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1. Introduction
Let E be a Banach space and E* be the dual space of E. For all x € E and f € E*, let the value
of f at x be denoted by (x, f). The normalized duality mapping J : E — 2F " is defined by
J@)={f €E*: (x,f) = IxI% I £l = llx}
for all x € E. A single-valued normalized duality mapping is denoted by j, which means a
mapping j: E — E* such that, for each u € E, j(u) € E * satisfying the following:
G@),uy = 7@zl 7@l = lwll.

In 2008, Kohsaka and Takahashi [3] also introduced the class of mappings called the class
of nonspreading mappings to study the resolvent of a maximal monotone operator in Banach
spaces. Let E be a smooth, strictly convex and reflexive Banach space and K be a nonempty
closed convex subset of E.

Definition 1.1. A mapping 7 : K — K is said to be nonspreading if
H(Tx, Ty)+P(Ty,Tx) < p(Tx,y) + H(Ty,x)

for all x,y € C, where
¢(x, ) = 11~ 24, j) + 1117,

The set of fixef points of a mapping 7T : K — K is defined by
F(T):={xeC:Tx=x}.

In 1954, Mann [5] introduced the following iteration to finding a fixed point, which is referred
to as the Mann iteration,

Xn+1= PnXn + 1- ,Bn)Txn
for each n = 1, where B, €[0,1] is a sequence with some condition. However, there are not many
convergence theorems of such a iteration in a order Banach space (E,<). Motivated by the

above results, we consider the weak convergence of the Mann iterative scheme for a monotone
nonspreading mapping T under the condition

Z IBn(l - ﬁn) =00
n=1

1
n+1

nonexpansive mapping of Dehaish and Khamsi [2]].

which contain f, = as a special case. By motivation of Mann iteration for a monotone

2. Preliminaries

Let P be a closed convex cone of a real Banach space E. A partial order “<” with respect to P in
E is defined as follows:

x<y(x<y)ifandonif y—xeP (y—x€P)
for all x,y € E, where P is the interior of P.

Throughout this paper, let E be a Banach space with the norm “|| - ||” and the partial order
“<". Let F(T)={x € H : Tx = x} denote the set of all fixed points of a mapping T'. Also, we assume
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that the order intervals are closed and convex. An order interval [x,y] for all x,y € E is given by
[x,yl={z€E :x <z <y} (1)
Then the convexity of the order interval [x, y] implies that
x<tx+(1-t)y<sy forallx,yeE withx<y. (2)

Definition 2.1. Let K be a nonempty closed and convex subset of a Banach space E. A mapping
T :K — K is said to be:

(1) monotone if Tx < Ty for all x,y € K with x < y;

(2) monotone nonspreading if T is monotone and
1T = Tyl® < llx =y +2(x - T, J (y = Ty))
for all x,y € K with x <y and J is normalized duality mapping.
A Banach space E is said to be:
(1) strictly convex if II%II <1forall x,y € E with |x|| =|lyll=1and x # y;

(2) uniformly convex if, for all € € (0,2], there exists 6 > 0 such that ”x;—y” <l-dforallx,yeE
with [lx[| = [lyll =1 and [|x -yl = &.

The following inequality was showed by Xu [9] in a uniformly convex Banach space E, which
is known as Xu’s inequality.

Lemma 2.2 (Xu [9, Theorem 2]). For any real numbers q > 1 and r >0, a Banach space E
is uniformly convex if and only if there exists a continuous strictly increasing convex function
g :10,+00) — [0, +00) with g(0)=0 such that

ltx+ @A =yI? <tlxll? + A= DlyI? —wlg,)gllx—yl) 3)
forall x,y e B,(0)={x € E;|x|| <r} and t €[0,1], where w(q,t) =t4(1—t)+t(1—-1t)?. In particular,
take q =2 and t:%,

Hx+y
2

The following conclusion is well known:

2 1 5 1 45 1
H = Sl + Z1y1” = ZgClx = y1D. 4)

Lemma 2.3 (Takahashi [|8, Theorem 1.3.11]). Let K be a nonempty closed convex subset of a
reflexive Banach space E. Assume that ¢ : K — R is a proper convex lower semi-continuous and
coercive function. Then the function ¢ attains its minimum on K, that is, there exists x € K such
that

p(x) = ;glg o(y).

