalities given in Theorem 4.1, we noted the absence
of the measure D;4(P || Q). Here below is an inequality relating the measures

D;4(P || Q) and Dry(P || Q). O

Proposition 4.9. We have

1
gDra(P 1 Q) = Dya(P I Q).

Proof. Let us consider

&rd Jd (x)= de ((X))

2 [4ﬁ(x +1) (x3/2 + 1) - (x2 + 1) (2x +2)3/2]
(x+1) [Sﬁ (x3/2 + 1) —(x+1)(2x+ 2)3/2}

for all x € (0,00), where f,(x) and f;(x). Calculating the first order derivative

x#1

of the function g4 ;4(x) w1th respect to x, one gets

, 4(Vx - 1)(Vx+1D(x+1)vV2x +2
gTd Jd(x) =- 2 X k7(x):
- Vx(x +1)2 [8ﬁ(x3/2+1)—(x+1)(2x+2)3/21

6D
where k,(x), x > 0 is given by

ko(x) = 2(x7? 4+ 3x%2 4+ 4x2 4+ 4x3/2 4 3x + 1) — Vx(2x +2)*/2.
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The graph of k,(x), x > 0 is given by

We observe from the above graph that the function k,(x) > 0, V x > 0. Thus
from the from the expression (51), we conclude that

>0, x<1

g;"d__]d(x){ (52)

<0, x>1

Let us calculate now gr4 ;4(1). We observe that

] )Y

gTd_Jd(x)|x=1 = J/:i(x) 1 - (fJ/(/i(x))/

Calculating the second order derivatives of numerator and denominator of the

= indermination.
x=1

function gr4 y4(x), we have

GO
gTd_Jd(]-) - (fT//d(x))//

=9. (53)

® || 1o

x=1

By the application of the inequalities (5) with (53) we get the required
result. O

5. Final Remarks

Remark 5.1. In view of (23) and Proposition 4.10, we have
4 12
Dpa(P Q)< EDdA(P 1Q) < 4Dy (P || Q) < 7Dd1(P Q)

4
<3Dy(PlIQ)<Dp(P Q) < gDTd(P | Q) <12D,4(P || Q). 54)

We can easily find examples where the measure D;4(P || Q) don’t have relations
with the other measures appearing the rest of sequence given in (23), such as

DyA(P |1 Q), etc.
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Remark 5.2. Following the similar lines of above propositions, we can also prove
the following inequality for the measure D,4(P || Q)

1
ZDJh(P 1Q) < Dy(P |l Q). (55)

Remark 5.3. As a consequence of Propositions 4.1-4.9 and the expression (23),

we have the following inequalities:

- 16d+3I 64d+3A
< <
(1) 7 = h = 20 -

(i) h< 3

W+12A
< T -2s
(iii) h < T

(iv) 4d < T3,

W+176h
V) 4d < =5~

(vi) 4d < %.

ss 3w+4512d
(Vll) T < 1—76
32d+T <d
9 - 8’
: 3A 3V
(ix) 4T + e < 7 + 16d.

In view of above above results we have the following inequalities:

(viii)

16d + 31 64d + A 32d+T 1
[S———<hs———<4d<—<-J,
7 20 9 8
¥+ 12A T +3h 3.1 1 3J +8h
h<s ————<4d< ST<4d+—|—=v—--A|< ,
64 4 1616 4 8
w+176h 1
d< —— < —,
=192 T 16

and
3¥+512d 1
T< ——— <
- 176 16
Remark 5.4. As a consequence of previous results (2) and (3), we have the
following inequalities:

1 Oh+ A J+8 T+2h 1 8T + A U+ 6J 1
A<I< <h< < <_Jg< <T< <
4 — - 12 - — 16 — 3 —8 T 12 T T 642 T 16
and

1 ¥ +192h—4A ¥+ 128h 1
J < < <

192 T 144 T 16
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