Theorem 2.4. Let {x,} be a bounded above monotone nondecreasing sequence. Then {x,}
converges to the supemum of {x, : n eN}.

Lemma 2.5. Let K be a nonempty closed convex subset of a uniformly convex Banach space
(E,<) and T : K — K be a monotone nonspreading mapping. If x € K such that x,+1 = Tx,,

the sequence {T'x,}," , is bounded. Then limsup | x, — Tx,| — 0.
n—oo
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Proof. From Theorem {x,} is bounded and monotone increasing then there exists M >0
such that ||x, || < M so,
limsup ||x, - M| <0
n—oo
by analogy we obtain
limsup ||x,+1 —M| <0

n—oo
S0,

limsupllx, —%p+11 < limsuplllx, — M| + llx,+1 — M|]
n—oo n—oo

<limsup ||x, — M| +limsup ||x,+1 — M|

n—oo n—oo
= O,
therefore, we can conclude that
limsup [ x, —%,41l — O. (5)
n—oo
]

Theorem 2.6. Let {x,} be a bounded above monotone nonincreasing sequence, then {x,} converges
to the infimum of {x, : n eN}.

Lemma 2.7. Let K be a nonempty closed convex subset of an uniformly convex Banach space
(E,<)and T :K — K be a monotone nonspreading mapping. If x € K such that x,.1 = Tx,, the

sequence {Tx,};° ; is bounded. Then limsup ||x, — Tx,| — 0.
n—oo

Proof. From Theorem {x,} is bounded and monotone decreasing then there exists M >0
such that ||x,| < M so,

liminf|x, - M| <0
n—oo
by analogy we get
liminf|x,,1 —M| <0
n—oo
S0,
liminf|lx, —x,+1]l = liminfl|lx, — M|l + lxp+1 —M|]
n—oo n—oo
= liminf|x, — M| +liminf||x, .1 — M|
n—o0o n—oo
=0.
Therefore, we can conclude that
liminf|x, —x,+1 — O
n—oo
on the other hand, we can conclude that

liminfilx, —x,+1/ =limsup |x, — x,4+1ll — O. (6)
n—oo n—oo
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Definition 2.8. Let E be a smooth Banach space and define the functional ¢: E x E — R by
P, y) = 1 = 2¢x, I y) +|yI?
for x,y € E from the definition of ¢, we have
(el = 1y I1D? = e, ) < el + Ly 12,
locl® =20yl + 1y 1% < el — 24, T ) + 1717 <l ® + 20l 1+ 1y 11
and, we can conclude that
2¢x,Jy) = 2 x|yl (7

3. Main Results

3.1 Existence of Fixed Points
In this section, we prove the existence theorem of fixed points of a monotone nonspreading
mapping in an uniformly convex Banach space (E, <).

Theorem 3.1. Let K be a nonempty and closed convex subset of an uniformly convex Banach

space (E,<)and T : K — K be a monotone nonspreading mapping. Assume that there exists x € K
such that x < Tx, the sequence {Tx,};. ;| is bounded and Tx, <y for some y€ K and all n > 1.

Then F(T)# @ and x < y* for some y* € F(T).

Proof. Let x1 =x, and x,,1 =Tx,, = T"x. So, we have x1 = x < Tx = x9, and so, we get
x9=Tx1=Tx<Txo= T?x =x3.
By analogy, we must have
X=X]1S<X9<X3< " <Xp <Xpst1<-"".
Let K,, ={z€ K;x, <z} for all n = 1. Clearly, for each n =1, K, is closed convex (K, € K) and
K,, is nonempty too (y € K,). Let K* = or% K,,. Then K* is a nonempty closed convex subset of
K. Since {x,} is bounded, we can deﬁnenzlfunction ¢ :K* —[0,+00) as follows:

@(2) =limsup | x, — 2|
n—0o0

for all z € K*. From Lemma [2.3] it follows that there exists y* € K such that

@p(y™) = inf @(2). (8)

zeK*

Now, we show y* = T'y*. In fact, by the definition of K*, we obtain

X1<Xg<X3<+ <X, <Xp4y1=<--<y".
Then, we have x,,1 = Tx, < Ty* by the monotonicity of 7" and hence, foreachn =1, x, <Ty*. So
we have T'y* € K*. From the convexity of K*, it follows that % € K* and so, by equation ,
we have

ply™) = w(%) and ¢(y") < @(Ty"). 9)
By the way, from equations (5) and (7), we obtain

@(Ty*) =limsup lx,+1 - Ty*|?

n—oo
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=limsup || Tx, — Ty*||?

n—oo

<limsuplllx, — y* 12 + 2¢x,, — Txn, JJ(y* = Ty*N]

n—oo

<limsupl|lx, — y* 1% + 202, — Tl ly* = Ty*|I]

n—oo

<limsupllx, — y*[I? + limsup2llx, — Tx, Il ly* - Ty* ||

n—.oo n—.oo

< limsup [lx, — y* 12 (10)

n—oo
=p(y").
Combining equations (9) and (10), we have
o(Ty") = p(y™). (11)
It follows from Lemma (g=2and t= %) and equation that
(p(w) = limsup ‘ ’

2 n—.oo

2
Xn—y" +xn—Ty*
2 2

xn_

2

= lim sup ‘
n—oo

. 1 * 1 * 1 * *
< limsup s =317+ Sl = Ty*1” = J8(ly" = Ty")

n—oo

1 1 1
2<P(y )+2<p( y) 4g(lly y )

1
=p(y*) - Zg(lly* -Ty*|).

Noticing equation (9), we have
% *

gy ~Ty* ) =9y - (5] <0

and from Lemma [2.2] we have g(lly* —Ty*||) = 0. Thus we have y* = T'y* by the property of g.
This yields the desired conclusion. O

Theorem 3.2. Let K be a nonempty and closed convex subset of an uniformly convex Banach
space (E,<)and T : K — K be a monotone nonspreading mapping. Assume that there exists x € K
such that Tx < x, the sequence {T'x,};_, is bounded and y < Tx, for some y€ K and all n > 1.
Then F(T)# @ and y* < x for some y* € F(T).
Proof. Let x1=x and x,+1 =Tx, =Tx,. Then Tx =x9 <x1 =x, and so,

Txo = T?x =x3<x9o=Tx1=Tx.
By analogy, we have

S X1 SXp < <SA3<X2 <X =X].
Let K, ={z € K;z < x,} for all n = 1. Clearly, for each n =1, K, is closed convex (K, € K) and

o0
K, is nonempty too (y € K,). Let K* = N K,. Then K* is a nonempty closed convex subset of

n=1
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K. Since {x,} is bounded, we can define a function ¢ : K* — [0, +00) as follows:

¢(2) =limsup | x, — 2|

n—o00
for all z € K*. From Lemma [2.2] it follows that there exists y* € K such that
p(y*) = inf @(2). (12)
zeK*

Now, we show y* = T'y*. In fact, by the definition of K*, we obtain
Y < Sxp1<xp < <Xx3<X9<X1.

Then, we have Ty* < x,,,1 = Tx, by the monotonicity of 7' and hence, for each n =1, Ty* < x,.
So we have T'y* € K*. From the convexity of K*, it follows that % € K* and so, by equation
(12), we have

oy )S(p(%) and  @(y*) < p(Ty"). (13)
On the other hand, by using equations (6) and (7) we get
@(Ty*) =limsup |lxp+1 — Ty* || = limsup | Tx,, — Ty* |12
n—-oo n—00

<limsuplllx, — y* 12 + 2¢x, — Txp,J(y* = Ty*N]

n—oo

<limsupl|lx, — y* 12+ 2llx, — Txcp Ily* = Ty*|I]

n—oo

<limsup ||, — y* 12 + limsup2llx, — Tx, Il ly* = Ty*||

n—oo n—o0

<limsup ||x, — y* 12

n—oo
= (y"). (14)
Combining equations and (14), we have
P(Ty™) = p(y™). (15)
It follows from Lemma (g=2and ¢t = %) and that
y 4Ty L. Y +Ty* 2
(p(T) = hzrisolgp ‘ Xp — —
= limSUP‘ n ;y* 4 In —2Ty* ?
n—oo

. 1 * 1 * 1 * *
<timsup (5 lan =y 12+ S lan = Ty 1= 2(ly" = Ty )

n—oo

1 1 1
<—@(y")+=p(Ty")— = *—Ty*
2<ﬂ(y ) 2(/)( y) 4g(lly y

* 1 * *
=)= 8Uly" =Ty"D.
Noticing equation(13), we have

gy ~Ty' D=9y - (5
and from Lemma [2.2] we have g(|ly* —Ty*|) =0. Thus we have y* = T'y* by the property of g.
This yields the desired conclusion. This completes the proof. O

|<o0
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3.2 The Convergence of the Mann Iteration
In this section, for a monotone nonspreading mapping T, we consider the Mann iteration
sequence defined by

Xn+l = ﬁnxn +(1- ,Bn)Txn (16)

for each n = 1, where {f,} in (0, 1) satisfies the following condition:
(e 0]
Z IBn(]- - :Bn) = oQ.
n=1

Clearly, the above condition contains 3, = n_+1—1 as a special case.

Lemma 3.3 (Dehaish and Khamsi [2, Lemma 3.1]). Let K be a nonempty and closed convex
subset of a Banach space (E,<) and T : K — K be a monotone mapping. Assume that the sequence
{x,} is defined by equation and x1 <Tx1 (or Tx1<x1). If F(T) # @ and p < x1 (or x1 < p) for
some p € F(T), then

(1) {x,} is bounded and x, <x,+1 < Tx, (or Tx, < xXp+1 <%x,);

(2) x, <x (or x <xy) for all n =1 provided {x,} weakly converges to a point x € K.

Lemma 3.4. Let K be a nonempty and closed convex subset of a Banach space (E,<) and
T :K — K be a monotone nonspreading mapping. Assume that the sequence {x,} is defined by
equation (16) and x1 <Tx1 (or Tx1 <x1). If F(T) # @ and p <x1 (or x1 < p) for some p € F(T),
then

lim ||x, — p| exists.

n—.oo
Proof. Assume that p <x, for any n = 1. Since T is monotone, then we obtain p =Tp < T'x;.
Since the order interval [p,—) is convex, assume p < x9 since T is monotone, then we have

Tp < Tx2. By induction we will show that p < x, for any n > 1, as claimed. Since 7' is monotone
nonspreading, from equation (7), we have p = Tp and we get

ITx, = plI* = |1 Tx, — TpII?
< |%n = plI* +2¢x = Txn, J(p — Tp))
< |l = plI* + 2], p ~ Tl
< |, — p|I®
it follows that,
ITx, —pll < llxn —pl.
Since equation (16, which implies
l2n+1 =PIl < Epll Txp — pll + 1(1 = Ex)llx, — P
<tullxn —pl+ 1A=t )llx, — pl
< llxn — pll
for any n = 1. This means that ||x, — p|| is a monotone sequence, which implies that T}L% lxr, —pll
exists. O]
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Theorem 3.5. Let K be a nonempty and closed convex subset of an uniformly convex Banach
space (E,<) and T : K — K be a monotone nonspreading mapping. Assume that the sequence
{x,} is defined by equation and x1 <Tx1 (or Tx1<x1). If F(T) # @ and p <x1 (or x1 < p) for
some p € F(T), then

lim [|x, — T, =O.
n—oo

Proof. 1t follows from Lemma [3.4] that
p<x1<x,(orx,<x1<p)

for all n = 1. Then it follows from the nonspreadingness of T', p = Tp and an application of
Lemma[2.7/(¢g =2 and ¢ = f8,) that

I%n+1=p1I? = 1 BnCen — p) + (1= Bu)(Txn — Tp)II?
< Ballxn = pI* + L= B Txn — TpI* = Pl = Br)g(lln — Tl
< Bullxn — pII> + (L = B)llocy — plI? + 20200 — Ty | p = Tpll = Bn(1 = Br)g iy — Txnll)
< Bulxn = pI? + (1= B)lln — pI% = Br(1L = Br)gllxn — Txn )
< lltn = I = Bn(1 = Br)gllxn — Txn )
and so
Br(1 = Br)g(lxn — Txnl) < llxn — I = lxns1— plI>.

Therefore, we have
(e, 0]

Brn(1=B)g(lxn, — Txnl) < llx1 — plI® < +oo0. (17)

n=1

Now, we claim that there exists a subsequence {x,,} such that

lim g(llxn, — Txn, 1) =0. (18)

k—o0
Suppose that the conclusion is not true. Then, for all subsequence {x,,} such that klim g(lxpn, —

—00

Txp, 1) >0, we have

liminfg(|lx, — Tx,|) > 0.

n—00

Thus there exists a positive number a and a positive integer N such that g(||lx, - Tx,l)>a >0
for all n > N. Consequently, we have

ﬁn(l - ,Bn)g(”xn - Txn ”) = aﬁn(]- - ,Bn)

and hence, by the condition ) B,(1- f,)=+oo, we obtain
1

n=

(o]

> Bu(1=B)g(lx, — Txnl) = +oo.

n=1
This contradicts equation (17). So equation holds and hence, by the property of g(0) =0, we
have

lim |x,, —Tx,, || = 0.

k—o0

Otherwise, we obtain

locp+1 — Txn+1 | = ”ﬁn(xn - Txn) + (Txn - Txn+1)”
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= ﬁn”xn - Txn” + X1 — x5l
= Bullxn = Txpll + (1= Br)llxn, — Txy
= llxn — Txp |l

Therefore, the sequence {||x, — T'x, ||} is monotonically nonincreasing and hence it follows that
r}I—g)lo lx, — Tx,| exists. This yields the desired conclusion.

Recall that a Banach space E is said to satisfy Opial’s condition ([7]) if a sequence {x,} with
{x,} weakly converges to a point x € E implies

limsup ||x, — x| <limsup|x, — ¥yl
n—00 n—0o0

for all y € E with y # x. O

Next, we show the weak convergence of the sequence {x,} defined by equation (16). The proof
is similar to ones of Dehaish and Khamsi [2], but, for more details, we give the proof.

Theorem 3.6. Let K be a nonempty and closed convex subset of an uniformly convex Banach
space (E,<) and T : K — K be a monotone nonspreading mapping. Assume that E satisfies
Opial’s condition and the sequence {x,} is defined by equation (16) with x1 < Tx1 (or Tx1 < x1).
If F(T)# @ and p <x1 (or x1 < p) for some p € F(T), then {x,} weakly converges to a fixed point
x* of T.

Proof. Tt follows from Lemma [3.4] and Theorem [3.5|that {x,} is bounded and
lim ||x, — Tx,| =0.
n—oo

Then, there exists a subsequence {x,,} < {x,} such that {x,,} weakly converges to a point x* € K.
Following Lemma we have x1 <x,, <x* (or x* <x,, <x1) for all £ > 1. In particular, we
have

lim (x,, —Tx,, || =0.
k—o0

Now, we claim that x* = Tx*. In fact, assume that this is not true. Then, from the
nonspreadingness of 7' and Opial’s condition, it follows that
limsup |lx,, —x*[| <limsup llx,, — Tx™|
k—o0 k—o0
<limsup(llxp, = Txp, | + 1 Txp, — Tx™ )
k—o0
<limsup(|| T'x,, — Tx" ). (19)
k—o0
Consider equation (19),

limsup | Tx,, — Tx" 12 < limsupl|lx,, —x* 12 + 2llxp, = Txp, llllx™ = Tx™|]
k—o0 k—oo

<limsup lx,, —x* 12 +limsup2[ix,, — Txn, 2™ — Tx*|

k—oo k—oo
<limsup |lx,, —x* 2. (20)
k—o00
So, we get
limsup || Tx,, — Tx* || <limsup [lx,, —x"|I. (21)
k—o0 k—o0
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From equations and (21), we obtain

limsup ||lx,, —x" || <limsupllx,, —x*|
k—o0 k—o0

which is a contradiction. Thus, by Lemma it follows that the limit r}Lrgo llx, —x*| exists. Now,
we show that {x,} weakly converges to the point x*. Suppose that this is not true. Then There
exists a subsequence {x, } to converge weakly to a point z € K and z # x*. Similarly, it follows
that z =Tz and ,}1_%10 lx, — z|| exists. It follows from Opial’s condition that

lim ||z, —z[l < lim |lx, —x* || =limsup [lx,, —x* || < lim ||z, — 2]

n—oo0 n—o0 i—00 n—oo

This is a contradiction and hence x* = z. This completes the proof. O

4. Conclusions

We prove some existence theorems of fixed point for monotone nonspreading mapping in a
Banach space E with the partial order <.

Theorem 4.1. Let K be a nonempty and closed convex subset of an uniformly convex Banach
space (E,<) and T : K — K be a monotone nonspreading mapping. Assume that there exists x € K
such that x < Tx, the sequence {Tx,}’ | is bounded and Tx, <y for some ye K and all n > 1.
Then F(T)# @ and x < y* for some y* € F(T).

Theorem 4.2. Let K be a nonempty and closed convex subset of an uniformly convex Banach
space (E,<) and T : K — K be a monotone nonspreading mapping. Assume that there exists x € K
such that Tx < x, the sequence {Tx,}; | is bounded and y < Tx, for some ye K and all n > 1.
Then F(T)# @ and y* < x for some y* € F(T).

In part of convergence theorem, we prove a weak convergence theorem for monotone
nonspreading in order Banach space (£, <).

Theorem 4.3. Let K be a nonempty and closed convex subset of an uniformly convex Banach
space (E,<) and T : K — K be a monotone nonspreading mapping. Assume that E satisfies
Opial’s condition and the sequence {x,} is defined by equation with x1 < Txq (or Tx1 < x1).
If F(T)# @ and p <x1 (or x1 < p) for some p € F(T), then {x,} weakly converges to a fixed point
x*of T.

And we can get some results if we reduce some conditions for prove some existence theorems
of fixed point by using a monotone nonexpansive mapping 7 in a Banach space E with the
partial order “<”, in Theorem [4.1] and we have following corollaries respectively.

Corollary 4.4. Let K be a nonempty and closed convex subset of an uniformly convex Banach
space (E,<) and T : K — K be a monotone nonexpansive mapping. Assume that there exists x € K
such that x < Tx, the sequence {Tx,};? | is bounded and Tx, <y for some y€ K and all n > 1.
Then F(T)# @ and x < y* for some y* € F(T).

Corollary 4.5. Let K be a nonempty and closed convex subset of an uniformly convex Banach
space (E,<) and T : K — K be a monotone nonexpansive mapping. Assume that there exists x € K
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such that Tx < x, the sequence {Tx,};. ;| is bounded and y < Tx, for some y€ K and all n > 1.
Then F(T)# @ and y* < x for some y* € F(T).

And if we consider the convergence of Mann iteration for a monotone nonexpansive mapping
T, in Theorem [3.5) and [4.3| by using Dehaish and Khamsi [2, Lemmas 3.1 and 3.2], we have
following corollary:

Corollary 4.6. Let K be a nonempty and closed convex subset of an uniformly convex Banach
space (E,<) and T : K — K be a monotone nonexpansive mapping. Assume that the sequence {x,}
is defined by equation and x1 <Txq (or Tx1 <x1). If F(T) # @ and p <x;1 (or x1 < p) for
some p € F(T), then Y}LI& la, — Txp |l = 0.

Corollary 4.7. Let K be a nonempty and closed convex subset of an uniformly convex Banach
space (E,<) and T : K — K be a monotone nonexpansive mapping. Assume that E satisfies
Opial’s condition and the sequence {x,} is defined by equation (16) with x1 < Tx1 (or Tx1 < x1).
If F(T) # @ and p <x1 (or x1 < p) for some p € F(T), then {x,} weakly converges to a fixed point
x*of T.
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